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LIPSCHITZ CONTINUITY FOR MULTILINEAR COMMUTATOR
OF LITTLEWOOD-PALEY OPERATOR

JIASHENG ZENG

ABSTRACT. In this paper, we will study the continuity of multilinear commutator
generated by Littlewood-paley operator and b on Triebel-Lizorkin space, Hardy space
and Herz-Hardy space, where the function b belongs to Lipschiz space.

2000 Mathematics Subject Classification: 42B20, 42B25.

1. INTRODUCTION

Let T be a Calderén-Zygmund operator, a well known result of Coifman, Rochberg
and Weiss (see[4]) states that the commutator [b, T](f)(z) = b(z)T(f)(z) =T (bf)(z)
(where b € BMO) is bounded on LP(R™) for 1 < p < oo; Chanillo (see [2]) proves a
similiar result when 7 is replaced by the fractional operators; In [7][14], Janson and
Paluszynski study these result for the Triebel-Lizorkin spaces and the case b € Lipg,
where Lipg is the homogeneous Lipschitz space. The main purpose of this paper
is to discuss the boundedness of multilinear commutator generated by Littlewood-
paley operator and b on Triebel-Lizorkin space, Hardy space and Herz-Hardy space,
where b € Lipg.

2. PRELIMINARIES AND DEFINITIONS

Throughout this paper, M(f) will denote the Hardy-Littlewood maximal func-
tion of f, and write M,(f) = (M(fP)Y/? for 0 < p < oo, Q will denote a cube
of R™ with side parallel to the axes. Let fo = |Q|™* Jo f(z)dz and f#(x) =
Sup,eq |Q ™ Jo |f(y)— fqldy. Denote the Hardy spaces by HP(R"). It is well known
that HP(R™)(0 < p < 1) has the atomic decomposition characterization(see[15]).
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For 6> 0 and p > 1, let Ff’oo(R”) be the homogeneous Tribel-Lizorkin space.
The Lipschitz space Lipg(R") is the space of functions f such that

|f (@) = f(y)l
I fl|Lips = S TP < 0.

zF#y

Lemma 1.(see [14]) For 0 < <1, 1 < p < 00, we have

1
Illgpe = |00 g [ 1)~ Jolda

Lp

1
supinfi/ f(x) — cldx
o g Jo VO At

Lemma 2.(see [14]) For 0 < g <1, 1 <p < o0, we have

1
”fHLip@ ~ SgPWL/Qf(x)—fQWE

- s e P
~ S lqpEm (QI J, 7@ = fa iz)

Lemma 3.(see [2]) For 1 <r < oo and 3 > 0, let

1 . 1/r
My, (o) = sup (1t [ 150 dy)

suppose that r < p < /n, and 1/q=1/p — B/n, then
| M (f)l|La < C|If]| e
Lemma 4.(see [5]) Let Q1 C Qo2, then
[far = faul < ClIf1I4, Q21"

Definition 1. Let0 < p, q<oo,ax€ R, By = {3: € R, |l" < Qk}, A = Bk\Bk—l
and xr = xax for k € Z, where xgp denote the characteristic function of the set E.

1)The homogeneous Herz space is defined

K P(R") = {f € L] ,o(R™\{0}) : |Ifl[ gor < 00},

where

1/p
1/l ko = [ > Qkapllkallﬁq} ;
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2)The nonhomogeneous Herz space is defined by
KgP(R) = {f € LT oo(R"), || fllgeew < o0},

where
o0 1/P

1 llier = | D2 252l fxalle + 11 xBol e
k=1

Definition 2. Let a € R, 0 < p,q < 0.
(1) The homogeneous Herz type Hardy space is defined by

HEGP(R") = {f € S'(R") : G(f) € KgP(RM)},

and

e = NG o

(2) The nonhomogeneous Herz type Hardy space is defined by
HEKJP(R") = {f € S'(R"): G(f) € KgP(R")},

and

A rregr = |G cers

where G(f) is the grand mazximal function of f.
The Herz type Hardy spaces have the atomic decomposition characterization.
Definition 3. Let « € R, 1 < q¢ < 0. A function a(x) on R™ is called a central
(av, q)-atom (or a central (a,q)-atom of restrict type), if

1) Suppa C B(0,r) for somer >0 (or for somer > 1),

2) lal|ze < [B(0,r)|~/",

3)  [gna(z)z"dr =0 for |n| < [a—n(l—1/q)].
Lemma 5.(see [6][13]) Let 0 < p < 00, 1 < ¢ < 00 and o > n(1—1/q). A temperate
distribution f belongs to HKg“p(R”) (or HK"P(R™)) if and only if there exist central
(o, q)-atoms(or central (o, q)-atoms of restrict type)a; supported on Bj = B(0,27)
and constants Aj, 3 |Nj|P < oo such that f = 3772 Naj(or f = 372 Ajaj)in
the S'(R™) sense, and

1/p
A g egr Cor W T rcgn) ~ (Z!Ajlp> :
J

Definition 4. Letn > § > 0, € > 0 and ¥ be a fixed function which satisfies the
following properties:

1) [pnp(z)dx =0,
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2) [p(x)| < C(L+ |zf)~(*+1-2),

3) [i(x +y) — ()| < Clyl*(L+ [a])~"+1F0) when 2|y < |z].

Let m be a positive integer and b;(1 < j < m) be the locally integrable function,
set b = (b1, +,by). The multilinear commutator of Littlewood-Paley operator is

defined by
1/2
; ; dydt
SHP) (@) = ( /] . |Ff<x,y>12tn+1> ,

where I'(z) = {(y,t) € R}« o — y| < t},

m

Fey = [ {H@»(as) - bj<z>>] by — 2) (=)

j=1

and () = t " FO(x/t) for t > 0. Set Fy(f) = v * f. We also define that

1/2
s = ([ [ 0P )

which is the Littlewood-Paley function.

Let H be the space H = {h : ||h|| = ([ [pn+1 |h(y, t)|?dydt/t"+1)1/2 < o0}, then, for
+

each fixed x € R" Fi(f)(x) may be viewed as a mapping from [0, +00) to H, and it

is clear that

$5(1)(@) =[x (N )] and SHF) () = xre FL(F) (@ 9)]-

Note that when by = - - - = b, Sf;’ is just the m order commutator. It is
well known that commutators are of great interest in harmonic analysis and have
been widely studied by many authors(see [1-4][7-11][14]). Our main purpose is to
establish the boundedness of the multilinear commutator on Triebel-Lizorkin space,
Hardy space and Herz-Hardy space.

Given a positive integer m and 1 < j < m, we set ||6”Lip5 = 17 165l Lips and
denote by C7" the family of all finite subsets o = {o(1), -+, 0(j)} of {1,---,m} of
j different elements. For o € CJ", set ¢ = {1,---;m} \ 0. For b= (b, bm)
and o = {0’(1), .- ,U(j)} € C}n, set b, = (bg(l),- . 'aba(j))7 be = ba(l) ce bg(j) and

Yo Lips = byl Lips * - - [1bo() || Lipgs-

2. THEOREMS AND PROOFS
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Theorem 1. Let 0 < 8 < 1/2m, 1 < p < n/d, 1/p —1/q = &/n and
b = (b1, ,bym) with b; € Lipg(R") for 1 < j < m. Then st; is bounded from
LP(R™) to F"32°(R™).
Theorem 2. Let 0 < § <n—mf, 0 < B < 1/2m, 1 < p < n/(0 +mp),
1/p—1/q = (6 +mpB)/n and b = (by,---,by) with bj € Lipg(R"™) for 1 < j < m.
Then Sg is bounded from LP(R™) to LY(R™).
Theorem 3. Let0 < 6 <n—mf,0< (<1, max(n/(n+mpB),n/(n+me)) <p <1,
1/p—1/qg= (0 +mp)/n, b= (bi,---,by) with bj € Lipg(R"™) for 1 < j <m. Then
Sg is bounded from HP(R"™) to LY(R").
Theorem 4. Let 0 < d <n—mf, 0 < < 1,0 <p < o0, I <q,q2 < o0,
g —1/g2 = (0 +mB)/n, n(1 —1/q1) < a <n(l —1/q) +mB, b= (b1, -, bp)
with b; € Lipg(R") for 1 < j < m. Then S? is bounded from HK(‘;‘I’p(R”) to
KoP(RM).
Proof of Theorem 1. Fixed a cube @ = (x¢,1) and x € Q. Set I;Q = ((b1)g, -+ (bm)q),
where (b;)g = |Q|™* Jobi(y)dy, 1 < j < m. Write f = fi + fa, where f1 =
x2q: f2 = [XRm\2q, we have

Fey = [ [ﬁ(bxm) - bj<z>>] dily — ()

£33 () ba) ~bo)s [ (02) — baaetily — 2) ()

7=1 O’GC;-”
= (@)~ (b)) (bu(@) — (b)) FN)(v)

HED BB = (b1)q) - (b~ ()@) 1))

HEDR(br = (1)q) - (b — ()@} ) )
m—1

+ (1) (b(@) = bo)o (b = bo)oe ). 1),
j=1 UGCJm
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thus

S (@) = S5((Br1)g — b1) -+~ (bm)@ — bm) f2) (x0)|

HXF(x)th(f)( 'Y) = Xr@o) Fr((b1)@ = b1) -+ ((bm)@ — bim) f2) (W)
= (01)Q) -+ (bm(z) = (bm)@) F+(f) (¥)l|

+Z > e (0(x) = bo)o F((b = ba)oe ) (x, )|

IN A

7=1 UECm
HIxr@) Fr((b1 = (01)Q) - (b — (b)) f1) (W)
+lxr@ F (T (05 — (0))Q) f2) () — Xr(@e) Fe (T ] (b )W)l
j=1 J=1

= Li(x)+ L(z) + I3(x) + I4(z),

‘ Q,Hm@/n / ISE) (@) = S5((51)g — b1) -+~ () — b)) (o) e

1 1
|Q|1+mﬂ/n/Q I (x)dz + |Q|1+mﬂ/n/QI?<m)dx

1 1
= I+I1T+1IT+1V.

IN

For I, by using Lemma 2, we have

h= |Q|1+1mﬁ/”/HXr(x)(bl(w)—(bl)Q)"'(bm(m)—(bm)Q)Ft(y)”d“’

B |Q|1+mﬁ/n/ (/ /R i) (b1(2) = (51)Q) -+ (b () = (b )@ Fr () P55
B |@|1+mﬁ/n/ |(b1(x) = (01)@) -+ (b (%) — (b)Q)I[S5(f) ()| dz

IN

G SR @) — (ol -+ hn(x) — Gual [ 1S5(7)()lda

1 m, n
< OVlsi sy 2™ /Q 1S5(f) (@)|da

< ClIbllzips M (S5 (f)) ().

Fixed 1 <r <pand s with 1 <r <n/d and 1/s =1/r —§/n. For II, let u,y' be
the integers such that yu+ ' =m, 0 < u < m, 0 < p’ < m. By using the Holder’s
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inequality, Lemma 2 and the (L", L*) -boundedness of Ss, we get

m—1
=33 |Q,1+mﬂ/n / Xt ) (B() = 50)o F (5 = B ), y) | da

j=1 aeCm

m—1

)y Z g, 10@) = Ba)o1S5(E ~ Bo)t ) (w)lds

j=1 o€

IN

IN
Q

Z e (/ e ")Q‘dey/s, (/15— Fye )@ xats)

e (e = alsas) ™ ([ 106) - b st va)

1 1/r
S ez Bellins QI QI o, QP (/ F(a)lde)

O’Cm

=1 o€

=

3

Q
™
M

j=1 cfECm

3

IN

C

M

[y

Jj=

N N 1 1/r
= €Y S Wl ol iz [ 1F @)

j=1 UGC’J’.w

C18l| Lip M, (f) ().

3

<

For 111, by Holder’s inequality, we have

1T W/Qm(x)ﬂ((bl = (b1)@) -+ (bm — (b)) f1)(y)|dz

- M/Qwé((bl — (b1)Q) - (b — (b)) f1)(x)|dz
1 m 1/s
CW (/Rn |S§(jl;[1(bj — (bj)Q)f1)(:L‘)|5d:c) ]Q|1—1/S

1/r
1 S . s
C g™ ( fio I8 = () @) dw)

1 1-1/s711 . . mpB3/n r L
< Crgmmm @ Bl @ /erﬂx)r dx

< C’|g‘|Lip5M5,T(f)($)’

IN

IN

For IV, since |zg —y| = |z —y| for y € (2Q)°, by Lemma 4 and the condition of 1),
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we have
Li(x) = |xr@F (] = 0;)0) f2)¥) = Xt Fe (] (05 — (0)@) f2) )|
Jj=1 j=1
1/2
dydt
< 2
< [ o Peree ~ el e rHrb Jold:) th]
< of eI -
(2Q)° JHl !
y / / =" dydt B / / ti="dydt 12 &
je—yl<t (E+ |y — 2[)2n+2-20 wo—yl<t (t+ |y — 2[)2n+2-20

IN

oo N T8 -

i<t lety—2l<t

oo N T8 -

1/2
|z — zo[tt™™
dydt|  dz,
</ /y|sm+y—zst (t+Jz+y— 222

note that 2t + [z +y — z| > 2t + |x — z| — |y| >t + |x — z| when |y| < ¢ and

> tdt —2n—1426
/0 (t + |z — 2])2n+3-20 =Clz — 7™ g

1
(t+ |z +y — 2[)2n+2-2 o (t+ |zo +y — 2[)2n+2-20

dydt) 12
dz
tn—l

IN

then for x € Q,

m 1/2
‘1,0 _ $|t1 n92n+3— 25dydt
< || b; d
z) = C/(ZQ)C £ i 1b;(2) = (bs)a </ /y|<t 2t + 2]z +y — z])2n+3-20 i

B 1/2
" dydt
< C/ by( 1/2 // d
< 20)° |H| QHx ol y|<t (2t + |z +y— z‘)2n+3—25 ?
1/2
ti=dydt
< C/ b, ( — x| '/? // d
< 20 |H| QHx ol y|<t (t+ |x_z|)2n+3 26 z
" i 1/2
< |H|b bj)allz — ol ( (t+ |z — 2|)2n+3- 26) dz
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& — o'/
< C b —d
<€ [ N TT 1)~ el s
< C / _ pl1/2 (n+1/2-9) b d
a kgl 2’“+1Q\2kQ’x0 2 lwo =21 £z ‘H‘ )oldz
< CZ24{/2|2k+162!*1/2k+1 H bj)arr1g] + [(b))a+1g — (bj)ol)dz
k=1 j=1
< O 27 Rk QI |B)| iy, M (f) ()
k=1
< Cl|bl|Lip, Q™" My, (f Z o(mi=1/2)k
< cy|5||L@-m|Q|mﬂ/”Ma,T(f)<x),
SO

IV < C1bl|Lipy Ms  (f) ().

We put these estimates together, by using Lemma 1 and taking the supremum over
all @ such that x € @), we obtain

155 () @)l gmoe < ClIBlLipg /1] -

This complete the proof.
Proof of Theorem 2. By some argument as in proof of (a), we have

a1 1SED@) = (g = 1)+ () = b ) )

1 1 1 1
m/ Il(x)dm—{—M/@b(:c)dz—km/@.fg(x)dx—%M/QQ(:U)CM
CI1B| Lipy (Ming,1 (Ss(f)) + Mstmsr(f),

IN

IN

thus .
(S5(N* < CllbllLips (Mg (S5(£)) + Mssmp.r (f).

By using Lemma 3 and the boundedness of S5, we have

< ClSE# I
< ClBl i, (10Mmp 1 (S5 (Do + 1Mo smsr ()|
< Clflles-

1SE(f)]| o
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This complete the proof.
Proof of Theorem 3. It suffices to show that there exists a constant C' > 0 such that
for every HP-atom a,

155(a)|| e < C.

Let a be a HP-atom, that is that a supported on a cube Q = Q(zo,7), ||a||z> <
Q7P and [p. a(z)xVdz = 0 for |y| < [n(1/p — 1)].
When m = 1 see[10]. Now consider the case m > 2. Write

- 1/‘1 . 1/q
; Idx b(a)(z)|%dx
</|wxog2r\55(a)(x)\ d ) + </|xxo|>2r|sa( )()|%d )

= [I+11.

152(a)(x)]| o

IA

For I, choose 1 < p; < m/nf and ¢ such that 1/¢1 = 1/p1 — mf3/n. By the
boundednss of S? from LP!(R") to L% (R")(see Theorem 1), we get

I < O[Sk @)|| g 1=1m) < Cljal|pm 7" Ma-1) < ¢
For II: let T,T/ S N such that 7 + T/ =m, and 7—/ 7& 0. We get

-

[F(a)(z.y)| = )iy — z)a(z)dz

< \(blm = ba(@0)) - (b (@) = bn(20)) [ (Wl = 2) = Vil = z0))a(z)dz
£33 [(0) b0 [ ()~ baootily — 2Ja(:)iz
j= 1060m B
< ClBllipslo =20l [ sty = 2) = aly = wo)la(2)]dz
FClWlleipy 3 e a0l [ |z =20 uly — 2)lla(2)laz
T+7'=m
- |:L' — 560|th / e
< ; — d
>~ CHbHsz@ (t+’y—$0‘)n+1+576 B|«TO Z| |CL(Z)| z
- T t o
+C11Bl ip, ng:myg;_xoy ﬁ(t—|—|y—z|)”+1_6/3’z_x0’ %a(2)|d>
- t
< A . -mB+e+n(1-1/p)
< Cl[bl]Lipg (t + |y — xo|)+1+e—0 r
+C11 1p, t pmIna=1p),

(t+ |y — xo|)nti-o
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thus

‘Sg(a)(w)\ < C||b|Li // ( t )2 dydt 1/2‘Tmﬁ+€+n(1—l/p)
’ - *Ps I'(z) (t+ |y — m0|)”+1+€*5 tn+1
ydt mBn
1Bl ( L G tw) Ben(-1/p)
o tl n22(n+1+a )
< COlbl|Li / / d dt . pmB+etn(1-1/p)

. t1-n92(n+1-5)
| m+n(1-1/p)
FO1blips (/ /r(x) (2t + 2]y — 22 1D) dydt )

note that 2t + |xg — y| > 2t + |29 — z| — |[x —y| > t + |0 — z| when |z —y| <t

o0 tdt Cmbes,
/0 (t + |z — o[ 20+1+e=0) o

then we deduce

_ 1/2
o 5 tl n
b ) . .mB+e+n(1-1/p)
Si@)@)] < Cllbllzip, (/ /I‘(z) (t + o — g|)2(nt1+e=0) dydt) "

_ 1/2
= tl n
; mfB+e+n(1-1
+C110]| Lipg (//m) (t+‘x_x0|)2(n+l—6)dydt> L pmBtetn(i=1/p)
- 00 tdt 1/2
j . pmB+e+n(1-1/p)
C10l] Lipg (/0 (t+ |z — $0’>2(n+1+5_5)) r

- oo tdt 1/2
. mB+n(l1—1
+HbHszﬁ (A (t+’l‘—x0‘)2(n+15)> - T ( /p)

CHgHszg’$ - xo,—n-&-é . rmﬁ—i—n(l—l/p)’

IN

IN

SO

17

IN

1/q
|z — a:0|(5”)qu>

x—xo|>2r

Ol iy, - r8+70-119 ( /
|

IN

Cl[b]] Lips-

This complete the proof of Theorem 3.
Proof of Theorem 4. By Lemma 5, let f € HKO"p(R") and f =372 \jay,
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supp a; C Bj = B(0,27), a; be a central («a, q)—atom, and > o |\j[P < co. We
have

. oo k—2 . P
Hst’(f)Hi}gép < 0. 2’“"”( ) I/\jIHst’(aj)Xklquz)

k=—o00 Jj=—00

00 00 R p
+C > 2kap< |)\j||!5§(aj)Xk||qu)

k=—o0 j=k—1
= I+1I.

For II, by the boundedness of Sg on (L L%), we get

00 9]

I < Olplf,, > 2" Nlllaglzn)?
k=—o00 j=k—1

< Ol Do 28700 [Al-2790)7
k=—00 Jj=k—1

< Cll { SR oo Xt AP 20RO < p <1

00 | R0 2P (5 [N [P - 27900 2) (052 277 PP 1 < p < o0

< ClBlEy, > AP

j=—o00

For I, when m = 1, similar to Theorem 3, we have
[F (a) (2, y)] < (b1 () = b1(0)) /B,(wt(y — z) = i(y))a;(2)dz|
[ 00a(2) = ba(0))ay ()

|7 ||t
< Olbillzi, VB s a5l
j
t|2]?
+/ la;(z)|dz
@(#Hy—AW“ﬂ5|A)’]
|z|°t
< Clb1l|Lips [(t'f‘ )T /Bj |z|%]a;(2)|dz
t
+—/ z & a;(z dZ
(t+|y|)n+1,§ Bj’ ‘ ’ ]( )| ]
!xlﬁt i( 1-1/q1)— t j 1-1/q1)—
< C|lbyl|Ls . 9i(etn(1-1/q1)—a) i (Bn(1=1/q1)—a) |
= [1b1]]z Po | (¢ + |y[)ntite=d + (t + |y[)+1-9
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thus

b 2 gyt " i
Sgl(aj)(l') < CHbl”szg (// ( P ‘y’ n+1+€ 5) tn+1> . |.CL‘|B ,2](6—1—71( —-1/q1)—a)

2 1/2
// ( ) dydt .93 (B+n(1-1/q1) )
t+ ’x‘ n+1 1) $n+l

Clb1]|Lips [W_ (n+e=0) . ||B . gi(e4n(1=1/a1)—a)

IN

|.1‘|—n+6 . Qj(ﬁ-&-n(l—l/ql)_a)}
< CHblHLz‘pﬁla:\*"” . 9i(B+n(1-1/q1)—a)
From that we have
/ 1/g2
IS8 (aj)xkl ez < Cllby|Lip, - 2071/ @) =) (/B \ﬂfl(‘;”)%dm>
k

ClIb1l|Lip; - 9i (B+n(1-1/q1)—a) A g—kn(1-1/g2)
< Cl|b1llLip, 9li(B+n(1=1/q1) =) =k(B+n(1=1/qu))]

IN

SO

00 k—2 p
L < O, > 2’““”( > \Ajl-2b<ﬂ+n<1—l/q1>—a)—k<ﬁ+n<1—1/q1>>1)

IA

S g A2l 20RO g < <1

% (Zk:Q 2p’[j(ﬁ+n(1—1/q1)—a)—k(ﬂ+n(1—1q1))}/2>p/p , I<p<oo
Do [P 2R 207 L0, 0 <p <1
< CHblHszB { J_ioo PSR s opli=F)(B+n(1-1/q)-)/2 | | < p < o0
< Cllballgsy, > NP
j=—00
Then

153 (Dl czr < Cllballzing (D2 IIMP < Cllfll g

j=—o0
When m > 2, we have

[F (@) (z,y)] < [(b1(2) = b1(0)) -+ (bm(2) — b (0)) /B(wt(y — 2) = Pi(y))a;(2)dz|
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thus

IN

IN

IN

then

£33 100) 0o [ (B:) b0ty — a1

Jj=1 UEC]T." J

< ClBllinlal™ [ uly = 2) = vu(w)ay(2)]dz
J
B, 30 1ol [ el iy — 2)lay (2l
T+1'=m B;j
; 2"t
< bl s [ oFlas(ldz
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< C||b||Lip5(t+‘y|)n+l+e—6'2](8 (1-1/q1)~«)
s 2| (o pn(1-1/a1)~a)
+CHbHLlpﬂ Z W'QJT n q1 oz7
2 D

2
dydt
S¥a,)( (// Fi(a) wy)\QtM)
1/2
dydt
mpB  ojle+n(1-1/q1)— Y
CHbHLzPBLﬂ -2 </~/I‘(a: ( t 4 ’y| n+1+5 6) tn+1>

dydt\ "’
Bl 6, 9j(r'B+n(1-1/q1)—
+C|’bHL1p,8 Z |CU‘ -2 </~/F(x (t+y| n+1— 6) tn+1>

T+71'=m

OBl gl ] ~(n5=9) . pi(en1-1/an)—a)

+CHgHLipg Z ’.%"T/B‘x’(;_n -2j(7,5+"(1—1/Q1)—a)
T+T'=m

C| |g| |Lipﬁ |x|5—n . 2j(mﬂ+n(1—1/ql)_a)’
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Oy, - 20001 )= ( /

J

IN

1/q2
|x](5")q2da;)
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SO
. 00 k—2 4 p
I < CHngipﬁ Z gkap Z I\ - oli(mB+n(1-1/q1)—a)—k(mpB+n(1-1/q1))]
k=—o00 j=—00
S ?;Eoo I\ [P - Q(j—k)(mﬁ+n(1—1/q1)—a)p’ 0<p<l1
o o0 kap k-2 (P . opli(mB+n(1-1/q1)—a)—k(mB+n(1-1/q1))]/2
< Clill,, { Tw 2P (TSIt NP -2 1 1 ar2)
< (o2, Qp’[j(mmn(lfl/ql>—a>7k<ma+n(171/q1))}/2)”/17 1<p<oo
< Cll,, 3 NP

j=—o0

From I and 11, we have

j=—o0

00 1/p
1S5CHI < ClIb|Lip,s ( > \w) < Cllfllgger.

This completes the proof of Theorem 4.
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