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SUBORDINATION RESULTS DEFINED BY A NEW
DIFFERENTIAL OPERATOR
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ABSTRACT. In this article, we study the differential subordination for certain
subclass of functions defined by a new differential operator.
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1. INTRODUCTION AND DEFINITIONS
Let U denote the class of analytic functions in the unit disk U = {z : |z] < 1} and
U*=U —{0}. We can let
An) ={f € HU),f(2) = 2+ ans 12" 4 api22" 2 + ..., 2 € U}
with A(1) = A. Let ¢,, denote the class of functions in U* of the form

flz) =2+ EZ":nHakzk,n e N=1{1,2,...}.

Let f, g be analytic functions in U. We say that f is subordinate to g, if there exists
a Schwarz function w(z), which (by definition) is analytic in U with w(0) = 0 and
|lw(z)] <1 (z € U), such that f(z) = g(w(z)), (z € U), and symbolically written as
the following: f < g(z € U) or f(z) <g(2)(z € U). It is known that f(z) < g(2)
(zeU) = f(0)=g(0) and f(U) C g(U). Further, if the function g is univalent in
U, then we have the following equivalent

f(z) <g(z) (2€U) & f(0)=g(0) and [f(U)=<g(2).

A functionf € H(U) is said to be convex if it is univalent and f(U) is a convex
domain. It is well known that the function f is convex if and only if f'(0) # 0 and

2f"(2)
f'(2)

We denote all this class of functions by K.

Re<1+ )>O(zeU).
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Definition 1. Let the function f be in the class A,. For m,a € No = N U {0},
Ao > A1 > 0, we define the following differential operator

o0

Dy, f(z) =2+ Z [ W ) C(a, k)agz". (1)

Proposition 1. For m,a € Ny, A > A1 >0
(1+ Aa(k — 1))D™ (A Ag,0) f(2)

= (14 Xa(k — 1) = A)D™ (A1, A2u) F(2) + M1 2(D™ (A, Aa,0) £(2)) (2)
and

D™ (A1,02,0) (D™2(A1,02,0)) f(2) = D™ 2 (A, Ao @0)
= D"2(A1,Aa,) (D™ (A1,A2,0) f(2), for all integers my, mao. (3)

Special cases of this operator includes the Ruscheweyh derivative operator in the case
DO\, \2,a) = R™ [4], the Salagean derivative operator in the case D™(1,0,0) =
D™ = 8™ [5], the generalized Salagean derivative operator introduced by Al-Oboudi
in the case D™ (A1,0,0) = DY! [1], the generalized Ruscheweyh derivative operator,in
the case D'(\1,0,a) = D)t [2];the generalized Al-Shaqgsi and Darus derivative op-
crator in the case D™(A1,0,a) = D™ [6].

Also if f € A(n), then we can write

D™ (A Aa,0) f(2) = (Fro5 2 (2),

Prom () =2+ > [Hfﬁix)—(ﬁ)— D1 Cfa, byt (4)

To prove our main results, we shall need the following lemmas.

Lemma 1.[3] Let the function h(z) be analytic and conver (univalent) in U whit
h(0) = 1. Assume also the function p(z) given by

p(2) =1+ cp2" 4+ cppr2™ 4+ (5)

be analytic in U. If p(z) + % < h(z) {Re(6) >0;0#0,z€ U} then
5 z
0(2) < b(z) = nz<i>/ {1yt < h(z) (2 € U) (6)
0
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and 1 s the best dominant.

Lemma 2.[3| Let f € A,0 > 1 and F is given by

1 z
Flz) = 110 / F—tar,
6zs Jo

! (2)
2f"(z 1 B
) }>—= (z€U).

Re{l + 2

Then F is convex.

2. MAIN RESULT

Now we suppose throughout this paper that m € Ny, p,n € N, Ao > A1 > 0.

Theorem 1. Let h € H(U), with h(0) = 1 which verifies the inequality:
(A2(k=1)+1)
zh"(z) By
1 _ 1
Re[ + h’(z)]> 30+ 1) (ze€U)

If f € 4, and verifies the differential subordination

(D™ (A A2,0) f(2)) < h(z) (2 €U)

then
[D™ (M A2,0) f(2)] < g(2) (2 € U)]
where
(Pl B Palntn)
g9(z) = (1A2<k71)+1) /0 h(t)t™ »¥k dt
N

the function g is convex and is the best (1,p + k) dominant.

Proof: From the identity(2) we have

Dm—i—l(/\l,)\g,a)f(z) = <1 — )\2(747511)4‘1) D™ (A, M\0,0) f(2)
>\1 m 1
+ <)\2(k:—1)+1> 2(D™(A1,h2,a) f(2))

differentiating (10) with respect to z,we obtain

A1

D™ (A0, f(2) = Nolh—1)+1

123



E. A. Eljamal and M.Darus - Subordination Results Defined By...

ho(k —1)+1

AD™, (M Az () + 2
1

(Dm(Al,Az,a)f(Z))’] (nzel) (1)

If we let
q(2) = (D™ (M, h2,0) f(2)] (2 €U) (12)
then (11) becomes

m A1
D" e = a) + (5 ey ) D <) 1)
Using (13), subordination (8) is equivalent to
A1 ,
q(z) + D1 1 (2) <h(z) (2€U), (14)
where
q(2) =1+ cpypr12PTF + ..
By using Lemma 1 for § = )‘Z(k/\;ll)ﬂ, n=p-+k , we have
_ Ag(k—1)+1
(AZ(kA 1)+1) z #,1
g9(z) = (§2<k—1)+1) /0 h(t)t™ »¥k dt
Py
(p+ k)2~ »%

is the best dominant.

By applying Lemma 2 for the function given by (9) and function h with the property
in (7) for 6 = )‘Q(k)\;ll)ﬂ, we observed that the function g is convex.

As a consequence of Theorem 1, we have the following corollary. Put p = A\; =1
and m =k = Ay = a = 0 in Theorem 1 we have

Corollary 1. Let h € H(U), with h(0) = 1 which satisfies the in equality

Re {1 + Z;Z,/;S)} > —% (z € U).

If f € £y, and satisfies the the differential subordination: zf"(z)+ f'(z) < h(z) (z €
U), then f'(2) < g(z) (2 €U), where g(z) = %foz h(t)dt (z € U). The function g
s convex and is the best dominant.

Theorem 2. Let h € H(U) with h(0) = 1 which satisfy the inequality.

2h"(2) 1
Re{1+ W) }>_2(p+k‘)' (15)
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If f € 4, and satisfy the differential subordination

D™\, A, ) F(2)] < h(z) (2 € 1), (16)
Then
PP 22 0IE) o2, zev)
where ; )
g(z) = 1/ 7 ) e (e v (17)
(p + k)% Jo

Proof: We let
D™ (A1, A2,0) f(2)

z

q(z) = (z€U) (18)

and obtain
(24'(2) + q(2) = (D™(A1, A2, 0) f(2))"-
Then (15) gives
q(2) + 2¢'(2) < h(2)

where
q(2) =1+ gprr12P ™ 4+ (z € ).

By using Lemma 1 for § = 1,n = p + k, we have

q(z) < g(z) < h(2)
where

(Jrkl)(l)/:h(t)t(w)ldt (2 €U).
p 2 \ptk

This is the best dominant.

By applying Lemma 2 for function g given by (17) and for function h with the
property in (15) for n = p + k, we observed that the function g is convex.

As a consequence of Theorem 2 and by choosingp=XA =landm=k= X =a=
0, we have the following interesting corollary.

Corollary 2. Let h € H(U), with h(0) = 1 satisfying the differential subordination
zh"'(2) 1
Re{l + } >—5 (z€).
If f € 4, and satisfies the differential subordination f'(z) < h(z) (z € U), then
& o g(2) where g(z) = 1 Jo h(t)dt, (z € U).

z Tz
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Various other studies related to differential operators for different type of classes can
also be found in the following articles (see for examples [7]-[9]).

Acknowledgement The work presented here was supported by UKM-ST-06-FRGS0244-
2010.

REFERENCES

[1] F. M. Al-Oboudi, On univalent functions defined by a generalized Salagean
operator, Internat. J. Math. Math. Sci., 27(2004), 1429-1436.

[2] K. Al-Shagsi and M. Darus, On univalent functions with respect to k-symmetric
points defined by a generalized Ruscheweyh derivative operators, Jour. Anal. Appl.,
7(1)(2009), 53-61.

[3] R. M. El-Ashwah, Differential subordination defined by using extended mul-
tiplier transformations operator at the class of meromorphic functions, Acta Univ
Apulensis, 22(2010), 33-40.

[4] S. Ruscheweyh, New criteria for univalant function, Proc. Amer. Math.
Soc., 49(1975), 109-115.

[5] G. S. Salagean, Subclasses of univalent functions, Lecture Notes in Math.,
1013(1983), 362-372.

[6] M. Darus and K. Al-Shagsi, Differential Sandwich Theorems with Generalised
Derivative Operator, Int. J. Comput. Math. Sci., 22(2008), 75-78.

[7] M. H. Al-Abbadi and M. Darus, Certain application of differential subordi-
nation associated with generalized derivative operator, Acta Universitatis Apulensis,
21 (2010), 65-78.

[8] K. Al-Shagsi, M. Darus and O. A. Fadipe-Joseph, A new subclass of Salagean-
Type harmonic Univalent Functions, Abstract and Applied Analysia, Vol. 2010
(2010), Article ID 821531, 12 pages.

[9] M. Darus and R. W. Ibrahim, On new classes of univalent harmonic functions
defined by generalized differential operator, Acta Universitatis Apulensis, 18(2009),
61-69.

Ebtisam.A.Aljamal , *Maslina Darus
School of Mathematical Sciences

Faculty of Science and Technology
Universiti Kebangsaan Malaysia

Bangi 43600 Selangor D. Ehsan, Malaysia.
Email:* maslina@ukm.my

126



