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SOME INCLUSION PROPERTIES FOR SUBCLASSES OF
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TRANSFORMATION
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ABSTRACT. Using the principle of subordination, we obtain some inclusion prop-
erties of subclasses of p-valent functions defined by multiplier transformation. Also
inclusion properties of classes involving the generalized Libera integral operator are
obtained.
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1. INTRODUCTION

Let A(p) denote the class of functions of the form:

f)=2"+ > ap® (peN={1,2,.1}), (1)

k=p+1

which are analytic and p-valent in the unit open disc U = {z : |z| < 1}. If f and g
are analytic functions in U, we say that f is subordinate to g, written f < g if there
exists a Schwarz function w, which (by definition) is analytic in U with w(0) = 0
and |w(z)| <1 for all z € U, such that f(z) = g(w(z)), z € U. Furthermore, if the
function ¢ is univalent in U, then we have the following equivalence (see [14], [15]
and [3]):

f(z) <9(z) < f(0) = g(0) and f(U) C g(U).

o0
For two functions f given by (1) and g(z) = 2P + Y. bpz¥, the Hadamard
k=p+1
product (or convolution) is given by

(f*9)(z) ="+ > abpz’ = (9% )(2).
k

:p+1
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For any real number o, Kumar and Taneja [11] defined the multiplier transfor-
mations I7 , of functions f € A(p) by:

o S k+A 7 k
Al =5+ 3 (553) ast 0o e

Obviously, we observe that

LA f(2) = D3 f(2),

Specializing the parameters A, cand p, we obtain the following special operators:

i) Ipof(2) = Dy f(2) (0 € No=NU{0},p€ N, see [1] and [16]);

ii) 17 o f(2) = D7 f(2) (o € No, see [20]);

iii) 17, f(z) = I(o,A) ( the multiplier transformation see [4], [5] and [8]);

iv) 17 ( see[22] );

v) Ii}\ (see [18] );

vi) I7; (o is any negative real number, see [2] and [10] ).

For 0 <7 < p, p € N, we denote by S;(n), Kp(n) and Cp, the subclasses of A(p)
consisting of p-valent analytic functions which are, respectively, p-valent starlike of
order 7, p-valent convex of order n and p-valent close-to-convex functions in U (see
[17], [19] and [21]).

Let S be the class of functions ¢ which are analytic and univalent in U and for which
d(U) is convex with ¢(0) =1 and Re{¢(z)} >0, z € U.

Making use of the principle of subordination between analytic functions, we
introduce the subclasses S, (n; ¢), Kp(n;¢) and Cy(n,; ¢,1) of the class A(p), 0 <
n,y<p (p€ N)and ¢,¢ € S, which are defined by:

Sx(n; ) = {f € Alp) : pln (Z;QS)

Kp(n; ¢) = {f € Alp) : pin <1 N z;/';ij)

—n) < ¢(2), zeU};

—77) < ¢(z2), zeU}

and

Cp(n,7; 6, 9) = {f € A(p) : 3g € Sp(n; ¢) s.t. p_lw (zj(/z) —7) <P(2), 2 € U}-

From these definitions, we can obtain some well-known subclasses of A(p) by
special choices of the functions ¢ and . For example, we have

" 1+2 " 1+2
S, (77; 1_Z> =5,(n), Ky (n; 1_Z> = Kp(n)
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and ) )
For real or complex numbers a, b, ¢ other than 0, —1, -2, ..., the hypergeometric
series is defined by
2Fi(a,bicz) = (a)k(b)kzk, (3)
= ()r(Lk
where
(d)k:{ 1 (k=0;d € C\{0})
dd+1)..(d+k—-1) (ke N;deC).

We note that, the series (3) converges absolutely for all z € U, so that it represents
an analytic function in U.
Setting
oo
- k+ A
a =+ > (B
k=p+1 p
With the aid of the function h{ ,(2) given by (4), we define the function k7% (2) in
terms of the Hadamard product ( or convolution ) by:

)Uzk (c € R\ > 0). (4)

- D)k
(g5 % h35) (2) = 2% aFi(a,bic;2) = 2P + (@i—pO)ip (zeU).
’ 7 k=p+1 (C)k*p(l ]Cfp

This function yields the following family of linear operators I7 \(a,b;c) : A(p) —
A(p) which are given by:

17\ (a.bic, 2) f(2) = W75 (2) * £(2)

_ 0 (@)k—p(D)k—p [P+ A\’ | |
- k_zp;rl (r—p(Dr—p (k + A) apz’ (2 € UsA > 050 € R). (5)

Specializing the parameters a, b, c and o, we have:

i) D ,(p, 1;p) f(2) = L) \(1, ;1) f(2) = f(2);

ii) 10, (p + 1, 1;p) f(2) = 2L,

i) 10,0+ 0,10+ p+ 1)f(2) = Fyps(f)(2) = 2 [7 7" (), 6 > —pip € N
( the generalized Libera operator defined by (18), see [2], [12] and [18]);

iv) Ig/\(a, n+p;a)f(z) = D"™P=Lf(2) (n > —p) ( the Ruscheweyh derivative of
th — (n+ p — 1) order, see [9]);

v) Ilg)\(p +1,1;n+p)f(2) = Intp—1f(2) (n > —p) ( Noor integral operator, see
[13]);
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vi) ID\(u, 1;7 + 1) f(2) = I, f(2) (1 > —1) ( Choi-Saigo-Srivastava operator,
see [6]). 7

For simplicity, we write I;/\(a, byc;z) = II‘;/\(a).
From equation (5), it can be eaily to verify that:

A7) f(2)) = (p+ NI x(a) f(2) = AT3Ha) f(2) (6)
and
2(Ig\(a@)f(2)) = aly \(a+1)f(2) — (a = p)I; \(a) f(2). (7)

Using the operator /7 1 (@), we introduce the following classes of p-valent analytic
functions for ¢, € S;0 € RRA>0and 0 < n,6d <p,p€ N :

Syalasm; @) = {f € Alp) : I7\(a)f(2) € Sy(n;¢), z€U};
Ky alaimd) = {f € Alp) : I \(a) f(2) € Kp(m;¢), z €U}
and
Coa(a;n,v;¢,0) = {f € Alp) - I7\(a)f(2) € Cp(n, 6;¢,¢), z€ U}.
We note that

f(2) € Kj \(a;m; ¢) <

In particular, we set

T ¢ 7, @imo). ®)

- 14+ Az\“ -
Spa <a;n;<1+Bz> )zSpA(a;n;A,B;a) 0<a<1l;-1<B< A<

K2\ | a;m; 1rdz A wamA Bia) (0<a<l;-1<B<A<])
DA 315 1+ Bz - A 315 A, B3 = 4 = = .
In this paper, we obtain several inclusion properties of the classes S7 | (a;m; 9),

Kg)\(a;n;@ and C’;A(a;n,v; ¢,1). We also obtain some applications involving of
classes of integral operators.

2. INCLUSION PROPERTIES INVOLVING THE OPERATOR Ig)\(A)

In order to prove our results, we shall make use of the following known results.
Lemma 1.[7] Let ¢ be a convex univalent function in U with ¢(0) = 1 and
Re{B¢(z) +v} >0 (8,v e C). If pis analytic in U with p(0) = 1, then

2p'(2)

plz) + Bp(z) +v

< ¢(z) (z€U), (9)
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implies that
p(z) = ¢(z) (2€U).

Lemma 2.[15] Let ¢ be a convex univalent function in U and w be analytic in U
with Re{w(z)} > 0. If p is analytic in U and p(0) = ¢(0), then

p(z) + w(2)2p(2) < ¢(2) (2 € V), (10)

implies that
p(z) < d(2) (z€U).

Unless otherwise mentioned we shall assume that —1 < B < A < 1;¢,9 € S;0 €
RA>0and 0<n,é6d <p,p€ N.
Theorem 1. For f(z) € A(p), we have

Spala+1;m50) C Sy s (a;m;0) € Sgit(asm;¢) (0<n<p,peN;¢peS).
We will first of all, show that
Spala+1;m;0) C S)s(a;n; ¢).

Let f € Sp\(a+1;m;¢) and let

1 (@)
“”‘p—n< T2\@1) ”)’ -

where ¢(z) is analytic in U with ¢(0) = 1. Applying (7) in (11), we have

IZy\(a+1)f(2)

I;A(a)f(z) = (p—n)Q(z)‘H?-i-(a—p)- (12)

Differentiating (12) logarithmically with respect to z, we have

(U0 Y (2)
p—n( I\(a+1)f(2) 17) S e T )

Applying Lemma 1 to (13), it follows that ¢ < ¢, that is, that, f € Sg)\(a; 7; @).
The proof of the second part, will follow by using arguments similar to those used
in the first part with f € S7 \(a;m; ¢) and taking

) <4§#mvuw >
-—n];

-\ I (@)f(z)

(ze€U). (13)

h(z)
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where h is analytic in U with h(0) = 1 and using (6). It follows that h < ¢ in U,
which implies that f € S;J)fl(a; n; ¢). This completes the proof of Theorem 1.

Theorem 2. For f(z) € A(p), we have
K7 \(a+1;m59) C K7 \(a;m;¢) € K23 (a;m;0) (0<n<p,peN;peS).
Applying (8) and using Theorem 1, we have
f(z) e Kpa(a+15m;0) < Ij \(a + 1) f(2) € Kp(n; 0)

- Z(Ig,/\(a‘; DIE) S1n: )

& Iy (a+ 1)(“7’“2(2)) € S,(n;9)

< Zf;)(z) € Spala+1;m:9)

) p(Z) e 57.(a:m:6)

& 15, (a) (Y ;jz)> € S:(n: )

o A

& Ijx\(a)f(2) € Kp(n; 0)
& [f(2) € Kp(a;m; ).

Also

f(2) € Koy (aim6) & 2L p(z) € 57, (aim: 9)

= Zf;)(z) € Sy Hasm; ¢)

2(1;3(a) f(2))
=
p
& IT1Ha) f(2) € Ky(n; 0)

& [(2) € K] asm; ).

€ S,(n;0)

This completes the proof of Theorem 2.
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Taking

14 Az\“

in Theorem 1 and Theorem 2, we have the following corollary.
Corollary 1. For f(z) € A(p), we have

]C;;/\(G_F 1’A7B7¢) C S;g,)\(a; A,B,@) C ngl(a;A,B;qﬁ)

and

pala+1;4,B;¢) C KJ\(a; A, B;¢) C K71 (a; A, B; ¢).

Now, using Lemma 2, we obtain similar inclusion relations for the class C[‘; Aain, v; ¢,9).
Theorem 3. For f(z) € A(p),a = p,p € N, we have

oala+1m,7;0,9) C Cpy(a;in,v; 6,9) C O asn, v; 6, 9),

0<ny<ppeN;p,p€b).
First, we will prove that
Coala+1m, v ¢,1) C Cp \(ain, v; ¢, 1)).

Let f € C7 \(a+1;m,7; $,9). Then, from the defintion of the class Cy , (a+1;1,7; ¢, ),
there exist a function g € S]‘;A(a + 1;m; ¢) such that

L (=I5 + D)
P ( INCES e ”) =9
Now, let
1 (@)
1=, ( Io\@9(2) ”) | "
where ¢(z) is analytic in U with ¢(0) = 1. Applying (7) in (14), we have
[(p = )q(2) + 917\ (a)g(2) + (a = p)I7 \(a) f(2) = al\(a+ 1) f(2). (15)

Differentiating (15) with respect to z and multiplying by z, we have
[(p = 1)a(2) + 121y A\(a)g(2)) + (p — 7)2d ()} \(a)g(2) + (a — p)2(I] \(a) f(2))

= az(Iy\(a+1)f(2))". (16)

21



A. O. Mostafa and M.K.Aouf - Some Inclusion Properties for Subclasses.....

Since g € S;A(a + 1;m; ¢), then by Theorem 1, we have g € SI‘;/\(a; 7; ¢). Let

ne) = L (z(fif,x(a)g(z))’ - n) |

W EL AW ACLE)

Applying (7) again, we have

aIz‘,”A(a +1)g(2)

(@9 (p —mh(z) +n+(a—p). (17)
I3
From (16) and (17), we have
1 2(I7\(a+ 1) f(z)) o)~ 2q'(2)
p—v( I7A(a+1)g(2) 7>_Q( B ETEa =)

Since a = p,p € N and h < ¢ in U, then
Re{(p —n)h(z) +n+ (a—p)} >0 (z € V).

Hence applying Lemma 2, we can show that p < 1, that is, that f € Cg/\(a; 7,7; &, ).
The second part can be proved by using similar arguments and using (6). This com-
pletes the proof of Theorem 3.

3. INCLUSION PROPERTIES INVOLVING THE INTEGRAL OPERATOR F) s

Now, we consider the generalized Libera integral operator Fj,s ( see [2], [12] and
[18]), defined by

EwUK@=5+p/:5Wﬁwt

26 0

From (18), we have

2 (I A(@)Fps(£)(2)) = (6 +p)I7A(a)f(2) = 617 (@) Fps(f)(2). (19)

Theorem 4. Let § > —p. If f € S7(a;n; @), then Fy5(f)(2) € S \(a;n; ¢).
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Let f € S;A(a;n;¢) and put

0 (2(m@Rsne)
Rl I NP T R (20)

where ¢ is analytic in U with ¢(0) = 1. then, by using (19) and (20), we have

pal@)f(z)

(0+p )[U() ()()*( p—n)q(z) + (n+9). (21)
Differentiating (21) logarithmically with respect to z, we have
2 (2) 1 (i)
O e v 5D o | @

Applying Lemma 1, we conclude that p < ¢ (z € U), which implies that F}, s(f)(z) €

Sg y(a;m; ¢). This completes the proof of Theorem 4.

Theorem 5. Let § > —p,p € N.If f € K7 \(a;n; ¢), then Fy, 5(f)(2) € K ,(a;n; ¢).
Applying Theorem 4 and (8), we have

2f'(2)
p

f(2) € Kpy(a;m; 9) & € Spala;n; ¢)

jj )(2) € S (a;m; )

:>Fp§(

z

<5 (Fps(f)(2)) € Sy \(a;n; ¢)

& ps(f)(2) € Kya(a;n; ¢).

This completes the proof of Theorem 5.

From Theorem 4 and Theorem 5, we have the following corollary.
Corollary 2. Let § > —p,pe N. If f € SU)\(a A, B; ¢) (or Kg’)\(a;A,B;QZ))), then
Fyo(f) € 57 \(a; A, By ¢) (or K ,(a; A, B; ¢))
Theorem 6. Let 6 > —p,p € N. If f € CJ,(a;n,v;:9,¢), then F,5(f)(z) €
K7\ (a;n, v ¢,9).

Let f e C? )\(a 7,7; ,1). Then, from the defintion of the class C")\(a 7,7; 6, 10),
there exist a functlon g €55, y(a;m; @) such that

1 (I (@)()(=)
p=7 \ 15, (@9()

- 7) < 9(2).
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Now, let

1 (@ ()
q(2) -7

-\ I (@)Fs9)(2)

where ¢(z) is analytic in U with ¢(0) = 1. Applying (19) in (22), we have
[(p = 7)a(2) + A (@) Fp5(9)(2) + 617 5 (a) Fps(f)(2) = (6 + p)Ipa(a) f(2).  (23)

Differentiating (23) with respect to z, we have

[(p—7)a(2)+912(Iy A(a) Fy5(9)(2)) +(p—7)2d' (2)I] A(a) Fp5(9) (2)+02(I} A (a) Fy5(f) (=)'

= (0+p)2(Iy\(a)f(2))" (24)

Since g € Sy ,(a;n; ¢), then by Theorem 4, we have F},5(g)(z) € Sy \(a;n; ¢). Let

1 (U5 @)Fs(9)(2)
Tpon\ IL@Fs@)) )

h(z)

Applying (19) again, we have

Iy \(a)g(2) o
(6 +p) ngﬁa)Fp’s(g)(z) = (p—n)h(z) +n+0. (25)

From (24) and (25), we have

1 Z(I;A(a)f(z))l_ " 2p'(2)
p= ( 175 (a)g(2) 7) =ple) + (p—mh(z) +n+d

The remaining part of the proof is similar to that of Theorem 5 and so we omit it.
Remark. Putting p = 1 in the above results, we obtain the results obtained by
Cho and Kim [4].
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