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A SUBCLASS OF MULTIVALENT UNIFORMLY CONVEX
FUNCTIONS ASSOCIATED WITH GENERALIZED SALAGEAN
AND RUSCHEWEYH DIFFERENTIAL OPERATORS

TARIQ O. SALIM, MOUSA S. MAROUF AND JAMAL M. SHENAN

ABSTRACT. In this paper a new subclass of Multivalent uniformly convex
functions with negative coefficients defined by a linear combination of generalized
Salagean and Ruscheweyh differential operators is introduced. Several results con-
cerning coeflicient estimates , the result of modified Hadamard product and results
for a family of class preserving integral operators are considered. Extreme points
and other interesting properties for this class are also indicated.
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1. INTRODUCTION AND DEFINITIONS

Let A, denote the class of functions of the form
o0
fz)=2"+ Y a, (1.1)
k=p+1

which are analytic and p-valent in the unit disk U = {z : |z| < 1}. Also denote by
T, the class of functions of the form

f(Z) = Zp_ Z akzka (ak Z 072 S U)7 (12)
k=p+1

which are analytic and p-valent in U.
For functions

f](z) =2 Z ak,j zk> (ak,j > 0)7 (] = 172) (13)
k=p+1
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Hadamard product (f; * f2) (2) of fi(z) and fa(2) is defined by

(fr*f2)(z) = 2" — Z ap1 ap 2", (1.4)

k=p+1

A function f(z) € A, is said to be [-uniformly starlike functions of order «
denoted by 3 — Sp(«) if it satisfies

w20l

in the class T}, the modified for some a(—p < o < p), B > 0, and is said to be
B-uniformly convex of order v denoted by 8 — K,(«) if it satisfies

2f"(2) 2f"(2)

e+ S a2 0
for some a(—p < a < p), B> 0 and all (z € U). The class 0 — S,(c) = Sp(), and
0— Kp(a) = Kp(av), where Sp(a) and Kp(«) are respectively the well-known classes
of starlike and convex functions of order « (0 < a < p).
The classes Sp(c) and K,(c) are introduced by Patil and Thakare [7] while the
classes S(a) and K(«) were first studied by Rebortson [8], Schild [12], Silverman
[13], and others. The classes 8 — Sp(a) and § — Kp(«) were introduced and studied
by Goodman [2], Rgnning[9], and Minda and Ma [5].
Let

pl, (1.5)

S;(a) = Sp(a) NT,, K;(a) = K,(a) NT)p, (1.7)

B=5,(a)=[B=5@)]NTy, and 5—Kj(a)=[6—Ky(a)]NT)

The Salagean differential operator [11] can be generalized for a function f(z) € A,
as follows

Sopf(2) = f(2),
Sipf(z) = (1=0)f(2)+3d

2f'(z
&) _ Ss.pf (2), (1.8)
p
Sipf(z) = Ssp(S5,'f(2)).  (n€N,6>0,2€U)
The nth Ruscheweyh drivative [1] for a function f(z) € A,, is defined by

2P d"

Ry f(2) =7 T (2" Pf(z)) (neNy=NU{0},z€U) (1.9)
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It can be easily seen that the operators S} and R} on the function f(z) € A, are
given by

Sypf(z) =2 + Z < & 5) apz", (1.10)
k=p+1 p
and
Ry f(z) = 2" + Z o pakz (1.11)
k=p+1

n _ (ntk—p)!
where C7' = AT h—p)! °

Definition 1. let n € Ny and A > 0. Let DY f denote the operator defined by
D?,é,p . Ap — Ap
Dyspf (2) =1 =NS5,f(2) + AR, f(2) (2 €U). (1.12)
Notice that DY ;  is a linear operator and for f(z) € A4, we have
Noplf (2) =224 D" p(n, A6, p)agz, (1.13)
k=p+1

where

(1.14)

dr(n, X\, 6,p) = [(1—/\) <1+(;;_1)5)n+/\ tk—p

It is clear that DE)\’(;,pf (z) = f (2) and D/\lpf (2) = %f’ (2).When p = 1, we get
the differential operator studied by Khairnar and More [3].

Definition 2. For —p < a < p, 8 > 0, we let S (a,B,),5) be the subclass
of A, consisting of functions f(z) of the form (1.1) and satisfying the following
condition

(D35 ) (D00 ()

R —al> —pl, 1.15
S TN I R el RO Y B (1.15)

also let T (a, B, A, 0) = Sy (o, B, A, 0) N T}
It may be noted that the class TI’](a, B, A, 0) extends the classes of starlike, con-

vex, B-uniformly starlike and S-uniformly convex for suitable choice of a, 5, A, 0 and
n. For example
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i) For n = 0,\ = ¢ = 1 the class T)}(«a, 8, A, d) reduces to the class of S-uniformly
starlike functions.

(ii) For n = 1,A = § = 1 we obtain the class of S-uniformly convex function.
Several other classes studied by various research workers can be obtained from the

class T} (a, B, A, 6).
2. COEFFICIENT ESTIMATES

Theorem 1. A function f(z) defined by (1.2) is in the class T, (, B, A, 6),
—p < a<p,B >0 if and only if

i {E(1+ ) — (a+pB)} dr(n, A\ d,p) ar < (p—a), (2.1)

k=p+1

where ¢(n, A, d,p) is given by (1.14) and the result is sharp.

Proof. Let f(z) € T))(, B, ),6) and z be real then by virtue of (1.13) we have

p— Z k ¢k(n7 )‘7 57 p)ak Zkip Z (k - p)¢k<n7 /\7 57p)a/k Zk
k=p+1 k=p+1
) —a 2> 5 S
1- Z ¢k(n7 )‘767 p)ak Zk=p 1- Z ¢k(n7 >‘7 (5,])) an 2"
n=p+1 n=p+1

Letting z — 1 along the real axis, we obtain the desire inequality (2.1).
Conversely, assuming that (2.1) holds, then we show that

2 (D3s,f () 2 (D30 ()
2 ~R o ~ .
ST S B WG 2
We have
DS\L,S,pf (Z) Dg\l,é,pf (Z) N Df\L,a,pf (Z)
(1+8) > (k—p) du(n\6,p) ay
< heptl
1-—- Z ¢k(n7)‘767p) ag
n=p+1
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This expression is bounded above by (p — «) if

S {k(1 4 8) — (@ + pB)} dulm A S, par < (p— )

k=p+1

The equality in (2.1) is attained for the function

— P (p—a) Lk
S T ey e i W AR A 23)

This completes the proof of the theorem.

Corollary 1. Let the function f(z) defined by (1.2) be in the class Tj}(«a, 3, A, §),
_p§a<p; 620? then

ap < (p_a>
N {k(l +ﬁ) - (Oé +p/8)}¢k(na)‘7(sap) ’

k>p+1.

3. REsuLTSs INVOLVING MODIFIED HADAMARD PRODUCT

Theorem 2. For n € Ng, \,6 >0, —=p < a < pand > 0 let fi(z) €
TZ)’L((%ﬂv)‘)é) and f?(z) € T]’;L(ryvﬁa >\7 5) Then fl * fQ(Z) € T;?( O-,ﬂv)\’ 5)) where

(1+8)p—a)p—")

o=p—

(p+1+8-a)p+1+8-7) [1-2)(1+2) +An+1)] - @-a)p-7)

(3.1)
and the result is sharp.
Proof. To prove the theorem it is sufficient to assert that
= k(1 +8) = (o +
Z { ( ﬁ) — ( pﬁ)}¢k(n7 )\75717)0%,1 ag .2 < 1 ) (32)

k=p+1 p—a

where ¢p(n, A, d,p) is defined in (1.14) and o is defined in (3.1). Now by virtue of
Cauchy-Schwarz inequality and Theorem 1, it follows that

i {k(1+ ) — (a +pB)}Y/* k(1 + B) — (v + pB)}/?
gl (p—a)(p—7)

¢k(n7 )\)57 p) vV an,lan,Q S 1 P
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(3.3)
Hence (3.2) is true if

{k(1+5) — (0 +pB)}
p—o

(ﬁk(ﬂ, )‘7 57 p) Gn,1 An,2

_ k1 +8) — (a+pB)} 2 (n(L+6) — (v + 9B}

n, A, 9, n,10n
N (p—a)p—7) o )it

or equivalently

{1+ B) — (a+pB)}Y* {n(1+ B) — (v + pB)}'/*?

(n,10n,2 < (p = a)(p = ’y) (34)
X p—9
{k(1+B) — (o + B)}
By virtue of (3.3), (3.2) is true if
(p—a)p—")

{k(L+ ) — (a+pBY* k(1 + 8) — (v + pB)}* ¢u(n, A, 6,p)
o R+ 8) — (a+pB)} P {n(1+5) — (v + 2O} p—o
- (p—a)p—") {k(1+B) = (o +pB)}

which yields

o <p (k=p)(B+Dp—-a)p—-7)
0 {RA+8) —(a+pB)HEA+8) — (v +pB)} de(n, A0, p) — (p—a)(p—7)

(3.5)
Under the stated conditions in the theorem, we observe that the function ¢y (n, A, d, p)
is a decreasing for k (kK > p+ 1), and thus (3.5) is satisfied if o is given by (3.1).
Finally the result is sharp for

2) = 2P — p-9) <
f1(2) (p+1+ﬁ—oz)[(1*>\)(1+%>n+)‘(n+1)} ,

z) = 2P — > —7) G
e [a-n (1 3) w1
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Theorem 3. Under the conditions stated in Theorem 2, let the functions
fi(2) (7 = 1,2) defined by (1.3) be in the class Tﬁ(a,ﬁ,)\,d). Then f1* fo(2) €
Ty (0,8, ),6), where

(1+5)(p ~ o) |
(p+1+8-0)2[1-1) (1+2) + 20+ 1] - (p—0)?

o=p (3.6)

Proof. The result follows by setting o = =y in Theorem 3 .

Theorem 4. Under the conditions stated in Theorem 2, let the functions
fi(2) (j = 1,2) defined by (1.8) be in the class T)}(a, 3,A,6). Then

o0

h(z) = 2P — Z (a%,l —i—a%z) 2P (3.7)
k=p+1

is in the class Ty (0,3, A, d), where

21+ 8)(p — @)®

p+1+4+0—a)? [(1—)\) (1+%)n+)\(n+1)}—2(p—a)2.

o=p—

Proof. In view of Theorem 1, it is sufficient to prove that

i {k(14+8) = (0 +p0)}

o or(n A 0,p)(ang+ans) S 1, (3.9)

k=p+1

where ¢r(n, A, d,p) is defined in (1.14) and o is defined in (3.8).
as fj(z) € Ty (o, B,),0)(j = 1,2), Theorem 1 yields

o0

>

k=p+1

{k(1+8) — (o +pB)} r(n, A, 5,@} ry
(p—a) w

o0

5>

k=p+1

{k(l + 5) — (Oé +p/8)} Qbk(na)ﬁ 57p
(p—a)

) 2
a;w-] S 1

hence
o0
1
2 5

k=p+1

{k(l + B) — (Oé +p/8)} ¢k(n7 )‘7 57p
(p—a)

2
G S ES AT
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(3.9) is true if
{k(1+8) — (0 +pP)}

¢k(n7 )‘7 57 p)( a%,l + a’?L,Z)

p—0
1 {kﬁ(l‘f—ﬂ) — (Oé+p/6)}¢k(n7 )‘757]7) 2 2 2
< 5 (p — a) (an,l + a’n,2) ’
that is, if

[n(l + ﬁ) - (Oé +pﬁ)]2 ¢k(na )\,5,]?) - 2(]) - a)Q .

Under the stated conditions in the theorem, we observe that the function ¢y (n, A, d, p)
is a decreasing for k(k > p+ 1), and thus (3.11) is satisfied if o is given by (3.8).

4. FAMILY OF CLASS PRESERVING INTEGRAL OPERATORS

In this section, we discuss some class preserving integral operators. We recall
here the Komatu operator [6] defined by

c d % 2\ d—1
H(:) = Py () = o / e (o) s (11)

where d > 0,¢ > —p and z € U.
Also we recall the generalized Jung-Kim-Srivastava integral operator [4] defined by

ot gy Pretp) 1y T
I(z)—quf(z)—F(C+p)r(d)zco/t (1-2) s . (4.2)

Theorem 5. If f(z) € T} (a, 3,),6), then H(z) € T} (a, 3, ), 6).

Proof.  Let the function f(z) € T(d,3,A,9) be defined by (1.2). It can be
easily verified that

o0 d
H(z) =2 - Z (Czp) arz” (ak >0,p € N) (4.3)
kept1 \C +Kk+p

Now H(z) € Tj'(«, 8, A, 0) if

o~ [{EQ+0) —(a+pB)}de(n X op)] [ ctp \
k?;‘l (p_a) (C+k+p) ap <1 (4'4)
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c+p o
Now as e <1 for k € N, so it is clear that

.- [{k(1+6)_(a+p/8)}¢k(n7)‘a67p)] c+p d
k%l (p—a) (c+k:+p> h

[e.e] 1 _
k=p+1 (p—a)
Therefore H(z) € T} (v, B, A, ).
Theorem 6. Let d > 0,c¢ > —p and f(z) € T)(a, 3, ), 6). Then H(z) defined
by (4.1) is p—valent in the disk |z| < Ry, where

1
k(1 - k+p)? k
R — i [ PEOE D) = (@ 4 pB)I(e + 4 p)n(n ) )
k k(c+p)*(p—a)
Proof. In order to prove the assertion , it is enough to show that
H'(z)
e | < (16)

Now, in view of (4.3), we get

H' o d
a2 k() W
“ k=p+1 crh+p

This expression is bounded by p if

i - (Cﬂj>dak 2|* <1 (4.7)

koppa P \CH R+

Given that f(z) € T}}(«a, 3, A, 6), so in view of Theorem 1, we have

io: [{k(l + ﬂ) — (a +pﬁ>}¢k(n7 )\,5,]7)]

k=p+1 (p=a)

ap <1

Thus, (4.7) holds if

ctp \* pl{k(1 +8) = (a+pB)} dr(n, A, 6,p)]
H(ridp) o s o

i

that is

,4<{mmruﬂ—m+mm@+k+m%umxam}i
- k(c+p)i(p—a)
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The result follows by setting |z| = R;.

Following similar steps as in the proofs of Theorem 5 and Theorem 6, we can state
the following two theorems concerning the generalized Jung-Kim-Srivastava integral
operator I(z).

Theorem 7. If f(z) € Tj}(a, 8, A,0), then I(z) € T} (v, B, A, 6).

Theorem 8. Let d > 0,c > —p and f(z) € T} (a,3,),6). Then I(z) de-
fined by (4.2) is p—valent in the disk |z| < Rz, where

Ry =

p {1+ 8) — (a+pB)} (1, A\, 8, p)(p + ¢ + d) | *
3| Hp— o) + o) fooou

5. EXTREME POINTS OF THE CLASS T))(a, 3, A, §)

Theorem 9. Let fy(z) = 2P and

e (p— ) ;
) = s et e FZPD: (51)

Then f(z) € Tj(a,3,A,8) if and only if it can be expressed in the form

1) = M4 S Ao, (5.2)

k=p+1

where X\, >0 and > Ay =1, and ¢r(n, \,0,p) is given in (1.14).
k=p
Proof. Let (5.2) holds, then by (5.1) we have

(p—a) K
e ,;pzﬂ T+ B) — (a+pB)} dulm Ao p)

Now

S (k4 5) — (a4 pB)} drln A 6. p)

k=p+1

00 (p—-a)
Y {k(1+8) — (a+pB)}dr(n, A, 0,p) x TR+ 8) — (a + pB)} ol A 0,0)

k=p+1
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=(p—a) Y. M<p-)d M<p-o
k=p+1 k=p

Hence by Theorem 1, f(2) € T} («, 8, A, §).
Conversely, suppose f(z) € T;'(a, 3, A, ). Since

o < »—a)
~ AR+ 8) = (@ +pB)} dr(n, A, 6,p)

(k>p+1)

[e.°]
setting Ay = {k(1+ﬁ)_(02;fi))}¢k(n’)"é’p) ap and Ay =1 — Y Ag, we get (5.2). This
k=p+1
completes the proof of the theorem.

6. CLOSURE PROPERTIES

Theorem 10. Let the functions f;(z) defined by (1.3) be in the class T (av, 3, A, 6)
. Then the function h(z) defined by

o
h(z) = 2P — Z di2*
k=p+1

belongs to Tj'(cv, B, A, §), where
1 m
dp = — Zak,ja (ak; > 0).
m 4
7j=1
Proof. Since f;(z) € T;'(6, 3, A, 9), it follows from Theorem 1 that

Y k(1 +5) = (a+pB)} dr(n, A b,p) ay < (p—a) (6.1)
k=p+1
where ¢ (n, A, d,p) is given in (1.14). Therefore

S k(L + ) — (0 +pB)} énln A 0. p) dy

k=p+1

= i {k(1+/8) - (a+pﬁ)}¢k(n7)‘757p) (7}1 3 akj) <p-—q
=1

k=p+1 J
by (6.1), which yields that h(z) € T;}(9, 8, A, 9).
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