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INCLUSION RELATIONSHIPS FOR CERTAIN SUBCLASSES OF
MEROMORPHIC FUNCTIONS ASSOCIATED WITH A FAMILY OF
MULTIPLIER TRANSFORMATIONS AND HYPEGEOMETRIC
FUNCTIONS

H. E. DARWISH

ABSTRACT. The purpose of the present article is to introduce several new sub-
classes of meromorphic functions defined by using the multiplier transformation and
hypergeometric function and investigate various inclusion relationships for these
subclasses. Some interesting applications involving a certain class of hypergeomet-
ric functions are also considered.
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1. INTRODUCTION

Let M denote the class of functions of the form:

1 (o]
_ 1+ k
f) =+ > apet (1.1)
k=0
which are analytic in the punctured open unit disc U* = {z : z € C and 0 <

|z| < 1} = U/{0}. Given two parameters n and # (0 < 1, < 1), we denote by
MS(n), MK(n) and MC(n,3) the subclasses of M consisting of all meromorphic
functions which are, respectively, starlike of order n in U, convex of order n in U,
and close-to-convex of order (3 and type n in U, see, for details, refs. [7, 10, 12, 17].

Let N* be the class of all functions ¢ which are analytic and univalent in U and
for which ¢(U) is convex with

p(0)=1 and Re{¢(z)} >0 (zeU).
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For functions f and g analytic in U = U* U {0}, we say that f is subordinate to
g, and write

f=<g in U or f(z)<g(z) (z€U),

if there exists a Schwarz function w(z), which (by definition) is analytic in U with
w(0) = 0 and |w(z)| < 1 (z € U), such that f(z) = g(w(z)), (z € U). It is known
that

f(z) <g(z) (z€U) = f(0)=g(0) and f(U)Cg(U).

Furthermore, if the function g is univalent in U, then [see, e.g., 12, p. 4]

f(z) <g(2) (z€U)« f(0)=g(0) and f(U)Cg(U).

Making use of the principle of subordination between analytic functions, we
introduce the subclasses M S(n; ), MK(n;¢), and MC(n,;¢,) of the class M
for 0 <mn, § <1 and for p,1) € N*, which are defined by

MS(n;p) := {f f €M and 1n<—zj:(i§)—17)<<p(z), (zEU)},

ME (n;¢) := {ffeﬂfwd1ﬁ<—b+fﬁ§1—m><w@x<zem},

and

ClnBip¥) = ={f:feMand3ge MS(np):

L ()
1_ﬁ< e ﬂ)wm (zeU)},

respectively, we note the classes mentioned above contain various subclasses of mero-
morphic functions for special choices for the functions ¢ and ¢ (as well as for special
choices for the parameters n and [3) involved in these definitions (see [1,6,16]).

Forn € Ny := NU{0}, N = {1,2,3,...}, we define the multiplier transformation
DY of functions f € M by

1 =/k+1+X\"
R =2+ <+A+> awt  (A>0,2eU").
k=0

Obviously, we have

DD f(2)) = DI f(z)  (myn € No; A > 0) .

92



H. E. Darwish - Inclusion relationships for certain subclasses of meromorphic...

The multiplier transformations DY} and D} were considered ealier by Sarangi and
Uralegaddi [15] and Uralegaddi and Somanatha [18, 19], respectively.
Put

fn(Z):;‘i‘ A )zk (n € No; A > 0) .

1 — <k +1+A\"
k=0
Define the familiar Gaussian hypergeometric function oFj(a, b, ¢; z) by

(a)r(b) Sk
= (O k

oF1(a,b,c;2) : (a,b>0,c#£0,—1,....,.2€U),

where () is the Pochhammer symbol defined by

! if k=0
($)k—{ zx+1)..(x+k—-1) if ke Ng={1,2,...}.

Let f,!(z) be defined such that

IS

Ful2) % [ (2) =

Then we introduce an integral operator I}

2F1(a’ ba (o Z) :

/\

a,b,c) : M — M as follows:

R(a,be)f = fi'(2) * f(2) - (1.2)

We note that

I8(1,2,1) f(2) = 2f (2) + 2f(2) and I1(1,2,1)f(2) = f(2) .

It is easily verified from the above definition of the operator I} (a,b,c) that

z (IV (a,b,0) f(2)) = A2(a,b,c)f(z) — (A + DIV (a,b,e) f(2)  (1.3)

and
z (IY(a,b, c)f(z))/ =aly(a+1,b,¢)f(z) — (a+ 1)IY(a,b,c) f(2) . (1.4)

The definition (1.2) of the multiplier transformation I{(1,p —1,1) =17 ,,[3], is
motivated essentially by the Choi-Saigo-Srivastava operator [4], for analyfic func-
tions (see also ref. [2]), which includes a simpler integral operator considered earlier
by Noor [13] and others (cf. [8], [9], [14]).

By using the integral operator I} (a,b, c) f, we introduce the following subclasses
of meromorphic functions:

MSY(a,b,c;myp) :={f : f € M and I{(a,b,c)f € MS(n, )}
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MKX(a,b,c;n;0) :=A{f: f € M and I{(a,b,c)f € MK(n,9)}
and
MCx(a,b,c;n, By, 9) :={f : f € M and I}(a,b,c)f € MC(n, 3, 0,4)}
We note that
f(z) € MK} (a,b,c;m;0) = —2f (2) € MS(a,b,c;m; ) - (1.5)

In particular, we set

1+ Az
n . _ (0. — < .
MSY <17,1 Z)-MS)\(U,A,B) (-1<B<A<1) (1.6)
and .
+ Az
e ) = MK (; — <1). .
MK} (77,1 z) MKY(m;A,B) (-1<B<A<1) (1.7)

The main object of this article is to investigate several properties of the classes
MSY(a,b,c;m, @), MK (a,b,c;n,¢) and MC%(a,b, c,n,p) associated with the op-
erator I} (a,b, c) defined by (1.2). Some applications involving integral operator are
also considered.

2. INCLUSION PROPERTIES INVOLVING THE OPERATOR I} (a,b, c)

The following results will be required in our investigation.

Lemma 1. [5] Let ¢ be convex univalent in U with ¢(0) = 1 and Re {yp(z) + w} >
0 (zeUx~y,weC). If pis analytic in U with p(0) = 1, then the subordinations:

() + zp (2)

T p(z)  (2€U)

implies that
p(z) =p(z) (z€U).

Lemma 2. [11] Let ¢ be convex univalent in U and w be analytic in U with
Re{w(2)} >0 (z€U).
If p is analytic in U and p(0) = ¢(0), then the subordination:
p(z) +w(z)zp (z) <¢(z) (2 €U)
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implies that
p(z) <e(z)  (z€U).
First of all, with the help of Lemma 1, we obtain the following inclusion rela-
tionships.

Theorem 1. Let ¢ € N* with r;lea(}cRe {¢(2)} < min (airi;”, ’\J{i;"> (a, A >
0;0 <n<1). Then

MS%(a+1,b,¢;m:0) € MSY(a,b, ;15 0) € MSY (a,b,¢5m59) -
Proof. To prove the first part of Theorem 1, let f € MSY(a+ 1,b,¢;m;¢) and

set
oz — ! (_z(ff(a,b,@f(z)) _n> 21)

- 1_77 If(%l%c)f(z)

where p(2) = 147,2+752%4... is analytic in U and p(0) = 1 for all z € U. Applying
(1.4) in (2.1), we obtain

Bt lbof)
Tiabofz) ~ L mpE) = (atl-n). (2.2)

By using the logarithmic differentiation on both side of (2.2), we have

1 (_Z(Ig(a+ 1,b,¢)f(2)) —n) () + zp (2) (2.3)

1_77 IK\L(Q+17b7C)f(Z) Q+1—7]—(1—7’])p(2’)
Since +1
rzneaécRe{@(z)}<% (zeU,0<n<1,a>0),

we see that
Re{a+1—-n—(1-n)p(z)} >0 (z€U).

Applying Lemma 1 to equation (2.3), it follows that p < ¢ in U, that is,

feMSY(a,b,c,n; ) .

To prove the second inclusion relationship asserted by Theorem 1, let

f e MS3(a,b,¢,n, )
and put

[ 2(@Tabafe)
a(2) = 1—n <_ Ij\”l(a, b,c)f(z) —77) ’
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where the function ¢(z) is analytic in U with ¢(0) = 1. Then, by using arguments
similar to those detailed above with (1.3), it follows that ¢ < ¢ in U, which implies
that

fe MS;LJrl(CL, b,c,m,p) .

Thus, we have completed the proof of Theorem 1.

Theorem 2. Let ¢ € N* with

max Re {¢(2)} < min

a+1l—mn A+1—n
zeU

A>0,0<n<1),

Then
MK (a+1,b,¢;m39) C MK} (a,b,¢;m390) € MK (a,b,¢5150) -
Proof. Applying equation (1.5) and Theorem 1, we observe that

f(z) € MK (a+1,b,¢;m5) < IN(a+1,b,c) € MK(n,¢)

—2(I¥(a+1,b,0)f) € MS(n, )
Ii(a+1,b,c)(—2f (2)) € MS(n, )
—zf/(z) € MSY(a+1,b,¢,m,¢)
—zf/(z) € MSY(a,b,c,n,p)

I;L(av b, C)(_Zf/(z» € MS(n, 90)
—2(I(a,b,0)f(2)) € MS(n, )
I¥(a,b,c) f(2) € MK(n,¢)

f(z) € MKX(a,b,c;m; )

(A R O

and
f(2) € MK (a,b,c;m;0) < —2f (2) € MSY(a,b, ¢;m; 0)

—zf'(2) € MSY™(a,b,¢;m; )
—2(I3 Y (a,b,¢) f(2)) € MS(n, o)
IV (a,b,¢) f(2) € MK(n, @)
f(z) € MKt (a,b,c;m; ),

t 04

which evidently prove Theorem 2.
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By setting
1+ Az

pl2) = 1+ Bz

in Theorem 1 and 2, we deduce the following consequences.

(-1<B<A<1;z€0)

Corollary 1. Suppose that

112<min(ai_i;n,)\—fi;n> (a,A>0;0<n<1l;-1<B<A<L1).
Then, for the function classes defined by equations (1.6) and (1.7),

MSY(a+1,b,¢;m; A, B) € MSY(a,b,c;n; A, B) C MS;LH(a,b, c;n; A, B)
and

MK (a+1,b,¢;m; A, B) € MKY(a,b,¢;n; A, B) € MKy (a,b,¢;m; A, B) .

Next, by using Lemma 2, we obtain the following inclusion relationships for the
class MC}(a, b, ¢;n; B¢, 9).

Theorem 3. Let p,v € N* with

a+1—n A+1-—n
1-n > 1-—n9

r;leaé((Re{go(z)}) <min< ) (a,A>0,0<n<1).

Then
MO (a+1,b,¢;1, B50,9) € MOX(a,b,c;n, B; 0,4) € MOy (a,b,¢5m, 55.0,9) -
Proof. We begin proving that
MCY(a+1,b,¢m, 85 ¢,9) € MCY(a, b, ¢;:m, B30, 0)
which is the first inclusion relationship asserted by Theorem 3. Let
feMCY(a+1,b,¢m;0,0,9) -

Then, in view of the definition of the function class MCY{(a+1,b,¢;n, B; ¢, 1), there
exists a function r € M S(n, ¢), such that

1 (_ zI%(a+1,b,c)f(2))
1-8 r(2)

—ﬂ><w(z) (zeU) .
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Choose the function g(z) such that
IN(a+1,b,0)g(z) =r(z) .

Then

n 1 z(IT (a+1,b,c) f(2 !
g€ MCY(a+1,b,¢,m;¢) and 5 (— (Iilgail’b’cgg((z))) — ﬁ) <Y(z) (z€U).
(2.4)

o) = ! (_z<1§<a,b,c>f<z>> - ﬂ)7 25)

Now let

1 _/8 I;?(aabv C)g(Z)

where the function p(z) is analytic in U with p(0) = 1. Using equation (1.4), we
find that

2(If(a+1,b¢)f(2)) 3
ﬁ IN(a+1,b,c)g(2)
B I(a+1,b,¢) —2f'(2)) 3
B ﬁ (I3(a+1,b, C)g(z))
_ (a,b,c) zf/(z)) + (a+1)I¥(a,b, c)zf () —3
ﬁ I" (a,b,¢)9(2)) + (a +1)I%(a,b,c)g(2)

(a b,c)(zf (2)) " I(a,b,c)(zf (2))
o i@ b.09z) TV w5, 090 i
1-p3 z(I(a, ,c)g(z))/

+a+1

(2.6)

Since
g€ MSY(a+1,b,¢,m;¢0) C MSY(a,b,c,n;) ,

by Theorem 1, we may set

1 aI3(e,b,0)g(2))
q(z) = 1—1n ( I;L(a, b,c)g(z) 77) ’

where ¢(z) < ¢ in U with the assumption that ¢ € N*. Then, by virtue of equation
(2.5) and (2.6), we observe that

Ii(a,b,¢)(=2f (2)) = (1 = B)p(2) I} (a,b,¢)g (=) + BI(a,b, c)g(2) (2.7)
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and

1 _z([f(a—i— l,b,c)f(z))/ 3
1_6 I;L(CL—Fl,b’C)f(Z)

L [ 20p(abe)(—2f (2)) /13(a,,0)g(2)+(at+ 1) [(1-B)p(2) +0]
1—5( A (- n)a(2) —A). 28

Upon differentiating both sides of equation (2.8), we have

2(I3(a,b,¢) (=21 (2)))’
I (a,b,c)g(2)

Now, making use of equations (2.4), (2.8), and (2.9), we get

= (1-8)zp (2) = [(1 = B)p(2) + B [(1 = m)a(z) + 1] . (2.9)

1 2(13(a+1,b,0)f(2)) b (=
1-3 <_ Glerirann ~B) =0e) + i < () (D). (210)

since a > 0 and ¢ < ¢ in U with

a+1-—n
rzneagcRe {e(2)} < T
we have
Re{a+1—-n—(1-n)q(z)}>0 (2€U). (2.11)
Hence, by taking
1

) = T = = ma) (212)

in equation (2.10), and then applying Lemma 2, we can show that p < ¢ in U, so
that

fe MC;\L((’Z?b?C?n’ﬁ;(P?w) *

For the second inclusion relationship asserted by Theorem 3, using arguments
similar to those detailed above with equation (1.3), we obtain

MC;L(G, b’ c? 777 /87 (p7 w) C MC;\IJ'_I(G/’ b’ c? 777 /8; (p7 1/}) *

We thus complete the proof of Theorem 3.

99



H. E. Darwish - Inclusion relationships for certain subclasses of meromorphic...

3. INCLUSION PROPERTIES INVOLVING THE INTEGRAL OPERATOR F,
In this section, we consider the integral operator F. [see, e.g., ref. [11], pp. 11

and 389] defined by:

z

L) =BG = o [ra (M=o, @

0

We first state and prove the following inclusion relationship for the integral
operator F,(vy > 0).

Theorem 4. Let ¢ € N* with

1—

max (Re{p(=)}) < " (7> 0,0<n<1).
If

f 6 MS;L(G’ b? C7 77; (p) )
then
F’Y(f) € MS;L(G,baCﬂ?; ()0) .
Proof. Let

and set

Tl \ IaboR(f)z)

where the function p(z) is analytic in U with p(0) = 1. From the definition (3.1), it
is easily verified that

2(IR(a,0,0) Py (£)(2)) = VIR (a,b,¢) f(2) = (v + DIR(a,b,0) Py (£)(z) . (3.3)
Then, by using equations (3.2) and (3.3), we obtain

. IV(a,b,c)f(2)
I;L(av b7 C)F’Y(f)(z

Making use of the logarithmic differentiation on both sides of equation (3.4) and
multiplying the resulting equation by z, we get

1 (_z(p;(a,b, Of(2) n) () 4 zp (2) (z€U).

by = (Zgg(a,b,c)w)y ) 52)

):ﬂ—nm&%%v+l—m- (3.4)

y+1-n—(1-n)p(2)
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Hence, by virtue of Lemma 1, we conclude that p < ¢ in U for

y+1—n

max (Re {(=)}) < 75—

I

which implies that
F’Y(f) S MS;L(C% b7 G ; @) .

Another inclusion relationship involving the integral operator F (v > 0) is given
by Theorem 5 below.

Theorem 5. Let ¢ € N* with

1 _
max {Re (¢(2))} < L (v>0,0<n<1).
zeU 1-—
Tt
then

E(f) € MEX(a,b,¢,1;9) -
Proof. By applying Theorem 4, it follows that

f(2) € MK (a,b,c;m;0) & —2f (2) € MSY(a,b, c,n; 9)

& Fy(=zf (2) € MSY(a,b,c,m5)
& 2B (f)(2)) € MS(a,b,e,m; )
V(f) Z)E ;\L(avbacﬂ?;@)a

which proves Theorem 5.
From Theorem 4 and 5, we can easily deduce Corollary 2 below.

Corollary 2. Suppose that
L+4 _y+1-1
1+ B 1—n
Then, for the function class defined by equation (1.3) and (1.4), the following inclu-
sion relationship hold true:

(y>0,-1<B<A<1,0<n<1).

f € MS}(ab,c,n; A, B) = F,(f) € MSY(a.b, c,n; A, B)

and
feMKY(a,b,c,n; A, B) = F,(f) e MK} (a,b,c,n; A, B) .
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Finally, we prove yet another inclusion relationship involving the integral oper-
ator F, (7 > 0) defined by equation (3.1).

Theorem 6. Let p,v € N* with

1—
max (Re (p(2))} < "= (7> 0:0<n <)
If
feMCx(a,b,c,n, B;0,%) ,
then

F’Y(f)eMC;\L(avb7c7nw6;s07¢) .
Proof. Let
fEMcg\L(aal%canaﬁ;gpvlb) .

Then, in view of the definition of the function class MC%(a,b,c,n,B;¢, 1), there
exists a function g € MSY(a,b, c,n; ) such that

L[ 2(I3(a,b,0)f(2))
1-06 I (a,b,c)g(z)

— ﬂ) <Y(z) (z€U). (3.5)

Thus, we set

PE) =173 I} (a,b,c)F,(g)(2)

where the function p(z) is analytic in U with p(0) = 1. Applying equation (3.5), we

1 (_zuf(a, b,OF(f)(2) 5)

get
L (_z@(ebafG) g
1-p (I} (a,b,c)g(2))
1 [(R(abe)(=2f(2) 3
1=3 1\ (IX(a,b,¢)g(2))
1 zU?@ab¢ﬂFﬂ—waz»(d)“+(7+—D120ub¢ﬂFx—szzD(@__ﬁ
1-73 2(I3(a, b, 0)Fy(9)(2)) + (v + 1)I}(a, b, c) Fy(g) ()
_ 1 (20R@b Py (—2f (2)(2) /1ab0) Py (9)(2)+ (DR (ab) By (=2f (2))(2) /12 (a,b0) Py (9)(2)
-8 (I3 (ab,) P (9)()) /I3 (@bc) Fy (9)(2) +7+1

-0) .
(3.6)
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Since g € M SY(a,b, c,n; ), we see from Theorem 4 that
F’Y(g) S MSQ((% ba G5 (P) .

Let us now put

L (B oR @)
1) _177< I3 (a.b,0)F (9)(2) ”)’ (3.7

where ¢ < ¢ in U with the assumption that ¢ € N*. Then, by using the same
techniques as in the proof of Theorem 3, we conclude from equations (3.5) and (3.6)
that

1 2(I7 (ab,e) f(2)) 2 (2
1_g<_@wmma —F :M@+§ﬁzﬁ&%m5<¢@)(zeU)-(3&

Hence, upon setting
1

w(z) =
Y+ 1-n—(1-n)g(z)
in equation (3.8), if we apply Lemma 2, we find that p < ¢ in U, which yields

F’Y(f) GMC;\I(aabacvﬁ,ﬁ»%@b) .

The proof of Theorem 6 is evidently completed.

Remark 1. (1) In their special cases, when n =1, A=1, a=1, b =2 and
¢ = 1, Theorem 4, 5 and 6 would provide extensions of the corresponding results
given by Goel and Sohi [6], which reduce to those obtained earlier by Bajpai [1].

(2)When a =1, b= pu, ¢ =1, we get the results obtained by [3].
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