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SHARP FUNCTION ESTIMATE AND BOUNDEDNESS ON L” FOR
MULTILINEAR COMMUTATOR OF PSEUDO-DIFFERENTIAL
OPERATORS
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ABSTRACT. In this paper, we establish a sharp estimate for the multilinear
commutator associated to a class of pseudo-differential operators. By using the
sharp estimate, we obtain the LP(1 < p < oo) norm inequality for the multilinear
commutator.
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1. INTRODUCTION AND THEOREMS

As the development of the Calderén-Zygmund singular integral operators, their
commutators and multilinear operators have been well studied(see [4][6-8]). In [4],
Hu and Yang proved a variant sharp function estimate for the multilinear singular
integral operators. In [6-8], C. Pérez, G. Pradolini and R. Trujillo-Gonzalez obtained
a sharp weighted estimates for the singular integral operators and their commuta-
tors. The boundedness of the pseudo-differential operators was studied by many
authors(see [1-3][5][9-12]). In [9], the boundedness of the commutators associated to
the pseudo-differential operators was obtained.

The main purpose of this paper is to prove the sharp function inequality for
the Multilinear Commutator associated to a class of pseudo-differential operators
with symbols d(x, &) in the class Sf_n;{f,o <o<1-a,0<a<1. By using the
sharp inequality, we obtain the LP(1 < p < 00) norm inequality for the multilinear
commutator. In order to state our results, we begin by introducing the relevant
notions and definitions.

We say b belongs to BMO(R"), if b* € L*(R"), and we define ||b||gro =
[l

Given some function b;,1 < j < m, we denote by C7" the family of all finite
subsets o = {0 (1), -+, 0(j)} of j different elements in {1,---,m}. For v € CJ", we
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denote ,.YC = {17 o 7m}\fy For g: {b17 T 7bm} and Y= {7(1)7 t 77(])} € C]mla
we denote b,y = {b'y(l)7 ~~,b,},(j)}, and b,y = b'y(l)'”b'y(j)v and ”b’y”BMO = ||b7(1)”BMO'

by lBaro-
1/r
We set M, (f)(z) = supgs, (ﬁ Jo \f(y)\”dy) / , where ) is a cube with sides

parallel to the coordinate axes. M, (f) is the generalized Hardy-Littlewood maximal
function of f.
We also need the sharp maximal function f# of f, which is given by

VRN _
) = swp 1oy /Q F(y) — foldy,

where fo = 1 Jo f(v)dy.
And it is well-known that
1

BN o i if _
f (x)~zggggg ,Q|/Q|f(y) cldy.

We say 8(z,€) € S, if for 7,6 € R”, | 25 256(x,€)| < Ca(1 +[¢))melAltelel.

The pseudo-differential operators ¢ - d - o- with symbols 6(x, &) € S¢'}, is given by

T(f)a) = [ 06w, )f()de.

n

where f is a Schwartz function and f denotes the Fourier transform of f.
The pseudo-differential operators 1) - d - o- also have another expression

T(H@) = [ Koo = y)f o)y,

where K(z,2 —y) = [ e2T@)€5(, £)dE.
Let b; (j = 1,---,m) be the fixed locally integrable functions on R". The
multilinear commutator associated to the pseudo-differential operator is defined by

Tn@) = [ TT0s) ~ @)Kz )y
j=1

Now we state the main results as follows.

Theorem 1. Let T be a v -d-o- with symbol §(x,§) € 5’1__71;/02,0 <o<l—a0<
a <1,bj € BMO(R"),1 < j < m. Then there exists a constant C > 0 such that,
for any f € C°(R"™), 2 € R" and 2 < r < 00,

(TN (@) < Cllbllparo | Me(£)(@) + D Y M(T,- (/)(@)

j=l~ec

208



Z. Wang, L. Liu - Sharp Function Estimate and Boundedness on L? for...

Theorem 2. Let T be a v -d-o- with symbol §(x,§) € Sy ng{f,O <o<l—a0<

a<1,b;j € BMO(R"),1 < j <m. Then Ty is bounded on LP(R”) for2 <p < oo.
2. PRELIMINARY LEMMAS

Lemma 1. Let Q be a cube and bj € BMO(R"),1 < j < m,m > 1, then for

1 <q< oo,
|Q|/ H|b Galdy < € TT llsaco

7=1
and
1/q m
(lQl/ Hl j |qdy) < C 1] lIbsllBmo,

i=1

where (bj)q = 17 Jo bi(y)dy-

Proof. Choose pj,1 < j < m such that 1/p; +---+1/p, = 1. By the Hélder’s
inequality and Corollary of the John-Nirenberg inequality in Chapter 4 in Stein’
book(see[1]),

\Q|/ H\ i(y) — (b))qldy

(IQ!/ 153y pﬂd”)l/pj

CH 65| Bro

=1

IN

IN

and

1/q
10;(y) — (bj)qudy)

@i g 1/qp;

151 Bapo-

<.
Il
—

!

Q PR

1z O~
S—
s

.
Il
_

<
Il
-

IN
Q

The lemma 1 follows.
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Lemma 2. (see [10]) Let Q be a cube and b € BMO(R"), then for k > 1,
there exists a constant C such that ||b — borg||smo < Ck|[b||Bro, where borg =
ﬁ fsz f(y)dy

Lemma 3. (see [1]) Let §(z,§) € 5. n;/f,O <o <1l-a0<a<l, and
K(z,w) denote the inverse Fourier transformations in the &-variable and in the
distribution sense of 6(x,§), that is informally K(z,w) = [pn 2™ e (g, £)dE, then
for |z —xzo| <d<1/2 and N > 0,

1/2
o o o 2
(fmd)lagy_mg(wld)u'K(”“’“”’ y) — K (20,20 — )| dy)

< C|x o xo,(lfa)(mfn/Z)(2N+1d)fm(17a)’

where m is an integer such that n/2 < m <n/2+1/(1 —a).

Lemma 4. (see [1]) Let 6(z,&) € 50,,0 < € < 1, and as usual K (z,w) =
Jn €685 (2, £)dE, then for |w| > 1/4 and arbitrarily large M, |K (z, w)| < Car|w| 7M.
Lemma 5. (see [1]) Given 6(x,&) € S;. n(f/f,() <o<1l—-a,0<a<1, then for

1 < p < oo, we have ||T(f)llp < Cpllfllp-

3. PROOF OF THEOREM

Proof of Theorem 1. It suffices to prove, for f € C§°(R") and some constant Cj,
the following inequality holds

1 L N
o [ 1T3() = Colde < Clillmao | M@+ Y M(T- ()@
Q| Jo — o v
Jj=l~el;
Fix a cube Q = Q(z¢,d) and T € Q.
We first consider the case m =1 and d < 1.

Let f(x) = fi(z) + fa(x), with fi(z) = f(z)xq(x) and fa(z) = f(z)xq:(),

where J is a cube concentric with @ of side-length d'~%.

Tbl(f)(ﬂf)z K(z,z = y)((bi(x) = (b1)s) = (ba(y) = (b1) 7)) f(y)dy

= — (1) / K(z,z —y)f(y)dy — / K(z,z—y)(bi(y) — (01)s) f(y)dy
= @ =0y [ K@a-pf@dy = [ Ko=) -6 hd
K(z,z —y)(bi(y) — (b1)) f2(y)dy

R’VL

= (ba(z) = (b)) )T () (@) = T((br = (b1).7) f1)(2) = T((br — (b1) ) f2) (),
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thus

,Q|/ | To, (f (((b1).g = b1) f2) (o) |d
- ,Q|/ (b1 (= DT (f)(@) =T ((br = (b1)s) f1)()
- — (b ) )f2)(z) = T(((b )J—bl)f2)($0)\dx
: r@|/ fn(w) = AT @) + 5 [T = (o)) @)l

|Q/ I T((br — (b1).g) f2)(x) = T((b1 — (b1)s) f2) (o) |d
= A1+ B1+Ch.

For A;, by Holder’s inequality with exponent 1/r 4+ 1/r' =1 and lemma 1, we get

Ay

IN

(IJ\ / by () — (b)" dx)l : <|Q’/‘ ’de)l/r

< Cl|bil|BrMoM(T(f))(Z).

For By, choose s,q,1 < s,q < oo such that gs = r. By Holder’s inequality and the
boundedness of T' on the LI(R™) and lemma 1, we get

B < (éﬂ / IT((by — (b)) i (x >\qu)1/q
< (g [ 1@ - @ >|qda:)1/q
1/q
< O(Q| br(z) = (b1 o) )
= (JI/'bl “on)" (5 f )

< Cl|bi||lBMoM:(f)(Z).

For C4, choose v,1 < v < oo such that 1/v 4+ 1/r+1/2 = 1. By Holder’s inequality
and lemma 2,3 and n/2 <m <n/2+1/(1 —a), we get

01 (JT)

= [T((br — (b1)s) f2)(x) — T((b1 — (b1).s) f2)(w0)]

/|y - |>d1_a(K(x,a: —y) — K(zo,70 — y))(b1(y) — (b1).) f(v)dy

< / K (2,2 — y) — K (20, 70 — )|[b1(y) — (b1) 1| £ )]y
ly—zo|>dl—@
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thus

IN

IN

IN

IN

/ K (@ = y) = K (a0,20 — y)
2N d)1—a<|y—zo|<(2N+1d)1—

1(y) (b1).111f (y)|dy

o

1/2
CZ / K(z,z —y) — K(x9,z0 — y)|*d
NO( (2Nd)l‘aélyfwolé(w“d)l‘a| ( v) (@0:%0 =9l y)

1/v 1/r
b(y) — (b1),]"d / rq
</|y_x0|§(2NHd)1a|1(y) o y) (|y_m|§(2w)la|f<y>| y>

o0

C Z |z — xo,(l—a)(m—n/Q)<2N+1d)—m(1—a)+n(1—a)/2

1/v
1b1(y) — (bl)J|”dy>

1/r
!f(y)|rdy>

c Z dt=otm=n/2) N+ @) =02 N b || pago My (f) (20)
N=0

C S oWHEDA=a)®/2=m) N\ || 1o M, () (20)
N=0

Cllb1|l oM ()(7),

( 2N+1d n(l—a) ly—z0|<(2N+1d)1-a

( 2N+1d n(1=0) Jiy_ ol <(2N+1d)1-

C1 < C||b1||BMo M, (f)(Z).

Combining all the estimates, we finish the case m =1 and d < 1.
In case m =1 and d > 1, we proceeds the case as follows.

Let f(z) = fi(z) + fa(z), with fi(z) = f(z)x2q(®) and fo(z) = f(z)x(2q)(2)-

We have
Ty (f)(@) = - K(z,x —y)((b1(x) — (b1)2q) — (b1(y) — (b1)20)) f (v)dy
= (bi(z) — (bl)ZQ)/ K(z,x —y)f(y)dy — - K(z, 2 —y)(b1(y) — (b1)2) f(y)dy

RTL
bl (a;)

(b1(2) = ()20 / Koo =)/ W)y~ [ Koo = 5)(b9) ~ (1)20) i (0)dy

K(z,z —y)(b1(y) — (b1)2q) f2(y)dy
(01)2Q)T(f) (@) = T((b1 — (b1)20) f1)(z) — T((b1 — (b1)2) f2) (%),
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thus

] / 1T () (@)lde

- !Q\/ [(b1(2) = (01)2)T(f) () = T((br = (br)2@) fi)(x) = T((br = (b1)2@) f2) () |dx
< !Q\/ |b1(x) — (b1)2g||T(f)(x)|dx
+ g | T = Bag) ) @)

+ ’Q‘/ T (b1 — (b1)ar) fo) (z)|da
= Ay + By + Cs.

Similar to Ay, Ay < C||b1HBMOMr(T(f))(j)-
Similar to Bg, By < C||b1||spo M, (f)(Z).

For Cy, by Holder’s inequality with exponent 1/r+1/r" = 1 and lemma 2, 4, we
get

Cola) = [T((br — (01)20)2) (@)
[ K- ybi) - () f )y
|ly—zo|>2d

IN

[ IR = yllbi) - 6ozl )ldy
ly—zo|>2d

IN

C |z =y~ [b1(y) — (b1)20|1f (v)|dy

ly—zo|>2d
0o

_ —2n _
szzzl/ly $0|§2N+1d‘$ yl7" b1 (y) = (br)2gllf (y)ldy

IN

) 1/r
—2n+n 1 ,
C 2N+1d 7/ b _ b r Cl
N21< ) <(2N+1d)" |y—x0|§2N+1d‘ 1(y) = (br)zol" dy

1 1/r
- rd
X <(2N+1d)n /Iy—zo|§2N+1d‘f(y)‘ y>

C S @) N a0 Mo () (2)
N=1

Cllb1|| oM, (f)(Z),

IN

IA

IN

thus
Cy < C||bi||lBmo M, (f)(Z).
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Combining all the estimates, we finish the case m =1 and d > 1.
Now, we consider the case m > 2 and d < 1.

Let f(z) = fi(z) + f2(z), with fi(z) = f(@)xs(z) and fa(z) = f(z)xse(2),

where J is a cube concentric with @ of side-length d'~¢.

(f)()

m

K@ —y) [T(®5(@) = (b)) — (b
j=1

<
—~
<
SN—
|
—
&
S~—
<
S~—
S~—
~
—~
<
S~—
QU
<

j= R
m—1 1
b(x)—1> K(x,z —y)(b(x) —b d
IR [, Kw = )) = b)) ()dy
HD [ Koa =) T = 0wy
"= ) L) - 0))) [ Koo =)y
j=1
m—1
+ (b(a) ~ba)y [ K= y)(bla) — by))se S (0)dy
j=1 'yEC]m
He" [ K- o) T ) = ()2) Aty
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m—1
+ (b(x) = b1 T, (f)()
j=1 'yEC]m
+(=)"T(T] (b = (b)) f1)(x)
j=1
T - () ) ) ),
j=1

thus

|612 / IT5(f) (@) = T[] ((0)7 — bj) fo) (o) | dae

7=1
: 2m_1/ H|b b)|IT(f)(@)|dx
j= 1'yECm ’Q‘/| HT (f)(z)|dz
+i ‘T(ﬁ(bﬂ' — (bj) ) f1)(z)|dx
‘Q’ @ Jj=1
+L/ ‘T(ﬁ(bj ~ i) ﬁ 7) f2)(xo)|dx
- = j=1

= Di+E+F+G.

For D, choose p;,1 < j < m, such that 1/p; + - - -+ py, + 1/r = 1. By Holder’s
inequality and lemma 1, we get

CH(!J|/|b 'p]’d“?fp (a1 f, 70 ’Tdm)w

C H |16 Baro M (T (f))(20)
j=1
C||bl|Baro M (T(f))()-

For E;, by Holder’s inequality with exponent 1/r 4+ 1/r =1 and lemma 1, we get

Bo< 0% 3 (e -soa) (i [ mneeras)

j= 1 'yECm

D

IN

IN

IN
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IN

CZ > IbyllBaoMy(T, - ())(@)

j=1 'yGCJm

DIDS bl ar0 M (T, (£))():

j=1 ’YGCJm

IN

For F1, choose ¢, s,sj,1 < j <m such that gs =r and 1/s1 +---+1/s,,, +1/s = 1.
By Hélder’s inequality and boundedness of T' on the LP(R"™) and lemma 1, we get

1/q
1 m

R o< C M/Qw[[ <>|de)
m 1/q

C Iz

< |J| . Jl;[l f1)(@)] )
1/q

< c |J|/n,H|b bi)a 'l fr(a >|qu>

1/qs; 1/gs
< CH(|J|/“’ 'qjd“”‘f) (1J|/'f )

< C H |16l oMy ()(Z)
=1
< C|bllprmoM.(f)(%).

For G, choose v,1 < v < 00,¢j,1 < j < m such that 1/v +1/r +1/2 = 1 and
/g1 + -+ 1/gn = 1. By Holder’s inequality and lemma 2,3 and n/2 < m <
n/2+1/(1—a), we get

m

Gl(l’) = /n(K(x7x_y)_K$0,$0— H fz(y)dy
7=1

= K T, T — — K To,To —

> ]VZO /QNd 1— a<|y— $O|<(2N+1d)1 o ‘ ( y) ( 0,20 y)‘

x 1b;(y) — (b5)11f(y)|dy

Jj=1
s 1/2
=0 / K z,T — — K(x , X0 — 2d
N Nz::0< 2Nd)t-a<|y—zo|< (2N +1d) 1 ‘ ( v) (w0, m0 — y) y)
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X

m 1/v 1r
bi(y) — (b;)s]"d / rd
(/y_xoqwd)l_ajljlu(y) (b)), y) <|y_x0|<(2N+1d)l_a|f(y)l y>

C i |z — $0|(1_‘1)(m—”/2)(2N+1d)—m(1—a)+n(1—a)/2
N=0

m 1 1/vg;
< 1 ( 1bj(y) — (bj)J!”qjdy>

IA

(2N+ld)n(1—a) ly—z0|<(2N+1d)1-a

1

1/r
- Td
) ((2N+1d)"(1‘“> |y—xo|s(2N+1d)1-a|f(y)| y)

C Z d(1_a)(m_n/2)(2N+1d)(1—a)(n/2—m)]vm H 16| Bmo M, (f)(Z)
N=0 j=1

IN

IN

C Z 2(N+1)(1_a)("/2_m)Nm|‘bHBMOMT(f)(‘%)
N=0
C|bl|BmoM:(f) (),

IN

thus
G1 < C|Jbl|Bmo M, (f)(Z).

Combining all the estimates, we finish the case m > 2 and d < 1.

In case m > 2 and d > 1, we proceeds the case as follows.

Let f(z) = fi(z) + fo(x), with fi(z) = f(z)x2@(®) and fa(z) = f(2)x(2q)-(¥).
We have

j=1
m—1
. (5(2)  bag), T (1) (2)
j=1 ’yEC;n
([0 — (5)20) 1))
j=1

thus
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IA

/Hlb b)2ollT()(@)lda
15 3 e / (b(a) = bor ) |ITy (D@ do

j=1ecy

Qe '
1 m
g1 Jy LI ~ Ga) )@

= Do+ Ey + Fy + Gs.

Similar to Dy, Dy < CHbHBMOMr(T(f))(j)
Similar to B, E, < C Y7 >ecm lbllsaro M (T, (f))(3).
Similar to Fy, Fy < CHbHBMOMr(f)(jf)
For G, choose p;,1 < j < m such that 1/p1+---+1/p,, +1/r = 1. By Holder’s
inequality and lemma 2, 4, we get

Ga(x) H )21) f2) ()
< C / =2 0T Jbi( d
- N=1 2]"délywco|<2N+1d —u H| bi)arllf (9)ldy
< C / — 72 T s ( d
< Z x0|<2N+1d yl™ H| bj)arl| f(y)ldy
sl Nl o 1 1/p;
< C 2+d ntn 7/ b; — (b:)ar|Pid
< NZI H < 2N+1d>n |y—x0|S2N+1d‘ ](y) ( g)zf\ y)
1/r
( oN+LIg)n J, x0\<2N+1d| ()l dy)
< Y @y N [T Illmao Mo () (o)
N=1 j=1
< ClbllBmoM:(f)(2),
thus

Go < C||bl|Bmo M, (f)(Z).

Combining all the estimates, we finish the case m > 2 and d > 1. This completes
the proof of theorem 1.
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Proof of Theorem 2. Choose 2 < r < p in Theorem 1. We first consider the case
m = 1. By Theorem 1 and boundedness of T" and M, on LP(R"),

T (N @)lee < [IM(T; () (@)]|ze E§(7H7§?(f)($)HLP
< ClIMA(T () (@)L + ClIM(f) (@)]] e
< ONTH)@)lee + Cllf ()] e
< Cllf ()]

When m > 2, we may get the conclusion of Theorem 2 by induction. This finishes
the proof of Theorem 2.
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