Acta Universitatis Apulensis No. 25/2011
ISSN: 1582-5329 pp- 313-320

PROPERTIES OF STRONGLY §-3-I-CONTINUOUS FUNCTIONS

NEELAMEGARAJAN GOWRISANKAR, AYNUR KESKIN AND NEELAMEGARAJAN
RAJESH

ABSTRACT: In this paper, we investigate several properties of strongly 0-(3-Z-
continuous functions due to Yuksel et. al. [5].

Keywords: Ideal topological spaces, (-Z-open sets, strongly 6-(-Z-continuous
functions.

2000 Mathematics Subject Classification: 54CO08.

1. INTRODUCTION

The subject of ideals in topological spaces has been intruduced and studied by
Kuratowski [3] and Vaidyanathasamy [4]. An ideal Z on a topological space (X, 7) is
a nonempty collection of subsets of X which satisfies (i) A € Z and B C A implies B
€ Z and (ii) A € Z and B € 7 implies A U B € Z. Given a topological space (X, 7)
with an ideal Z on X and if P(X) is the set of all subsets of X, a set operator (.)*:
P(X) — P(X), called the local function [4] of A with respect to 7 and Z, is defined
as follows: for A C X, A*(1,7) = {x € X| UNA ¢ T for each neighbourhood U of =}
where 7(z) = {U € 7|z € U}. A Kuratowski closure operator Cl*(.) for a topology
7* called the *-topology, finer than 7 is defined by ClI*(4) = A U A*(7,7), When
there is no chance of confusion, A*(Z) is denoted by A*. If 7 is an ideal on X, then
(X,7,7) is called an ideal space. By a space, we always mean a topological space
(X, 7) with no separation properties are assumed. If A C X, CI(A) and Int(A) will
denote the closure and interior of A in (X, 7), repectively. In this paper we obtain
several properties of strongly -3-Z-continuous functions due to Yuksel et. al.[5].

2. PRELIMINARIES

A subset S of an ideal topological space (X, 7,Z) is 3-Z-open [2] (resp. a-Z-open
[2]) if S C Cl(Int(C1*(S))) (resp. S C Int(Cl*(Int(S)))). The complement of a 5-Z-
open set is called $-Z-closed [2]. The intersection of all 5-Z-closed sets containing S
is called the B-Z-closure of S and is denoted by gz C1(S). The B-Z-Interior of S is
defined by the union of all 5-Z-open sets contained in S and is denoted by gz Int(S).
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A subset S of an ideal space (X, 7,7) is said to be -Z-regular [6] if it is both
(B-Z-open and [3-Z-closed. The family of all 3-Z-regular (resp. (-Z-open, 3-Z-closed)
sets of (X, 7,7) is denoted by SZR(X) (resp. fZO(X), fZC(X)). The family of all
(B-I-regular (resp. (-Z-open, (3-I-closed) sets of (X, 7,Z) containing a point x € X
is denoted by SZR(X, z) (resp. fZO(X,x), ZC(X,x)). A point z € X is called the
B-Z-0-cluster point [6] of S if gz CL({U) N S # 0 for every f-Z-open set U of (X, 7,7)
containing x. The set of all S-Z-0-cluster points of S is called the 3-Z-closure [6]
of S and is denoted by gz Clg(S). A subset A is said to be $-Z-6-closed [6] if A =
37 Clg(A). A point z € X is called the 8-Z-6-interior point of S if there exists a (-
Z-regular set U of X containing x such that x € U C S. The set of all 3-Z-6-interior
points of S and is denoted by gz Ints(S). A subset A of an ideal topological space
(X,7,7) is said to be B-Z-0-open if A = grInty(A). Equivalently, the complement
of 3-Z-0-closed set is B-Z-0-open.

3. STRONGLY 0-3-Z-CONTINUOUS FUNCTIONS

Definition 0.1. A function f : (X,7,7) — (Y,0) is said to be strongly 0-3-Z-
continuous [5] (resp. [-I-continuous [2]) at a point x € X if for each open set V
of Y containing f(x), there exists U € BIO(X,x) such that f(zzCL(U)) C V (resp.
f(U) C V). If f has this property at each point of X, then it is said to be strongly
0-5-Z-continuous (resp. [-I-continuous [2]) function.

Theorem 0.2. If a function f : (X,7,7) — (Y,0) is strongly 0-3-I-continuous,
then it is G-I -continuous.

Proof. Let f be a strongly 6-3-Z-continuous function on X. Then for each x € X
and V be an open set of Y containing f(z), there exists U € $ZO(X, ) such that
f(gzCLU)) C V. Since U Cpgz CL(U), we have f(U) Cgz CL(U). Hence f(U) C V.
Thus, there exists a §-Z-open set U of X containing x and f(U) C V. Therefore, f
is B-Z-continuous. O

Remark 0.3. The function in Example 3.2 of [5] is 3-I-continuous but not strongly
0-53-I-continuous.

Theorem 0.4. Let Y be a regular space. Then f : (X,7,Z) — (Y,0) is strongly
0-3-L-continuous if and only if f is B-Z-continuous.

Proof. Let x € X and V be an open subset of Y containing f(z). Since Y is regular,
there exists an open set W such that f(x) € W c CI(W) C V. If f is 8-Z-continuous,
there exists U € SZO(X, x) such that f(U) C W. We shall show that f(gzCl(U)) C
CI(W). Suppose that y ¢ CI(W). There exists an open set G containing y such
that GNW = (. Since f is -Z-continuous, f~1(G) € BZO(X) and f~HG)NU =
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0 and hence f~1(G) Nz CL(U) = 0. Therefore, we obtain G N f(3zCL(U)) = 0 and
y ¢ f(pzCL(U)). Consequently, we have f(gzCl(U)) C CI(W) C V. The converse is
obvious. O

Theorem 0.5. For a function f : (X,7,Z) — (Y,0), the following properties are
equivalent:

(i) f is strongly 6-B-I-continuous;

(ii) for each x € X and each open set V' of Y containing f(x), there exists U €
BIR(X,x) such that f(U) C V;

(iii) f~1(V) is B-I-8-open in X for each open set V of Y ;
(iv) f~H(F) is B-I-0-closed in X for each closed set F of Y ;
(v) f(32Clg(A)) C CL(f(A)) for each subset A of X;

(vi) 5z Clo(f~'(A)) € f~Y(CUB)) for each subset B of Y.

Proof. (i)=(ii): It follows from Theorem 4.1 of [6]. (ii)=-(iii): Let V be any open
subset of Y and x € f~%(V). There exists U € BIR(X,x) such that f(U) C
V. Therefore, we have x € U C f~%V). Therefore, f~1(V) = Uzer-1v) Us-
Since any union of 3-Z-open sets is 3-Z-open ([5]), f~%(V) is B-Z-open in X.
(iii)=-(iv): This is obvious. (iv)=(v): Let A be any subset of X. Since CI(f(A))
is closed in Y, by (iv), f~1(CI(f(A))) is B-Z-O-closed and we have g7 Clg(A) Cpz
Cla(f~1(f(A))) Cpr Cla(fH(CI(f(A)))) = f~L(CI(f(A))). Therefore, we obtain
f(pzClp(A)) € CI(f(A)). (v)=(vi): Let B be any subset of Y. By (v), we ob-
tain f(szCly(f(B))) © CI(f(f~'(B)) € CI(B) and hence 47 Cly(f 1(B)) C
f~HCUB)). (vi)=(i): Let € X and V be any open set of Y containing f(z).
Since Y'\V is closed in Y, we have g7 Clg(f~*(Y\V)) C f~HCLY\V)) = fF~H{Y\V).
Therefore, f~1(Y\V) is f-Z-6-closed in X and f~1(V) is a 38-Z-6-open set of X con-
taining z. There exists U € BZO(X,z) such that sz Cl(U) C f~(V) and hence
f(szCl(U)) C V. This shows that f is strongly 6-3-Z-continuous. O

Definition 0.6. A sequence (x,,) is said to be B-Z-0-convergent to a point x if for
every B-L-0-open set V containing x, there exists an index xg such that for n > ng,
z, €V.

Theorem 0.7. For a function f : (X,7,7) — (Y,0), the following properties are
equivalent:

(i) f is strongly 0-3-I-continuous on X ;
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(ii) for each x € X and each sequence (x,) in X. If (zy) B-IZ-0-converges to x,
then the sequence (f(x,)) convergs to f(x).

Proof. (i)=(ii): Let z € X and (x,) be a sequence in X such that (x,) 5-Z-6-
converges to z. Let V' be an open set containing f(z). Since f is strongly 6-4-Z-
continuous, there exists a 3-Z-open set U of X containing = such that f(zzCl(U)) C
V. Since (x,,) B-Z-6-converges to x, there exists ng such that ng € gz C1(U) for all
n > ng. Hence f(z,) € f(gzCL(U)) for all n > ng. Since f(gzCL(U)) C V, hence
f(zn) C V for all n > ng. Thus, the sequence (f(x,)) convergs to f(z). (ii)=-(i):
Suppose that f is not strongly 6-3-Z-continuous on X. Then there exists x € X
and an open set V' containing f(x) such that f(37Cl(U)) is not a subset of V for all
B-Z-open sets U containing z. Thus, there exists zy € gz CI(U) such that f(zy) ¢
V. Consider, the sequence {zy : U € fZO(X,x)}. Then, (xy) S-Z-0-converges to x
but (f(zy)) does not converges to f(xg), which is contradict to (ii), and hence f is
strongly 0-(3-Z-continuous on X. O

Definition 0.8. By a strongly 0-0-I-continuous retraction, we mean a strongly 6-
B-I-continuous function f: (X,7,Z) — (Y,0), where Y C X and f),, is the identity
function on Y.

Theorem 0.9. Let (X, 7) be a Hausdorff space and T is an ideal on X. If A is a
strongly 0-B-I-continuous retraction of X, then g7 Clp(A) = A.

Proof. Suppose that gz Cly(A) # A. Then there exists z € gz Clg(A) — A. Since A
is a strongly 6-3-Z-continuous retract of X, we have f(x) # x for some x € X. Since
X is a Hausdorff space, there exists disjoint open sets U and V such that x € U and
f(xz) € V. Thus, U C X —V and hence 37 C(U)NV = (). Since U Cgz CI(U), hence
x €gz Cl(U) for open set U containing x. Let W be an open set containing . Since
W Cpz CI(W), hence x €gr CI(W). Since (UNW) Cgr CI(U N W), hence = €57
CI({UNW) for open set UNW containing z. Since & €gz Cly(A) such that gz Cly(A)
={z e X 37 CLU)N A # DforeachU € BIO(X,x)}, hence gz CLUNW) N A # 0.
Since gz CL{U N W) Cpz CYU) Nz CY(W), hence (37 CL(U) Ngz CYW) N A = 0.
Let a € (3z2C1(U) Nz CI(W)) N A = (. We have a €gz CI(U), a €37 CI(W) and
a € A. Since a € A hence f(a) = a, a €gz CI(W) hence f(a) € f(gzCl(W)) and
a €37 CI(U) hence a ¢ V. Thus, f(a) ¢ V, we have f(37zCl(W)) is not a subset of
V for W € BZO(X,x). Thus this contradicition f is strongly 6-3-Z-continuous on
X. Therefore, g7 Clg(A) = A. O

Definition 0.10. An ideal topological space (X, T,7) is said to be Z-B-regqular if for
each closed set F' and each point x € X\F, there exist disjoint 3-Z-open sets U and
V such that x € U and FF C V.
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Lemma 0.11. For an ideal topological space (X, T,T), the following properties are
equivalent:

(i) X is Z-B-regular;

(ii) for each point x € X and for each open set U of X containing x, there exists
V € BIO(X) such that x € V Cpz CI(V) C U;

(11i) for each subset A of X and each closed set F' such that AN F = (), there exist
disjoint U,V € BZO(X) such that ANU # 0 and F C V;

(i) for each closed set F' of X, F = ({pzCl(V): F CV and V € fIO(X).
Proof. Clear. O

Theorem 0.12. A continuous function f : (X,7,Z) — (Y,0) is strongly 0-3-I-
continuous if and only if (X, 7,Z) is I-B-regular.

Proof. Necessity. Let f : (X,7,Z) — (Y,0) be the identity function. Then f is
continuous and strongly #-3-Z-continuous by our hypothesis. For any open set U of
X and any point x € U, we have f(x) = = € U and there exists G € fZ0O(X, z) such
that f(3zCl(G)) C U. Therefore, we have x € G Cgr CI(G) C U. It follows from
Lemma 0.11 that (X, 7,7) is Z-G-regular. Sufficiency. Suppose that f: (X, 7,Z) —
(Y,0) is continuous and X is Z-f-regular. For any z € X and an open set V
containing f(z), f~1(V) is an open set containing z. Since X is Z-B-regular, there
exists U € BZO(X) such that X € U Cgr Cl(U) C f~Y(V). Therefore, we have
f(szCL(U)) C V. This shows that f is strongly #-3-Z-continuous. O

Definition 0.13 (1). Let A and X be subsets of an ideal topological space (X, 7,7)
such that A C Xog C X. Then (XO’TlXO’IlXD) 1s an ideal topological space with an
ideal I}, = {ZTeI|T c Xo} ={ZNXo|Z €Z}.

Lemma 0.14. [5] Let A and Xy be subsets of an ideal topological space (X,7,7T).
Then,

(i) If A € BZO(X) and Xg is a-Z-open in (X, 7,7), then A N Xy € BZO(Xo);
(i1) If A € BZO(Xy) and Xy € ZO(X), then A € FIO(X).

Theorem 0.15. If a function f : (X,7,Z) — (Y,0) is strongly 0-3-Z-continuous
and A is an a-Z-open subset of (X, 7,1), then f|, : (A,7,,Z,) — (Y,0) is strongly
0-p — 1, , -continuous.
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Proof. For any x € Xy and any open set V of Y containing f(x), there exists
U € BIO(X,x) such that f(gzCl(U)) C V since f is strongly #-3-Z-continuous.
Put Up = U N A, then by Lemma 0.14, Uy € BZ),0(A,x) and 37 Cla(Uo) Cpz
Cl(Up). Therefore, we obtain (f|,)(5zCla(Un)) = f(szCla(Uo)) C f(szCl(Uo)) C
f(szCYU)) C V. This shows that f, is strongly 6-3-Z, ,-continuous. O

Definition 0.16. An ideal topological space (X, 7,T) is said to be 3-I-Ty [5] if and
only if for each pair of distinct points x,y € X, there exist U € ZO(X,x) and
V € BIO(X,y) such that UNV = 0.

Lemma 0.17. An ideal topological space (X, 7,T) is said to be 5-IZ-T5 [5] if and
only if for each pair of distinct points x,y € X, there exist U € fIO(X,x) and
V € BIO(X,y) such that 357 CL(U) N 7 CL(V) = 0.

Theorem 0.18. If f : (X,7,7) — (Y,0) is a strongly 0-3-I-continuous injection
and (Y, o) is Ty, then X is 5-Z-T5.

Proof. Let x and y be any distinct points of X. Since f is injective, f(z) # f(y)
and there exists an open set V' containing f(z) not containing f(y) or an open set
W containing f(y) not containing f(z). If the first case holds, then there exists
U € BIO(X,x) such that f(37Cl(U)) C V. Therefore, we obtain f(y) ¢ f(szCl(U))
and hence X\gz CI(U) € BZO(X,y). If the second case holds, then we obtain a
similar result. Therefore, X is 5-Z-T5. ]

Lemma 0.19. The product of two 3-I-open sets is B-T-open.
Proof. Simillar to the proof of Lemma 3.4 of [7]. O

Theorem 0.20. If a function f : (X,7,Z) — (Y,0) is strongly 0-3-Z-continuous
and Y is Hausdorff, then the subset {(x1,z2)|f(x1)=f(x2)} is BLO-closed in the
product space X x X.

Proof. Let A = {(x1,z2)|f(x1)=f(22)}. If (z1,22) ¢ A, then we have f(x1) # f(x2).
Since Y is Hausdorff, there exist disjoint open sets V; and V5 in Y such that f(x1) €
Vi and f(z2) € Va. Since f is strongly 6-3-Z-continuous, there exist Uy € fZ0O(X, z1)
and Us € BZO(X, x2) such that f(gzCl(U1)) C Vi and f(gzCl(Uz)) C Vo. Put U =
37 Cl(U1) x gz C1(Uz). Then by Lemma 0.19 U is -Z-open in X x X. Since every
(B-Z-open is B-Z-regular, U is f-Z-regular in X x X containing (z1,z2) and A N
U=@. Therefore, we have (1,22) € g7 Cl(A). This shows that, A is §-Z-6 closed
in X x X. L]

Recall that for a function f : X — Y, the subset {(z, f(z)) :2 € X} of X - Y
is called the graph of f and is denoted by G(f).
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Definition 0.21. The graph G(f) of a function f: (X, 7,7) — (Y,0) is said to be
B-I-closed if for each (z,y) € (X x Y)\G(f), there exist U € SZO(X,z) and an
open set V in'Y containing y such that (37CLU) x V)N G(f) = 0.

Lemma 0.22. The graph G(f) of a function f : (X,7,7) — (Y,0) is said to be
B-I-closed if and only if for each (x,y) € (X X Y)\G(f), there exist U € SZO(X, x)
and an open set V in'Y containing y such that f(zzCLU)) NV = 0.

Proof. Tt is an immediate consequnece of Definition 0.21. O

Theorem 0.23. If f : (X,7,Z) — (Y,0) is strongly 0-3-I-continuous and Y is
Hausdorff, then G(f) is B-I-closed in X x Y.

Proof. Let (x,y) € (X xY)\G(f). Then f(x) # y. Since Y is Hausdorff, there exist
open sets V and W in Y containing f(x) and y, respectively, such that VN W =
@. Since f is strongly #-3-Z-continuous, there exists U € BZO(X,x) such that
f(3zCL(U)) C V. Therefore, f(szCLU))NW = @) and then by Lemma 0.22, G(f) is
B-I-closed in X x Y. O
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