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SOME PROPERTIES OF THE GENERALIZED CLASS OF
NON-BAZILEVIC FUNCTIONS

Ar1 MUHMMAD

ABSTRACT. In this paper, we define a new class Ng(n, A, a, p) in the open unit
disk. The object of the present paper is to derive some interesting properties of
functions belonging to the class Ng(n, A, a, p).
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1. INTRODUCTION

Let A(n), n € N, denote the class of functions of the form
f(z) =2+ Z ar, 2~ (1.1)

which are analytic in the unit disc F = {z : 2z € C, |z| < 1}. Let Px(p) be the class
of functions h(z) analytic in E satisfying the properties 2(0) = 1 and

21
/‘RG}L(ZH’ do < kr, (1.2)
1—p

0

where z = re? k> 2 and 0 < p < 1. This class has been introduced in [3]. We note,
for p = 0, we obtain the class Py defined and studied in [4], and for p = 0,k = 2,
we have the well-known class P of functions with positive real part. The case k = 2
gives the class P(p) of functions with positive real part greater than p. From (1.2)
we can easily deduce that h € Py(p) if and only if, there exists hi, ha € P(p) such

that for z € E,
h(z) = (Z + ;) hi(z) - (Z _ ;) ho(2). (1.3)

where h;(z) € P(p),i=1,2 and z € E.
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Assume that 0 < a < 1, a function f € A is in the class N(«a) if and only if

Re {f’(z) (}@)Ha} >0, zekb. (1.4)

N («r) was introduced by Obradovic [2] recently, he called this class of functions
to be of non-Bazilevic type.Until now, this class was studied in a direction of find-
ing necessary conditions over « that embeds this class into the class of univalent
functions or its subclass, which is still an open problem.

Definition 1.1. Let f € A.Then f € Ni(n, A\, a, p) if and only if

{en (i) 7 () Jenon =es

where 0 < a < 1, A € C, k> 2 and 0 < p < 1.The powers are understood as
principal values. For k = 2 and with different choices of n, A, «, p, these classes
have been studied in [2, 5|. In particular N2(1,—1,,0) is the class of non-Bazilevic
functions studied in [2].

We shall need the following result.

Lemma 1.1 [1]. Let u = uy +iug, v = v; +ivy and ¥ (u,v) be a complex valued
function satisfying the conditions:

(i). W (u,v) is continuous in a domain D C C2,

(i7). (1,0) € D and Re¥ (1,0) > 0,

(#i) . ReV (iug,v1) < 0, whenever (iug,v1) € D and vi < =% (1 +u3).

Ifh(2) = 1+cpztenp12" 4 -+ s a function analytic in E such that (h(2), zh/(2)) €
D and ReV (h(z),zh/(z)) > 0 for z € E, then Reh(z) >0 in E.

2. MAIN RESULTS

Theorem 2.1. Let ReA > 0,0< a<1,0<p<1 and f € Ni(n,\, a,p). Then

(7)< e

_ 2ap+nA
P e an

where p1 1s given by

(2.1)
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Proof. Let
(55) ==+
= (Z + %) {Q=p)hi(z) + 1} — (g - %) {(1=p)h2(z) + ). (2.2)

Then h;(z) is analytic in E with h;(0) = 1, ¢ = 1, 2. Differentiating of (2.2) and some
computation gives us

{0 (7i5) 76 (59) J= {202

€ P(p), z € E. This implies that

1
(1-p)

We form the functional ¥(u,v) by choosing u = h;(z), v = zh}(2).

€eP, i=1,2 z€cE.

{(1 —p1)hi(z) +p1 —p+ al p;)zh;(z) }

W(u,0) = {(1—pl>u+pl—p+ A“;")}

The first two conditions of Lemma 1.1 are clearly satisfied.We verify the condition
(iii) as follows:

Re{U(iug,v1)} = pl—p—i—Re{)\(l_apl)vl}

A =—p)(1+ u3)

< p1—p
2c
B A+Bu§
B 20 7
where
A = 2a(p1—p) —nA(l = p1),
B = —nAl-p;)and C=a>0.

We notice that Re{W¥(iuz,v1)} < 0 if and only if A < 0, B < 0. From A < 0, we
obtain pjas given by (2.1) and B < 0 gives us 0 < p; < 1. Therefore applying
Lemma 1.1, h; € P, i = 1,2 and consequently h € Pg(p1) for z € E.This completes
the proof.
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Corollary 2.2. If f(z) € Na(n,0,a, p),then
Re { (Z>a} >p, z€R
@) ST

Corollary 2.3. If f(z) € Na(n,—1,q,p), then

z \“ 2ap —n
R€{<f(z)> }>2a—n, ze k.

Corollary 2.4. If f(z) € No(1,—1,,0),then

. @ 2ap — 1 ;
w{(7ig) | > Tt =e®

Corollary 2.5. If f(z) € Na(n, A, 5, p),then

z \“ p+nA
w{() 1> e

(2.3)

(2.4)

(2.5)

(2.6)

Theorem 2.6. Let Red > 0,0<a<1,0<p<1 and f € Ni(n,\, o, p). Then

{(m)} & Pl).
where
_An+/(An)? + 4(a + An)pa
N 2(a+ An)
Proof. Let
2\ B 9
= Dt me -
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so hi(z) is analytic in E, with h;(0) = 1, i = 1,2.Differentiating (2.8) and some
computation gives us

oo (i) 50 ()

= [t =) 493+ 2 A=) +9) = )at ()] € PuGo)

This implies that
1
(1—=p)

We form the functional ¥(u,v) by choosing u = h;(z), v = zhl(2).

[{(1 —hi(2) + 7} (1 —y)zhi(2) — p} eP, zeFE,i=1,2

Wla,0) = (0=t p 4[24 uta} =)o

Re {W(iug,v1)} = ~°— (1— 73+ ﬁjv(l o - p]

A
< 9 -p = (L=m)us = = (1= ) (1 + ug]
A+ Bu
20

where

A = (a+ )y —n\y—ap

B = —a(l—7)?—nM(1—7) andC:% > 0.
We notice that Re{W¥(iug,v;)} < 0 if and only if A < 0, B < 0. From A < 0, we
obtain v as given by (2.7) and B < 0 gives us 0 < v < 1. Therefore applying Lemma

1.1, h; € P, i = 1,2 and consequently h € Py(y) for z € E. This completes the proof
of Theorem 2.6.

Corollary 2.7. If f(z) € Na(1,\, o, p), then

a 51
Re{( - >2}>)\+\/)\ i (a—i—)\)pa’ ze k.

2(a+A)
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Corollary 2.8. If f(z) € Na(n,—1,a,p), then

2\ ot VPl —njpa
Re{(f(Z)) }> 2a—n) 2

Corollary 2.9. If f(z) € Na(n,—1,a,0),then
R <Z >g 0, 2€E
e — >0, ze€Lb.
f(z)
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