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DIFFERENTIAL OPERATORS FOR P-VALENT FUNCTIONS

MoHAMED K. AOUF

ABSTRACT. Let f(z) = D(F'(z)), where D is differential operator defined sepa-

[e.e]
rtely in every result. Let S(p) denote the class of functions f(z) = 2P + > ay 2"
n=p+1
which are analytic and p-valent in the unit disc U = {z : |z| < 1}. The purpose of

this is paper to find out the disc in which the operator D transforms some classes
of p-valent functions into the same. For example, if F' is p-valent starlike of order
A(0 < X\ < p), then the disc in which f is also in the same class is found. We also
discuss several special cases which can be derived from our main results.
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1.INTRODUCTION

Let A(p) denote the class of functions of the form

f(z) =2+ i an2" (1)

n=p+1

which are analytic in the unit disc U = {z : |z| < 1}. Further let S(p) be the subclass
of A(p) consisting of functions which are p-valent in U. A function f(z) € S(p) is
said to be in the class S () of p-valently starlike functions of order A(0 < A < p) if

it satisfies
’ 2m /
21 () ZAC)
Re{ ) }>)\ and O/Re{ e }d0—2 D . (2)

The class S, (\) was studied recently by Owa [8] and Aouf et al. [2].
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Let K,(7, ) denote the class of functions F'(z) € A(p) which satisfy

Re{zg(g)}>7 (ze D), (3)
where G(z) € S;(\) and 0 < 4, A < p. The class Kj(v,A) of p-valenty close-to-
convex functions of order 7 and type A was studied by Aouf [1]. We note that
Ki(y,A) = K(v,A), the class of convex functions of order v and type A was studied
by Libera [4] and K(1,1) = K, is the well-known class of close-to-convex functions,
introduced by Kaplan [3].

A function F(z) € S(p) is said to be in the class B,(3,\) if and only if there
exists a function G(2) € S;(A),0 <A <p,3 > 0, such that

Re{m}>0 (z€U). (4)

The class B,(3, ) is the subclass of p-valently Bazilevic functions in U.
We note that B,(3,0) = By(f3), is the class of p-valently Bazilevic functions of type
B and Bi(f,0) = B(), is the class of Bazilevic functions of type 3 (see [10]).

2.MAIN RESULTS

We shall consider some differential operators and find out the disc in which the
classes of p-valent functions defined by (2), (3) and (4), respectively, are preserved
under these operators. We prove the following:

Theorem 1. Let F(z) € S;(A)(0 <A <p),B>0and 0 <a < 1. Let the function
f(2) be defined by the differential operator
1

Dapp(F) = f’(2) = v y—— (1= 0)FP(2) + a2(FP(2))] (5)

Then f(z) € S;()) for |z| < 7o, where

— afp—a+1

0~ [a(Bp — BA+ 1)+ /a2(Bp — BA+1)2 + (afBp — a+ 1)(1 — aBp + 208\ — ?6))
The result is sharp.

Proof. We can write
1 /
fA(z) = afp—atl [(1 —a)FP(2) + az(F(2)) } ; (7)
as
1 1,01 /
O el L CL A O
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and from this it follows that

(8)

Thus, we have

Since F'(z) € S;(A), we can write (9) as

z

Bo = Nh(z) [ 257272 dz+ B [ 2720
0

0

= () [+ ),

0

where Re h(z) > 0. Differentiating again with respect to z, we obtain

(- A)h’@)ofzé?fﬂ(z)dz

21 o s
O (p—ANh(z) + A+ z§_2fﬁ(z) (10)
Now, using a well-known result [4],
)< 2 gz =,
(11)
we have from (10
2f(z) Rl (o X)—
re{EFE s mena (60
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2(p—=A) |o

1 . (12)

Also, from (7) and (8), we have

G O B . Gy )
FoA=208(2)d 2 o (227 FB(2))
0

- (;_I)WZ?(S)

= (o~ D)+ Bl - V) + A,

since F'(z) € S;(A). Thus we have

2o f0(2)
J A2 p8()d 2

0

> Re {5~ 1)+ Bl - () +

1—7r
1+7r
(5 —1+8NA+7)+(Bp— BN —7)

- 147 ' (13)

> (- 1)+BA+ B - )

Hence, from (12) and (13), we have

2f(2) o hi2) {(p— A)—

Re{ Ie )\} > Reh(){(p— )
{ 2(p—N) r(1+r) }
1

+r)(1 —7")] (5 =1+ BNA+7) + (Bp = BN —7)

= (p—A) Reh(z).

. {<ﬁp+i—1>—2<ﬁp—m+1>r—<i—5p+w_1)r2}' (14)

(I-r)Bp+2—1+ (2 -Bp+28rA—1)r

The right-hand side of (50) is positive for r < 79, 0 < a <1, >0and 0 < A < p,
where 7( is given by the relation (6).
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The function fy(z) defined by:

812 = =y (-0 K@ +ax(m:)]. (15)

where
Zp

Fy(z) = =220

€ S,(N) (16)
shows that the result is sharp.

Putting 6 =1 in Theorem 1, we obtain
Corollary 1. Let F(z) € Sp(A)(0 <A <p), and 0 < a < 1. Let the function f(z)
be defined by the differential operator

D1 p(F) = f(2) = ap—1a+1 (1= ) F(z) +azF ()] . (17)

Then f(z) € S;()) for |z| < 7§, where

ap—a—+1

ry = :
O alp—A+1)+/2Zp- A+ 12+ (ap—a+ 1)1 —ap+ 2ar—a)

(18)

The result is sharp.

Putting 6 =1 and A = 0 in Theorem 1, we have
Corollary 2. Let F(z) € Sy and 0 < a < 1. Let the function f(z) be defined by
the differential operator (53). Then f(z) € S;, for |z| <rg*, where

ap—a+1
ap+ D) +Va2(p+1)2+(ap—a+ 1)1 —ap—a)

ro = (19)
The result is sharp.
Remark 1. (1) Putting p =1 in Theorem 1, we obtain the result obtained by Noor
[6];

(2) Putting p = 1 in Corollary 2, we obtain the result obtained By Noor et al.
[7];

(8) Putting p = 1 and o = % in Corollary 2, we obtain the result obtained by
Livingston [5];

(4) Theorem 1 generalizes a result due to Padmanabhan [9] when we take p =

1
B=1and a= 3.

Theorem 2. Let F(z) € Kp(v,A\)(0 <7v,A <p) and let o« > 0. Then the function
f(z), defined as

Da1p(F) = f(2) = (1 —a)F(2) + azF (2) (20)
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belongs to the same class for |z| < Ry, Ry = min(ry,r2), where r; and rp are the
respective least positive roots of the equations

(p—l—l—é)—?(p—l—l—/\)r—(é-i-Q)\—(p+1))r2:0, (21)
and 1 ]
(pP=1+-)=2p+1=9)r— (- +2y-(p+1)r’=0. (22)

The result is sharp.
Proof. Since F(z) € Kp(7, ), then there exists a function G(z) € Sy (\) such

that Re {Zg(g)} >, z € U. Now let

Do p(G) = g(2) = (1 — 2)G(2) + a2G (2). (23)

Then, from Theorem 1, it follows that g(z) € S;()\) for [2| < 71, where rq is the
least positive root of (57).

£ (2)
9(2)
for |z| < Ry, where Ry = min(r,72) and ry is given by (58). The sharpness of the
result can be seen as follows:

Using the same technique of Theorem 1, we can easily show that Re { } >y

Let
2P 2P
B = G od Gil&) = g5 -
Then ,
zFl(Z) *
Fie kK .
Re () >, G1 € Sy(A) = F1 € Ky(7,)

Let fi(z) = (1 — a)Fi(2) + azF(z) and ¢1(2) = (1 — @) G1(2) + azG(2).

Then Rezg{li((zz)) > 7 for |z| < Ry, where Ry is as given in Theorem 2 and can not be
improved.
Remark 2. (1) Putting p = 1 in Theorem 2, we obtain the result obtained by Noor
[6];

(2) Putting p =1 and v = X\ = 0in Theorem 2, we obtain the result obtained By
Noor et al. [7];

(3) Putting p = 1,y = A = 0 and o = 5 in Theorem 2, we obtain the result
obtained by Livingston [5];

(4) Putting p = 1 and o = % i Theorem 2, we obtain the result obtained by
Padmanabhan[9].
Theorem 3. Let 0 <a < B <1 and F(z) € S;(A\)(0 <A <p). Then f(z) defined
as
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D*

nap(F) = f2(2) = 2%z F(2)) (24)

belongs to S; (A1) for |z| < Ry, where Ry is given by
1

S S S B2y ey e g e A
and
M= —g( ~ ).

The result is sharp.
Proof. From (2.20), we can write

and so

(26)

Since F(2) € Si(\), Zlf(z()@ = (p—Nh(z)+X,0< A< p, Reh(z) >0, z € U. Thus,

from (2.22), we obtain

5o~ Wrz) [

0

s (a+ (1= 0) [((Dye o= (LB
0

Differentiating again with respect to z, we obtain

4 6- W (:) [T ae s o - o

0

f(z)

z

Blp = Mh(2)(

= a2 £ () + (- (L

)O[

or
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fﬂ@jd?ﬂdz

=2 ) +

(f(z))a

z

Now, using the well-known result (11), we have from (2.23),

2f(z) . B,
Re =y —-gA-N]z

g(p — AMRe h(z) |1 1 _2T2 (;(2))a
Now
2 (H&)e 2 (2" PFP(2)
fz(f(z)>a dz 27 Fﬂ(z)
0
_ 2F(2) _
- 3 o) +(1-0)

= Bl(p = Mh(z) + Al + (1 = B), Reh(z) >0,

and from this, it follows that

Z(f(z))a

z

> Bp—ANReh(z) + A+ (1 - 5)

[(Ee)ye g
0

z

> BNl gt (1-p)

1+7r
_ Ble=ANA-r)+(BA+(A=-0))A+7)
N (1+47) ’
Hence ,
Re ZJ{C(S) - g(l ) > §<p — \) Reh(z).
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{1_ 2 r(l+r) }
' L—7r2 Bp—AN1—=r)+(BA+(1-8)1+7)

g

(07

(1=n)[B(p =N —r) + (BA+ (1= B)(1+1)] - 27-} o
1=r)Bp-NA—r)+ B X+ 1 =8)1+r)] S

The right-hand side of the inequality (2.24) is positive for |z| < Ry, where R; is the
least positive root of the equation

(0= NEReh(z) {

(1= Bp =B +28\)r* +2(8p — BA + )r — (Bp— B +1) = 0, (29)
and thus we obtain the required result. The function
P
shows that the result is best possible.

Putting A\ = % in Theorem 3, we obtain
Corollary 3. Let 0 < a < <1 and F(z) € SI’;(%) Then f(z) defined by (2.20)

belongs to S, (1 — %) for |z| < Re, where Rg is given by

Fi(z) = € S5(N) (30)

2
Ry = : (31)
(26p—B+2)+ VB 2p-1)2+8+ (1 -p)(p—2)

The result is sharp.
Remark 3. (1) Putting p =1 in Theorem 3, we obtain the result obtained by Noor
[6];

(2) Putting o = 8 and F(z) € S;(A). Then f(z) defined by (2.20) also belongs
to Sy(\) for |z| < Ry;

(3) Putting p =1 in Corollary 3, we obtain the result obtained by Noor [6].
Using the same technique of Theorem 3 we can prove the following theorem.
Theorem 4. Let F(z) € By(5,1),0< <1 and 0 <X <p. Let f(z) be defined

as

(=) =0 FOz))
Then f(z) € B,(B3, ) for |z| < R3, where R3 is given by

1
(Bp = B+1)+ VB - N2 +2+ B -p)[BL+p—20) 2]
The result is sharp.

R3 =

(32)
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