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UNIVALENCE CRITERIONS FOR SOME INTEGRAL OPERATORS

VIRGIL PESCAR, DANIEL BREAZ

ABSTRACT. We consider the integral operators D|,(; Gla|y, Kay,as,....am,|y|,n a0d
for the functions f € A we obtain sufficient conditions for univalence of these integral
operators.
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1. INTRODUCTION

Let A be the class of functions f of the form

f2) =24 a2t
k=2

which are analityc in the open unit disk & = {z € C: |z] < 1}. Let § denote the
subclass of A consisting of all univalent functions f in .
For f € A, the integral operator D), is defined by

1
z laf

D, (2) = \a|/u|a|1f’ (u) du , (1.1)
0

for some complex numbers a (a0 # 0).
Also, the integral operator G|, for f € A is given by

1
la

Glaly (2) = \Oél/zu'“'1 (fl,iu)ydu : (1.2)

0
a, v be complex numbers (a # 0).
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The integral operator K, is defined by

1,a2,...,an,|’y|,n

1
z 1 1 &1

Koy ool (2) = m/uvl (flt(tu)> <f” (“)>a"du (1.3)

u
0

for some complex numbers v, a, ..., o, (v # 0; o # 055 = 1,n).
We need the following lemmas.

Lemma. 1.1. [2]. Let 8 be a complex number, Re > 0 and f € A.

If
1= 2] | 24" (2)
5|l e =t (14)
for all z € U, then the function
2 5
Fy(2) = |8 [ (w) du (15)
0

18 reqular and univalent in U.

Lemma 1.2. (Schwarz [1]). Let f be the function regular in the disk Ur =
{z€C:|z| < R} with |f(2)] < M, M fized. If f(z) has in z = 0 one zero with
multiply > m, then

£ S e lo1" (2 € Un), (1.6)

the equality (in the inequality (1.6) for z # 0) can hold only if

where 0 is constant.
2. MAIN RESULTS

Theorem 1.Let o be a complex number, Rea > 0 and f € A, f(2) = 2+ a2’ +
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If
1L— [z | 247 (2)
< .
Rea f(z) |~ L (2.1)
for all z € U, then the function
2 Tal
DM@y:|M/@W1faom (2.2)

0

s in the class S.

1—a?®

Proof. Let us consider the function ¢ : (0,00) = R, ¢(z) = —2—,0<a < 1.
The function ¢ is decreasing and hence, since |a| > Rea > 0, we obtain

1 ‘z‘2|o¢\ _ 1 — ’z‘QRea

o = Rea €W (2.3)
From (2.3) we have
1-— |Z’2\a| 21" (2) 1— ’z‘QRea 2" (2)
|l f'(2) Rea IO (2.4)
for all z € U. Using (2.1) and (2.4) we get
1-— ‘Z|2|a\ Zf” (Z)
I 2.5
ol @ | S (25)

From (2.5) and by Lemma 1.1, for 8 = |a] it results that the function D), is in
the class S.

Theorem 2.Let o, be complex numbers, Rea > 0, v # 0 and the function
heA. If

2Rea+1

zh' (2) B ‘ < (2Recv 4 1) 2Rea
h(z) 2[7] ’
for all z € U, then the function

Goty (2) = Jof / e (M) .7
0

(2.6)

2|~
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18 in the class S.

Proof. Let us consider the function

p = [ (M) a, (25)

which is regular in U.

We have
[
= —1{,(z€l). 2.9
v e e 29
The function g(z) = 2225) — 1, z € U is regular in U, g(0) = 0 and from (2.6),
by Lemma 1.2, we obtain
2h (2) (2Req + 1) “2ea
1| < 2, 2.10
e R (210

for all z € U.
From (2.9) and (2.10) we get

1 — ‘Z‘QRea Zp// (z) _ 1_ ’Z’2Reo¢ | | (2Rea + 1)22{1?{221 (2 11)
z , .
Rea P (2) Rea 21|
for all z € U.
Since
1 — |Z|2Rea ‘ | 92
max | —— |z| | = ,
|z|<1 Rea (2Rea + 1)233321
from (2.11), we have
1 ‘Z‘QRea zp" (Z)
Roa 7 ) <1, (z€lU). (2.12)
Because
1— |Z|2\a| Zp” (2) 1 ‘Z|2Rea Zp// (Z) (Z . u)
|af P (2) Rea P(z) | 7

by (2.12) we obtain
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<1, (z €l).

(2.13)

v
From (2.8) we have p' (z) = (h(z)) , 2 € U and hence, by (2.13), Lemma 1.1,

for 8 = |al, it result that G|, € S.

Theorem 3. Let o, v be complex numbers, a; # 0, Rey > 0, j = 1,n, M;

positive real numbers and f; € A, fj (2) =z + a2’ + ..., j =1,n.

If

zf (2) ‘ _—
2L 1 <M, (zeU; j=1,n
f](z) — J ( )
and
2Revy+1
MMMy (Rey 4 )
a1 ag] T fam| T 2 ’
then the function
1
i A\ (falw))e |
S filw)\ e an
Kasnecinnlo () = || [t (D)7 (J 0037 g,
U U
0

s in the class S.

Proof. We consider the function

[ (RN (e,
o= [ (AL0)7 (B
and we observe that g(0) = ¢/(0) — 1 = 0.

‘We have
)= 2 > [ (BT )] eew

J
From (2.14), (2.18), by Lemma 1.2., we obtain

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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and hence, we get

1= o2 | 2" (2)

g (2)

1— 2R M
< —, 2.19
S " Rey 21> (2.19)

Rey

Since

(L= || 2Ry 2 2
max —_— | Z = ,
|2[<1 Rey (2Rey + 1)22'1331

from (2.15) and (2.19) we obtain

1— |Z|2Re'y zg” (Z)

<1 2.20

Rey | ¢'(2) |~ " (220
for all z € U.
We have

1— 205| " 1— 2Rey 1"
|z zg/ (2) 2| ZQ, (2) <1, (zel), (2.21)
] q (2) Rey 9 (2)

and by Lemma 1.1, we obtain that the function K|,
in the class S.

defined by (2.16) is

17052"'7()‘"7'7'7”
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