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A CAUCHY PROBLEM FOR HELMHOLTZ EQUATION:
REGULARIZATION AND ERROR ESTIMATES

Nguyen Huy Tuan and Pham Hoang Quan

Abstract. In this paper, the Cauchy problem for the Helmholtz equation is
investigated. It is known that such problem is severely ill-posed. We propose a
new regularization method to solve it based on the solution given by the method of
separation of variables. Error estimation and convergence analysis have been given.
Finally, we present numerical results for several examples and show the effectiveness
of the proposed method.
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1. Introduction

The Helmholtz equation arises in many physical applications (see, e.g., [1, 2, 4, 9, 12]
and the references therein). The direct problem for Helmholtz equation, i.e., Dirich-
let, Neumann or mixed boundary value problems have been studied extensively
in the past century. However, in some practical problems, the boundary data on
the whole boundary cannot be obtained. We only know the noisy data on a part
of the boundary of the concerning domain, which will lead to some inverse prob-
lems. The Cauchy problem for the Helmholtz equation is an inverse problem and is
severely ill-posed [3]. That means the solution does not depend continuously on the
given Cauchy data and any small perturbation in the given data may cause large
change to the solution. In recent years, the Cauchy problems associated with the
Helmholtz equation have been studied by using different numerical methods, such
as the Landweber method with boundary element method (BEM) [8], the conju-
gate gradient method [7], the method of fundamental solutions (MFS) [14] and so
on. However, most of numerical methods are short of stability analysis and error
estimate.

Although there exists a vast literature on the Cauchy problem for the Helmholtz
equation, to the authors knowledge, there are much fewer papers devoted to the
error estimates. Recently, in [6], the authors give a quasi-reversibility method for
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solving a Cauchy problem of modified Helmhotlz equation where they consider a
homogenous Neumann boundary condition, the results are less encouraging. The
main aim of this paper is to present a new regularization method, and investigate
the error estimate between the regularization solution and the exact one.
The paper is organized as follows. In Section 2, the regularization method is intro-
duced; in Section 3, some stability estimates are proved under some priori conditions;
in Section 4, some numerical results are reported.

2. Mathematical Problem And Regularization.

We consider the following Cauchy problem for the Helmholtz equation with nonho-
mogeneous Neumman boundary condition

∆u + k2u = 0, (x, y) ∈ (0, π)× (0, 1)
u(0, y) = u(π, y) = 0, y ∈ (0, 1)
uy(x, 0) = f(x), (x, y) ∈ (0, π)× (0, 1)
u(x, 0) = g(x), 0 < x < π

(1)

where g(x), f(x) is a given vector in L2(0, π) and 0 < k < 1 is the wave number.
By the method of separation of variables, the solution of problem (1) is as follows

u(x, y) =
∞∑

n=1

[(
e
√

n2−k2y + e−
√

n2−k2y

2

)
gn +

(
e
√

n2−k2y − e−
√

n2−k2y

2
√

n2 − k2

)
fn

]
sinnx (2)

where

f(x) =
∞∑

n=1

fn sinnx, g(x) =
∞∑

n=1

gn sinnx.

Physically, g can only be measured, there will be measurement errors, and we would
actually have as data some function gε ∈ L2(0, π), for which

‖gε − g‖ ≤ ε

where the constant ε > 0 represents a bound on the measurement error, ‖.‖denotes
the L2-norm. Denote β is the regularization parameter depend on ε.
The case f = 0, the problem (1) becomes

∆u + k2u = 0, (x, y) ∈ (0, π)× (0, 1)
u(0, y) = u(π, y) = 0, y ∈ (0, 1)
uy(x, 0) = 0, (x, y) ∈ (0, π)× (0, 1)
u(x, 0) = g(x), 0 < x < π

(3)
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for every y ∈ [0, 1], where vε is the unique solution of Problem (7) .
Proof.It follows from (15) that

| < u(x, y)− uε(x, y), sinnx > |2 ≤ β2(n2 − k2)2y2| < u(x, 1), sinnx > |2 +

+
1
2
β2y2(n2 − k2)e2

√
n2−k2yf2

n.

Then

‖u(x, y)− uε(x, y)‖2 =
π

2

∞∑
n=1

| < u(x, y)− uε(x, y), sinnx > |2

≤ π

2
β2(n2 − k2)2y2| < u(x, 1), sinnx > |2

+
π

4
β2y2(n2 − k2)e2

√
n2−k2yf2

n

≤ π

2
β2A3 +

π

4
β2A2.

Therefore we get

‖u(x, y)− uε(x, y)‖ ≤ β

√
π

2
A3 +

π

4
A2. (18)

From β =
(
ln 1

ε

)−1 and combining (11), (18), we obtain

‖u(x, y)− vε(x, y)‖ ≤ ‖u(x, y)− uε(x, y)‖+ ‖uε(x, y)− vε(x, y)‖

≤ β

√
π

2
A3 +

π

4
A2 + e

1
4β ε

≤
(

ln
1
ε

)−1√π

2
A3 +

π

4
A2 + ε

3
4 .

4. Numerical Results

In this section, a simple example is devised for verifying the validity of the proposed
method. For the reader can make a comparison between this paper with [6] by using
same example with same parameters, we consider the problem

uxx + uyy +
1
4
u = 0, (x, y) ∈ (0, π)× (0, 1)

u(0, y) = u(π, y) = 0, y ∈ (0, 1)
uy(x, 0) = 0, (x, y) ∈ (0, π)× (0, 1)
u(x, 0) = sin(x), 0 < x < π

(19)
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The exact solution to this problem is

u(x, y) =
e
√

3
2

y + e−
√

3
2

y

2
sinx.

Let y = 1, we get u(x, 1) = 1.39903135064514 sinx.
Let gm be the measured data

gm(x) = sin(x) +
1
m

sin(mx).

So that the data error, at the t = 0 is

F (m) = ‖gm − g‖ =

√∫ π

0

1
m2

sin2(mx)dx =
√

π

2
1
m
≤ ε.

The solution of (19), corresponding the gm, is

um(x, t) =
e
√

3
2

y + e−
√

3
2

y

2
sinx +

e

√
m2− 1

4
y + e

−
√

m2− 1
4
y

2m
sinmx

The error in y = 1 is

O(n) := ‖um(., 1)− u(., 1)‖ =

√√√√√∫ π

0

(e
√

m2− 1
4 + e

−
√√

m2− 1
4 )2

4m2
sin2(mx) dx

=
(e2

√
m2− 1

4 + e
−2

√
m2− 1

4 + 2)
4m2

√
π

2
.

Then, we notice that

lim
m→∞

F (m) = lim
m→∞

1
m

√
π

2
= 0, (20)

lim
m→∞

O(m) = lim
m→∞

(e2
√

m2− 1
4 + e

−2
√

m2− 1
4 + 2)

4m2

√
π

2
= ∞. (21)

From the two equalities above, we see that (19) is an ill-posed problem. Hence,
the Cauchy problem (19) cannot be solved by using classical numerical methods and
it needs regularization techniques.
Let ε =

√
π
2

1
m . By approximating the problem as in (15), the regularized solution is

vε(x, y) =
∞∑

n=1

e

(√
n2− 1

4
−ε(n2− 1

4
)
)
y + e

−
√

n2− 1
4
y

2

 < gm(x), sinnx >

 sinnx. (22)
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Table 1: The error of the method in this paper.
ε vε aε = ‖vε(., 1)− u(., 1)‖

ε1 = 10−2
√

π
2 1.38790989314992 sin(x) 0.0139386799063127

+4, 994531108× 10−14 sin(100x)
ε2 = 10−4

√
π
2 1.39891961780226 sin(x) 0.000140036351583956

+3.712424644× 10−1105 sin(104x)
ε3 = 10−10

√
π
2 1.39903135053340 sin(x) 1.40045321703634× 10−10

+6.716243945× 10−1100129330 sin(1010x)

Let y = 1, the solution is written as

vε(x, 1) =
e
√

3
2
− 3

4
ε + e−

√
3

2

2
sinx +

e
(
√

m2− 1
4
−ε(m2− 1

4
)) + e

−
√

m2− 1
4

2m
sinmx.

The error in y = 1 is

‖vε(., 1)− u(., 1)‖ =
π

2

(e
√

3
2
− 3

4
ε − e

√
3

2

2

)2

+

e
(
√

m2− 1
4
−ε(m2− 1

4
)) + e

−
√

m2− 1
4

2m

2
 .

Table 1 shows the the error between the regularization solution vε and the exact
solution u, for three values of ε. We have the table numerical test by choose some
values as follows
1. ε = 10−2

√
π
2 corresponding to m = 102.

2. ε = 10−4
√

π
2 corresponding to m = 104.

3. ε = 10−10
√

π
2 corresponding to m = 1010.

By applying the method in [6], we have the approximated solution

wε(x, y) =
∞∑

n=1


e

√
n2− 1

4
1+εn2 y

+ e
−

√
n2− 1

4
1+εn2 y

2

 < gm(x), sinnx >

 sinnx. (23)

Let y = 1, we have

wε(x, 1) =
∞∑

n=1


e

√
n2− 1

4
1+εn2 y

+ e
−

√
n2− 1

4
1+εn2 y

2

 < gm(x), sinnx >

 sinnx

=
e

√
3

4+4ε + e
−

√
3

4+4ε

2
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e

√
m2− 1

4
1+εm2 + e

−
√

m2− 1
4

1+εm2

2m
sinmx
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