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OPERATORS DEFINED BY GENERALIZED DIFFERENTIAL
OPERATOR
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ABSTRACT. In this paper we discuss some extensions of univalent con-
ditions for a family of integral operators defined by generalized differential
operators. Several other results are also considered.
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1. INTRODUCTION

Let H be the class of functions analytic in the open unit disk U = {z : |z| < 1}
and H [a,n] be the subclass of H consisting of functions of the form :

f()=a+a,2" +a, 2"+ ... (1)

Let A be the subclass of H consisting of functions of the form :
fz)=z+ Z a,z", (2)
n=2

and satisfy the following usual normalized condition f (0) = f(0)' —1 = 0.
Also let S denote the subclass of A consisting of functions f(z) which are
univalent in U.
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If f(2) =24 ) a,2" and g(2) = 2+ > b,2", then the Hadamard product
n=2 n=2

or (convolution) of f and g is defined by
(f*g)(2)==% —l—Zanbnz”, ze U
n=2

The authors in [13] have recently introduced a new generalized differential
operator Dfm 5.6 as the following:

Definition 1. For f € A of the form (2) we define the following generalized
differential operator

D°f (2) = [ (2)
Dogasf (2) =[1=(A=08)(B—a)] f(2) +(A=0)(B—a) zf (2)

=2+ Z[(A—5)(5—Oz)(n—1)+1]anz”

Dg,g,,\,sf (2) = Di,fm,& (DZ,_ﬁl,A,af (Z))
D gosf (2) =2+ Y [(A=08)(B—a)(n—1)+1] a,2", (3)
n=2

fora>0, >0, A>0,6>0, A>6, >aand k € Ny = N U{0}.

Remark 1. (i) Whena =0, § =0, A =1, § =1 we get Salagean differential
operator (see[14]). (ii) When a = 0 we get Darus and Ibrahim differential
operator (see[6]). (iii)) And when o = 0,6 = 0, A\ = 1 we get Al- Oboudi
differential operator(see [2]).

It is also interesting to see combination of operators given by Lupas [17].

Now, we begin by recalling each of the following theorems dealing with univa-
lence criteria, which will be required in our present work.

Theorem 1.[10] Let f € A and A € C. If R(\) > 0 and
1 — |Z‘2§R()\)

ROV

2f" (2)
f'(z)

<1 (zeU). (4)
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Then the function Fy (z) given by

z A

F\(2) = a/u’\_lf(u) du (5)

15 in the univalent function class S in U.

Theorem 2.[9] Let f € A satisfy the following condition
2 r1

L@q‘q (z € U), (6)
[/ ()]

then the function f(z) is in the univalent function class S in U.

Theorem 3.[12] Let g € A satisfy the inequality in (6). Also let X = a +
ib (a,b € R) be a complex number with the components a and b constrained by

ac (O,\/g} and a* +a*b* —9 > 0.

If
l9(2)| <1 (z€ V),
then the function py (z) given by

px (2) = | (a+ bi) /Zu‘”bil <M> i du (A =a+ bi) (7)

u

1s in the univalent function class S in U.

Theorem 4.[12] Let g € A satisfy the inequality in (6). Also let A = a +
ib (a,b € R) be a complex number with the components a and b constrained by

33 1
e 2,2, be|o,—=
o IR

8a 4+ 9b® — 184 +9 < 0.

and

If
l9(2)| <1 (z€ V),
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then the function 1y (2) given by

U (2) = | (a+ bi) / (g (u)*™" du (A =a+ bi) (8)

15 in the univalent function class S in U.

By using generalized differential operator given by (3), we introduce the fol-
lowing integral operator:

Definition 2. Let A a complex number, 0 < pu < 1, 5 = {1,2,...,n}, we
introduce the integral operator as follows:

u

z n k (u 1
i (2) = [pln = 1)+ 1] [ 1 (Pee2ebt) yningy

0 J=1
p IesSERy
n A—1
HU=m =D+ 1) [ (D8 ey ) du |
)

or

z n u 1
Ff)\ u (z) = [[n (A—1)+1] {qu I <Da B8 Auaf]( )> Au"()‘fl)du—{—

0 J=1

O
i n k A—1
(1—p) /]El (Da,ﬁ,)\,afj (U)) du , 9)

for fi e A, 5 ={1,2,..,n} and ny”g?/\,(; is defined by (3), where a > 0, >
0,A>0,0>0,A>0,08>a, ke Ng=NU{0}.

Remark 2. When n =1, u =1, kK = 0 we have the integral operator FT’f A
reduces to the operator F}, | = Fy \ which is related closely to some known
integral operators investigated earlier in Univalent Function Theory (see for
details [15]). The operator Fj , was studied by Pescar [11]. Upon setting
n=A=p=1,k=0in (9) we can obtain the integral operator 7, | = Fi
which was studied by Alexander [1]. When p =1, k = 0, we have the integral
operators, studied by Breaz [4]. When p =k = 0, n = 1 the integral operator

F? ) o = Gi,x was studied by Moldoveanu [7]. When p = k = 0 we have the
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integral operators was introduced by Breaz and Breaz [5]. Furthermore, in
their special case when y =n =1,k =0, A = a4+ ib, (a,b € R) the integral
operator F,’f x. Would obviously reduce to the integral operator (7) and when
p=k=0n=1\=a+ib, (a,b € R) the integral operator F*

o, would
obviously reduce to the integral operator (8).
Now we need the following lemma to prove our main results:

Lemma 1.( General Schwarz Lemma [8]). Let the function f (z) be regular in
the disk
Up={z:z€ Cand |z| < R},
with
[f (2)] < M, (z € Ug)

for a fixed M > 0. If f (2) has one zero with multiplicity order bigger than m
for z =0, then

7 @) < |2 (2 € V). (10)

The equality in (10) can hold true only if
o M
fz)=¢" <m) Z",

In the present paper we study further on univalence conditions involving the
general integral operators given by (9).

where 6 is a constant.

2. UNIVALENCE CONDITION ASSOCIATED WITH GENERALIZED INTEGRAL
OPERATOR F,  WHEN u =1

Theorem 5. Let M > 1 and suppose that each of the functions f; € A, j =
{1,2,...,n} satisfies the inequality (6). Also let X = a + ib, (a,b € R) be a
complex number with the components a and b constrained by

ae (0,v/2M+1)n] (11)

and
a* 4+ a®? — [(2M +1)n]*> > 0. (12)
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Iif
|DE sasfil <M (z€ U, j={1,2,..,n}).

Then the function F,]f A
U.

Proof : We begin by setting

when p =1 is in the univalent function class S in

so that, obviously

f/ (Z) _ 1511 (M) ’ (13)

J A
and
n k (1;>\) k ! L
f"(z) = 1 M “ (Da,ﬂ,/\,éfj (Z)) — D¢ 55615 (2)
D) = 2z 2
W ([ Dk O\
n ( bl <>> | »
m=1 z
(m#7)

Thus from (13) and (14) we obtain

1) Ly (Z Dansash O _ 1)

f'(2) P = ny,,@,x,afj (2)

which readily shows that

L= 2™ 2" ()| _ 1= 1 Z”: 2(DE 55t (2) .
a f'(2) a va? + b2 1 Dg,ﬁ,,\,afj (2)

n

-z 1
<
T a mz

=1

z (D’oi,ﬁ,)\,é.fj (Z»I
Dg,ﬁ,x,afj (Z)

-1
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/

2* (Dg p.0.6f7 (2)

( |D§,ﬁ,/\,5fj (Z>‘
(DZ,B, A,(Sfj (2))2

||

1— [z 1 -
< +1), (€ U) .
~ a *’a2+b2;< ) ( )

Now, from the hypotheses of Theorem 5, we obtain
|D(’;,ﬁ,)\,6fj (2)‘ S M (ZE U7 ]:{1727>n})
due to the General Schwarz Lemma, yields:
|DE sasli(2)]| < Mzl (€ U, j={1,2,...,n}). (15)

Therefore, by using the inequalities (6) and (15), we obtain the following in-
equality:

2a " o 2a
L— 121" |2f"(2) oy |2 (2M—|—1)n§(2M—i—1)n’ (e ).
a 1 (2) a Vva?+b? ava? + b?

Next, from (11) and (12), we have

2f" (2)
f'(z)

1— ‘Z|2a

a

<1 (z€U).

Finally, by applying Theorem 1, we conclude that when p = 1, the function

FY . given by (9) is in the univalent function class S in U. This evidently

completes the proof of Theorem 5.
Taking M =1 in Theorem 5, we get the following:

Corollary 1. Let each of the functions f; € A; j ={1,2,....,n} and Df!’@ rsfi(2)
satisfies the inequality (6). Also let A = a+1ib, (a,b € R) be a complex number
with the components a and b constrained by

a € (0,\/%]

and
a* 4+ a®? — (3n)* > 0.
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If

D 5 0sfi ()| <1 (z€ U, j={1,2,...,n}),
then when p = 1, the function F) , , (z) defined by (9) is in the univalent
functions class S in U.

If we set n =1 in Theorem 5, we can obtain the following:

Corollary 2. Let M > 1 and suppose that f € A and D’;’B,/\jf (z) satisfies
the inequality (6). Also let X = a + ib, (a,b € R) be a complex number with
the components a and b constrained by

ac (0, VM ¥ 1}
and
a* + a®b* — (2M +1)* > 0.

If
D g5l (2)| < M (z€U),

then the integral operator

r(DE () s ] T
Fiyi(2) = (a+z’b)/ (aﬂ#) .
J U
is in the univalent function class S in U.

Remark 2. When k£ = 0 in Corollary 2 provides an extension of Theorem 3
due to Pescar and Breaz [12].

Remark 3. If, in Theorem 5, we set M = n = 1, k = 0 again we obtain
Theorem 3 due to Pescar and Breaz [12].

UNIVALENCE CONDITION ASSOCIATED WITH GENERALIZED INTEGRAL
k —
OPERATOR F)',  WHEN p =0

Theorem 6. Let M > 1 and suppose that each of the functions f; € A, j =
{1,2,...,n} satisfies the inequality (6). Also let X = a + ib, (a,b € R) be a
complex number with the components a and b constrained by

1
V1M + 1))~ 1

2M+1)n 2M+1)n
CM+1)n+1"2M +1)n—1

| ve o
(16)
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and
[(a— 1) +0*] [(2M + 1) n)* —a® < 0. (17)

If
IDE o ssfi ()| < M (z€ U, j={1,2,..,n}),

then when pu = 0, the function Fff A defined by (9) is in the univalent function
class S in U.

Proof : First of all when =0 we recall from (9) that

; A-1 mO-DF]
n [ DF (u
Fffxu( ) = [n()\—l)+1]/n (M) ICE I ’
J

=1 u
0

for f; e A; 5={1,2,....,n}.
Let us now define the function h (z) by

z i (o A—1
h(z):/ i <M> du (f;e A; j={1,2,..n}).

j=1 U
0

Then, since

B (z) = i (M) (z€ U), (18)

z

we see that h (0) = 0 and A’ (0) = 1. Moreover, by noting that

W =0-DY (Dﬁ_f<>> _ ( (Phisoshy ) = Dhynal <z>>

, z z
J=1

(pkwfm< >> | 19)
(m

we thus find from (18) and (19) that

20 (2) :(/\_1)2< (Daﬁxafj< )) _1> (fje A j={1,2,...,n}),

b (z) a,ﬁ,/\,éfj( )
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which readily shows that

1 — |Z|2a

a

zh" (2)
W (2)

1—|z|2“\/—2 -
< 71 _ 2
<— (a—1)"+b Z
J=1
1— |Z|2a 2 - 2 (DZ .76/ (2)
< — -1 b? EEa
< " \/(a—1)" + ; (

2
ny,,a,x,afj ()
Therefore, by using the inequalities (6) and (15), we obtain

1— 2a
B Sl Y
a

SNE (D’oi B, \ 5t (Z)),
e —1
Z ( ny,,a,x,afj (2) ) ‘

j=1

Dloi,ﬁ,x,(sfj (Z))/

z ( L
D(lz,ﬁ,)\,éfj (2)

!/

‘Dg,,@,,\,dfj (2)} " 1)

E

1— |Z|2a

a

zh" (2)

_ 1— |Z|2a
W (2)

(2M +1)ny/(a —1)* + 12

a

(2M + 1) ny/(a — 1) + b2

a

<

Now it follows from (16) and (17) that

1 — |Z’2a

a

zh" (2)
W (2)

<1 (z€U).

Finally, by applying Theorem 1 for the function h (z), we conclude that the
function £ ., defined by (9) is in the univalent function class S in U for the
case p = 0.

Next, taking M =1 in Theorem 6, we get the following:

Corollary 3. Let each of the functions f; € A; j ={1,2,....,n} and Df!’@ rofi(2)
satisfies the inequality (6). Also let A = a+1ib, (a,b € R) be a complex number
with the components a and b constrained by

c 3n 3n be lo 1
a e —
3n+1'3n—1|" "VonZ —1
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and
9[(&—1)2-1—62] n* —a*<0.

If
‘Dﬁ,ﬁ,A,éfj (2)\ <1 (€U, j=A112,...,n}),

then the function FY \  (z) defined by (9) is in the univalent function class S
i U for p=0.

If we take n =1 in Theorem 6, we can have the following:

Corollary 4. Let M > 1 and suppose that f € A and ny’ﬂ,/\y(;f (z) satisfies
the inequality (6). Also let X = a + ib, (a,b € R) be a complex number with
the components a and b constrained by

2M+1 2M +1

1
) ) be 07
OM +2 2M ] [ 2/M (M + 1)

and

[((a—1)* + 8] (2M +1)* —a® < 0.

If
‘Dz,ﬂ,A,(sf (Z)} <M (z€U),

then the integral operator

1
a+1ib

Fino(2) = (a+ib)/(D§,ﬁ,,\,5f (U))aﬂb_l
0

15 in the univalent function class S in U.

Remark 4. When k£ = 0 in Corollary 3, reduce to Theorem 4 due to Pescar
and Breaz [12].

Remark 5. If, in Theorem 6, we set M = n = 1, k = 0 again we obtain
Theorem 4 due to Pescar and Breaz [12].
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