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UNSTEADY FLOW OF A DUSTY FLUID THROUGH A CHANNEL
HAVING TRIANGULAR CROSS-SECTION IN FRENET FRAME
FIELD SYSTEM
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AND CHANNABASAPPA SHANTHAPPA BAGEWADI

ABSTRACT. An Unsteady motion of a viscous liquid with uniform distribution
of dust particles under the influence of time dependent pressure gradient through a
channel having triangular cross-section has been considered. The intrinsic decompo-
sition of flow equations are carried out in Frenet frame field System. The governing
equations of the flow are solved using Laplace transform and variable separable
method. The skin friction at the boundaries are calculated. Finally the conclusions
are given on basis of the velocity profiles drawn for different values of time ¢ and
number density V.
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1. INTRODUCTION

In recent years many researchers in fluid dynamics has been diverted towards
study of the influence of dust particles on the motion of fluids. The presence of dust
particles in fluids has certain influence on the motion of the fluids and such situa-
tion arise for instance, in the movement of dust-laden air in, combustion, polymer
technology, and electrostatic precipitation. Other important application involving
dust particles are fluidization, purification of crude oil, centrifugal separation of
matter from fluid, petroleum industry and in the engineering problems concerned
with atmospheric fallout, dust collection, nuclear reactor cooling, powder technology,
performance of solid fuel rocket nozzles and paint spraying etc.

Saffman [16] investigated the effect of stability of the laminar flow of a dusty
gas in which the dust particles are uniformly distributed. Further, Michael and
Miller [13] investigated the motion of dusty gas with uniform distribution of the
dust particles occupied in the semi-infinite space above a rigid plane boundary.
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Chernyshov [6] obtained the exact solution for nonsteady two-dimensional prob-
lem of the motion of an incompressible viscous fluid in a rigid tube whose cross-
section is a regular triangle. Rukmangadachari [15] has studied the solutions of dusty
viscous flow through a cylinder of triangular cross-section. N.C.Ghosh, B.C.Ghosh &
R.S.R.Gorla [10] have studied unsteady motion of a dusty viscoelastic Maxwell-type
conducting fluid under arbitrary pressure gradient through a long uniform tube of
rectangular cross section. Attia [1] studied the unsteady Hartmann flow of a dusty
viscous incompressible electrically conducting fluid under the influence of an ex-
ponentially decreasing pressure gradient is studied without neglecting the ion slip.
Chamkha [7] has obtained the analytical solution for unsteady flow of an electrically
conducting dusty-gas in a channel due to an oscillating pressure gradient. Balasub-
ramanian & Chen [5] have given mathematical model for unsteady MHD flow and
heat transfer of dusty fluid between two cylinders with variable physical properties.

Frenet frames are a central construction in modern differential geometry, in which
structure is described with respect to an object of interest rather than with respect
to external coordinate systems. Some researchers like Kanwal [12], Truesdell [17],
Indrasena [11], Purushotham [14], Bagewadi and Gireesha [2], [3] have applied dif-
ferential geometry techniques to study the fluid flow. Further, the authors [2], [3]
have studied two-dimensional dusty fluid flow in Frenet frame field system, which
is one of the moving frame. Recently the authors [8], [9] have studied the flow of
unsteady dusty fluid in different regions under varying time dependent pressure gra-
dients. The present work deals with the study of flow of an unsteady dusty fluid
through a channel having triangular cross-section under the influence of time depen-
dent pressure gradient in frenet frame field system. Initially it is assumed that the
fluid and dust particles are to be at rest. The analytical expressions are obtained
for velocities of both fluid and dust particles using Laplace transform technique and
variable separable method. Further the skin friction at the boundary is calculated.
The velocity profiles of both fluid and dust phase are shown graphically for different
time ¢ and number density V.

2.EQUATIONS OF MOTION

The equations of motion of unsteady viscous incompressible fluid with uniform dis-
tribution of dust particles are given by [16]:

For fluid phase
V-w = 0, (Continuity) (1)

1
— 4+ (w-V)T = —;Vp—l—uvzﬂ’ (2)
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kN
+ 7(? — @) (Linear Momentum)
For dust phase
V.-v = 0, (Continuity) (3)
v, ko .
wr +(v-V)T = —(w—-7) (Linear Momentum) (4)
m

We have following nomenclature: We have following nomenclature:

W —velocity of the fluid phase, @ —velocity of dust phase, p—density of the gas,
p—pressure of the fluid, N—number density of dust particles, v—kinematic viscosity,
k = 6mau—Stoke’s resistance (drag coefficient), a—spherical radius of dust particle,
m—mass of the dust particle, u—the co-efficient of viscosity of fluid particles, t—time.

3.FRENET FRAME FIELD SYSTEM

Let 5,7, D be triply orthogonal unit vectors tangent, principal normal, binor-
mal respectively to the spatial curves of congruences formed by fluid phase velocity
and dusty phase velocity lines respectively as shown in the figure-1.

A'h’

N

7

Figure-1: Frenet Frame Field System

m‘v

Geometrical relations are given by Frenet formulae [4]

0% om ob
Z) a— ksﬁ), —— = Tg b — ks?, —_— = _TSW
v &% o7
i) —=k.3, — =—0,7, =0 b k7
55 . o b
i) o=k, S =0y, o= oy = VY
W) VT = Ops+ Ops; VT =0y — ks V. D =0,y (5)

where 0/0s, 0/0n and 0/0b are the intrinsic differential operators along fluid phase
velocity (or dust phase velocity ) lines, tangential, principal normal and binormal.
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The functions (ks, k,,k}) and (7s,0,,,0;) are the curvatures and torsions of the
above curves and 6,5 and 05 are normal deformations of these spatial curves along
their principal normal and binormal respectively.

4. FORMULATION AND SOLUTION OF THE PROBLEM

The present discussion considers a laminar flow of viscous incompressible, dusty
fluid through a rectangular channel. The flow is due to the influence of constant
pressure gradient varying with time. Both the fluid and the dust particle clouds
are supposed to be static at the beginning. The dust particles are assumed to be
spherical in shape and uniform in size. The number density of the dust particles
is taken as a constant throughout the flow. As Figure-2 shows, the axis of the
channel is along binormal direction and the velocity components of both fluid and
dust particles are respectively given by:

w = ub(s,n,t)?, v = Ub(s,n,t)? (6)

where (us, Uy, up) and (vs, v,, vp) are velocity components of fluid and dust particles
respectively.

Figure 2: The Geometry of the Problem.

By virtue of system of equations (5) the intrinsic decomposition of equations (2)
and (4) using equation (6) one can get,

0 = —;g]; +v (Tsksub - QUZ%ZJ)

0 — _;gi e, <a;k;ub - QTS%?)
% = %(Ub — vp) (8)
vfk:,’,’ = 0 (9)
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where C, = (12 + /2 + k""?;) is called curvature number [3].

From equation (9) we see that v2k] = 0 which implies either v, = 0 or k = 0.
The choice v, = 0 is impossible, since if it happens then u; = 0, which shows that
the flow doesn’t exist. Hence k = 0, it suggests that the curvature of the streamline
along binormal direction is zero. Thus no radial flow exists.

Since we have assumed that the constant pressure gradient to be imposed on the
system for ¢ > 0, we can write

Y ¢o (a constant) (10)

Equation (7) and (8) are to be solved subject to the initial and boundary condi-
tions:

Initial condition; att=0;u, =0,vp=0
Boundary condition; for ¢ > 0;up = a1 €™t 4 ay ™2t at s = =+a, (11)
and upy=0 at n=a & n=—a

Let Uy and V, are given by

Uy :/ef‘mubdt and V, :/ef"”tvbdt (12)
0 0

denote the Laplace transforms of u; and v, respectively.
Using relations (10) and (12) in equations (7), (8) and (11) one can obtain the
following;:

Co o*U,  0%U, l
Uy = ;—i_y ( 0s? + On2 - C.U, +;(%_Ub) (13)
Uy
_ b 14
Y (14 27) (14)
Uy, = o, %2 at s=a & s=-a (15)

T —1iw, X — Wy
and Up,=0 at n=a & n=—a,

where | = ™ and 7 = .
From equations (13) and (14) we obtain, the following equation
82Ub aZUb 2
- - QUpy+R=0 16
952 | on? @O+ (16)
where
9 T xl co
=(Cr+—+ d R=—
@ ( T+V+I/(1+.I'T)> o 15
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To solve equation (13) we assume the solution in the following form [18§]
Up(s,n) = wi(s,n) + wa(s) (17)
Substitution of Up(s,n) in equation (13) yields
62w1 8211}2 8 w1 2
R=0
92 T 52 T o2 — Q% (w1 + wa) +
so that if wq satisfies

82’LU2

o —Q*wy+R=0

then o o
w1 w1 2
_ _ 1
052 + o2 Q“w =0 ( 8)

In similar manner if Uy(s,n) is inserted in no slip boundary conditions, one can
obtain

Ub(CL, n) = w1 (a7 n) + wQ(a> = :p—ailwl + :E—fl?wg’
Ub(_aa n) = ’LUl(—(l, TL) + ’LUQ(—(I) = -+ 2

r—iw1 r+iwsa?

Up(s,a) = wi(s,a) +wa(s) =0, Up(s,—a) = wi(s,—a) +wa(s) =0
By solving the problem

82?1}2 2
0s? Qwy + » w2(a) x—iw1+x+iw2’ wa(~a) x—iw1+ﬂf+iw2

a az a az

we obtain the solution in the form
cosh(Q@s) < ai as ) R (cosh(Qs) - cosh(Qa))
= 1
ws(s) cosh(Qa) \x —iw; =+ iwy Q? cosh(Qa) (19)

Using variable separable method, the solution of the problem (18) with the condi-
tions

wl(aan) =0, wl(_aan) =0, wl(sa a) = _w2(8)7 wl(sv _a) = _wZ(S)
is obtained in the form

2 [e.9]
wlom = 2 S (M) ()

T — 1wy T + 1wy

r1=0
" cosh(An) [1 — (—1)™ cosh(Qa)]
A2 cosh(Qa) cosh(Aa)
rim \ R [1—(=1)" cosh(Qa)]
* a2 le:o ( 1 ) Q? A2 cosh(Qa) cosh(Aa) cosh(An)
2 1 i (717 R [1—(—1)" cosh(An)]
I Z 7 ( ) Q? cosh(Aa) (20)

1=

o8



Mahesha, B.J.Gireesha, G.K.Ramesh and C.S.Bagewadi -Unsteady Flow...

2a2+7”2ﬂ'2
where A =\ Qa721

Now by substituting (19) and (20) in (17) we have

2 o0
Up(s,n) = — % Z sin <r171'8> ( al, + a2, >
a

=0 a T — 1wy T 4+ 1wy
" cosh(An) [1 — (—=1)" cosh(Qa)]
A2 cosh(Qa) cosh(Aa)

27 . (7’177 ) R cosh(An) [1 — (—=1)™ cosh(Qa)]
Q? A2 cosh(Qa) cosh(Aa)

ERY 1sin(“7f ) 5 [1 — (=1)" cosh(An)]

- —s
T T cosh(Aa)
N cosh(Qs) ( ay a2 >
cosh(Qa) \x —iwy =+ iwy
R (cosh(Qs) - cosh(Qa))
Q? cosh(Qa)
Using Uy, in equation (14) one can see that
2T o~ . (71T ai ap
Vi(s,n) = — — sin (| —s — + .
a =0 a T — 1wy T+ 1wy
" [1 — (—1)" cosh(Qa)] cosh(An)

A? cosh(Qa) cosh(Aa) 14zt

rim \ R [1—(—1)" cosh(Qa)] cosh(An)
+ a2 rlz:o < 1 ) Q? A2 cosh(Qa) cosh(Aa) 1+ a7
2 1 g (117 R [1— (—1)" cosh(An)]
I Z_ e ( ) Q% cosh(Aa)(1 + z7)
cosh(Qs) ai a2
+ cosh(Qa)(1 + =) (3: —qwy + x+ iw2>

R (cosh(Qs) - cosh(Qa))
Q? \ cosh(Qa)(1+ x7)

By taking inverse Laplace transformation to U, and V;, we obtain u;, and v, as
follows:

up(s,n,t) = Zrlsl {

r1=0

} {a1 { (¢1 cos(wit) — pasin(wit))
(3 + 23)(cf + 3)(c3 + CF)
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N i(¢1 sin(wit) + pacoswit) ] (=1 |:(¢)3 cos(wit) — ¢4 sin(wyt))
W+ E+ 3G +0D] (w3 +23)(E +CP)
N i(¢p3 sin(wit) + ¢4 cos(wlt))} ai[l — (=1)" cos(Q1a)]
(43 +23)(c3 + CF) cos(Q1a)(z1 — x2)

y [e’”lt(xl +iwy) e (xo + iwl)]

x% + w% x% + w%
o0
a v cosh(An)
—1)"2(2 l)————"—"—
T2 T‘Qz::()( )22+ )A% cosh(Aja)

(23 +w)[( + (37 +1)2)] (22 +wd)[(I + (w47 + 1)2)]
dra; < (=1 [1—(—1)"2 cos(Q2a)] 2rg + 1)mn
B T T;() (2rg + 1) cos(Q2a) [
et (x5 + dwy ) (1 + 257)2 et (26 + jw1 ) (1 + 267)2 1
(@2 +w)[(+ (w57 + 1)) (25 + wi) [l + (w67 +1)?)]
4 g {(%) cos(wat) — ggsin(wat) | i(¢g) cos(wat) — ¢s5 Sln(wzt)]
Wi +23)(E+ @) E+C3)  (yF+27)(E + )3+ CF)
B v [ (@7)coswat + pgsin(wat) | i(¢s) cos(wat) — d7 sin(wat)
as(—1) { | }

e®3t (rg +iwy)(1 4+ 237)%) ¥ (xy +iwy) (1 + 247)?) 1

(y7 +27)(c + CF) (y7 +27)(c2 + CF
n az[l — (—1)" cos(Q1a)] [e“t(xl —iwg)  e" (a2 — iwg)]
cos(Q1a) (w1 — z2) z3 + w3 x3 + w3

AUT v cosh(A1n) | e®t(x3 — iws)(1 + 237)?)
+ a? mz::[)(_l) (2r2 + 1)A% cosh(Ara) | (23 +wd)[(l + (z37 + 1)2)]
N et (xy — iwe) (1 + w47)?%) ] _ Avag i (=)™ [1—(=1)" cos(Q2a)]

(22 + w)[(I + (247 + 1)2)] L (2ra + 1) cos(Q2a)
X

et (x5 — iwe) (1 + z57)? et (xg — iwg) (1 + z67)? 1
(@2 +wd)[(1+ (w57 + 1)D)] (25 + wd)[( + (w67 +1)?)]
v cos [(21"2 + 1)7[‘71] }

2a

rims\ [co[l — (=1)" cosh(Xa)] cosh(Yn)
a? Z ( 1 ){ : vX2Y?2 cosh(Xa) cosh(Ya)

r1=0
L@ [1—(=1)"] cosh(Qin) |e*" B est co [1—(=1)" cos(Qia)]
v Q% cosh(Qra) (v7 —xs) | x7 v Q% cosh(Qra)(z1 — 22)
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X

cosh(An) e"3t (1 + 37)?

e:clt B ezvgt B & Z (_1)7‘2
x1 T T = (2ra+1) A? cosh(Aja) | z3[l + (1 + x37)?]

™ (1 + 247)? ] e o~ (=D [1 = (=)™ cos(@2a)]
x4l + (1 + z47)?] T (2rg +1) Q3 cos(Q2a)

cos [(27"2 + 1)7[‘71] e"t (1 + z57)? et (1 4 wg7)? ] }

2a w5l + (1 +257)%]  a6ll + (1 + 267)?]
2 i 1)1] g [7“171’8] { co cosh(Yn)
T i vX? cosh(Ya)
o cosh(Q1n) e”t ers L G Z )72 ( 27“2 +1)
v cosh(Qra)(z7 — x8) | 7 10
[(2r2 + l)wn] et (1 + .TU5T) et (1 + xg7)?
08
2a w5l + (14 257)%]  well + (1 + 267)?]

|:(¢9 coswit — ¢rosinwit)  i(p1p coswit + g sin wlt)}
a
(ci +¢3) (ci +¢3)

o
alzﬂ Z (=1)"(2rg + 1) cosh

ra=0
[ et (z3 + dwy ) (1 + 237)?) et (24 + jwy ) (1 4 247)?) ]
(3 +w) [+ (w37 + 1)) (2F +w)[(l + (w7 +1)?)]
a |:(¢)11 cos wat + @12 sin wat) + i(¢12 cos wat — ¢11 sin wgt)]
(3 + <)

{(27‘2 + 1)773}

a 2a

aoUT

(2ra + 1)7T8:|

Z (—=1)"(2rg 4+ 1) cosh { o

ro=0
e®8t (23 — iwy) (1 + x37)2) N €4t (24 — iws) (1 + x47)%) ]
(23 +w3)[(1+ (w37 +1)2)] (2 + w3)[(l + (247 + 1)?)]
o {cosh(Xs) - cosh(Xa)}

a2

vX? cosh(Xa)
deg o~ (—1)2 (2rg + 1)7s] | e¥3(z3 — dwo) (1 + 237)?)
s ZO @2y +1) 8 [ 2% ] (22 + wd)[(l + (237 + 1)2)]

et (24 — jwo) (1 + w47)? ]
(@3 + w))[(l + (247 + 1)?)]
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'Ub(sv n, t)

@ L+ wir?)(y3 + 23)(cf + 3)(c] + CF)
i(¢14 coswit + @13 sinwit) ]
(1 +wit?) (3 + 23)(cf + &) (e + CF)
oy (—1)" |:(¢15 cos(wit) — prgsinwit) + i( P15 sin(wit) + P16 cos(wlt))}
(L+wir?)(y3 + 23) (3 + CF)
ar[l — (=1)" cos(Q1a)]

et (z1 + iwr) e*2! (9 + iwy)
COS(Qla)(Qfl — .%‘2)

-2 i - sin |:7“17T$:| {(11 {( (13 cos(wit) — ¢prasin(wit))

@2 +wd)(A+a17)  (1+227)(23 + w)
arm v cosh(A1n) e”3t (x5 + dw1) (1 + x37))
a? Z (=1)7(2rz + 1)A%cosh(A1a) (23 + w)[(I + (z37 + 1)2)]

ro=0

€4t (x4 + iw1) (1 + 247)) ] vy i (—1)"

(23 + wH)[(l + (247 + 1)2)] L (2r9 + 1)

[1—(=1)" cos(Q2a)] (2ro + 1)mn
cos(Q2a) €08 [ 2a }
et (26 + dw1 ) (1 + w67)
(25 +wi)[(l + (z67 + 1)2)]
; {(gf)n cos wat + ¢1g sinwat) + (18 cos wat — ¢17sin wgt)]
(1 +w3r?)(y? + 22)(cE + c)(cF + CF)
(P19 cos wat + Pog sinwat) + (P2 cos wat — Pr9sinwat)
(1+wir?)(y7 + 27)(c? + CF) ]
et (z1 — iwo) et (zg — iwo)
(14 z17) (@2 + w?) (1 + zo7) (22 + wd)
cosh(An) et (z3 — jwq) (1 + x37))
A3cosh(Ara) | (23 +wd)[(l + (w37 + 1)?)]

et (w5 + w1 ) (1 + x57)
(23 + wi)[(L + (z57 + 1)2)]

az(=1)" {

az[l — (=1)" cos(Q1a)]
cos(Qra)(x1 — x2)

x
asUT
5 e

ro=0

et (xy — iwo) (1 + 247)) ] B dvay i (—1)™
(22 + w)[(I + (247 + 1)2)] Ll (2rg + 1)

[1— (—1)" cos(Q2a)] o8 [(2r2 + 1)7rn} e®st (x5 — iws) (1 + x57)
cos(Q2a) 2a (22 4+ w3)[(I + (z57 + 1)?)]
e%6!(xg — iwo) (1 + xgT) 2m > sin | 7178
(22 +w3)[(l + (w6 + 1)2)]] } T ﬁz::O { a }
{co [1 — (=1)" cosh(Xa)] cosh(Yn) Lo [1—(=1)"] cosh(Qin)
vX?2Y?2cosh(Xa) cosh(Ya) v Q3 cosh(Qra) (w7 — )
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X

[ et evst co [1—(=1)" cos(Q1a)]
| 27(1 + 277) Coag(14 3387')] v Q2 cosh(Qra)(z1 — x2)

[ emt er2! dey o~ (=1)  cosh(Ain)
|z1(1+217) Caa(1+ :1:27')] o =0 (2r9 + 1) A2 cosh(Aja)
™' (1 + w37) e (1 + a47) deg o~ (=1)"

|23l + (1 +237)?]  aall + (1+ W)?]] T = @2ra+1)

e (1 + w57)

[1 — (—1)] cos Qaa] cos {(27“2 + 1)71'71

Q3 cos(Qqa) 2a z5[l + (1 + x57)?]
et (1 + x67) 2 X [1— (=17 . [ri7s
ze[l + (1 + $6T)2]‘| } T TIZZ:O ol i [ a ]

co cosh(Yn) ¢ cosh(Q1n) oot
vX? cosh(Ya) * ;Cosh(Qla)(m —2g) | 27(1 4 z77)

xg(1l + xg7) 2a

e*st (1 + x57) et (1 + :L‘GT) 1 }
sl + (1 +z57)%]  agll + (1 + x67)?)

ro=0

; {(¢21 coswit — ¢ag sinwit) + i(¢a2 cos wit + ¢o1 sin wlt)]
1

(1 +wir?)(c} + )

E Y (1) (2rp + D cosh {(27”2 ;1)”}
ro=0
e®3t(x3 + iwr ) (1 + x37) et (x4 + iwr ) (1 + x47) ]
(@3 +w})[([+ (237 + 1)2)] (2 + wf)[( + (w7 +1)?)]

|:(¢23 cos wat + ¢og sinwat)  i(pag coswat — Pa3sin wgt)]
U@+ @)+ (3 + ) (1 + w3r?)

ai;ﬂ Z (=1)"(2rg 4+ 1) cosh {Wj
ro=0
et (3 — iwg) (1 + z37) "4t (zy — dwg) (1 + x47) ]
(23 +w})[(l+ (237 + 1)2)] (2 + wd)[(l + (w47 +1)?)]

co {cosh(Xs) — cosh(Xa)} e (=)™ cos [(27‘2 + 1)ms
vX? cosh(Xa) T (2ra+1) 2a

et (g — jwg) (1 + z37) "4 (x4 — iwg) (1 + x47) ]
(@3 + w)[(L+ (w37 + 1)) (2] + w)) [ + (w47 +1)?)]
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Shearing Stress (Skin Friction):

The Shear stress at the boundaries s = a, s = —a and n =a, n = —a are given
by
2 X (1 cos(wit) — pasin(wit)) + i(¢y sin(wit) + pacoswit)
Do = = D Tism 22 2,2 2
a’ = (43 + 23)(ct + 3)(c5 + CF)

— a(-D)"

[(¢3 cos(wit) — dgsin(wit)) + i(¢s sin(wit) + P4 COS(wlt))}
(3 + 23)(c3 + CF)

N ai[l — (=1)" cos(Q1a)] lezlt(:nl +iw) e”2! (29 + djwn)
cos(Q1a) (1 — m2) 23+ w? z3 + w?

AIUT v (272 4+ 1) cosh(Arn) | e™'(23 + iwy)(1 4 x37)?
e mz::o(_l) Afcosh(Ara) | (23 +wi)[(I + (237 + 1)?)]
N e (x4 + dwy ) (1 + 247)? ] Avay i (=)™ [1—(=1)" cos(Q2a)]

(2 +wi)[(l + (247 + 1)2)] T (@2ra+1) cos(Q2a)
< cos [(27"2 + 1)7rn} et (x5 + dwy ) (1 + z57)?

2a (22 + wi)[(l + (257 + 1)2)]
N et (zg + dwy ) (1 + x67)? 1
(23 +w})[(l + (267 + 1)2)]
‘o [(d)5 cos(wat) — ¢ sin(wat) + i(pg cos(wat) — @5 Sin(wgt)}
’ (7 + (S + Q) (7 + )
(=) [(¢7coswgt + ¢g sin(wat) + i(¢g cos(wat) — ¢7 sin(wgt)}
i (W2 + (G + )
N as[1 — (—1)™ cos(Q1a)] l w(xl - zwg) e (zg — iwy)
cos(Qra)(x1 — x2) z3 + w3 3 + w3

AV o~y (2r2 + 1) cosh(Arn) | ™ (x5 — iwg) (1 + 237)*

T TQZ:()( Y AZ cosh(A1a) [(55% +w3)[(L+ (w37 + 1)2)]
e (x4 — dwa) (1 + x47)? _ Avay = (=)™ [1—(=1)" cos(Qza)]
+ (22 + w3)[(l + (maT + 1)2)]] T rgzz:o (2ry + 1) cos(Q2a)
X cos {(%2 + 1)7?71} e (x5 — iws) (1 + 257)°
2a (22 + w3)[(l + (w57 + 1)2)]
et (xg — jwg) (1 + z67) 272 ,u i 2
T @+ (o + D] )H Z

64



Mahesha, B.J.Gireesha, G.K.Ramesh and C.S.Bagewadi -Unsteady Flow...

X

+ o+ + o+

_|_

{ L [1 — (—1)"cosh(Xa)] cosh(Yn) Lo [1—(=1)"] cosh(Qin
Y2 cosh(Xa) cosh(Ya) v Q% cosh(Qqa) (z7 — zs)

L@ [1—(=1)"cos(Qra)] |e*tt B iﬁ
v Q2 cosh(Qqa)(z1 — x2) | 21 9
4c, —1)7"2 cosh(A1n) e"3t (1 + 37)? et (1 4 w47)?
T TQZ (2r2 + 1) A?cosh(Aja) |z3[l + (1 4+ x37)2] x4l + (1 4 247)?]
dog o~ (=1)" [1 = (=1)] cos(Q2a)] cos [(27“2 + 1)7”1]
T = (2rg + 1) Q3 cos(Q2a) 2a
e"t (1 + z57)? et (1 4 xg7)?
ch,[u (Ot 2ol + (Lt 267)7] H nzo

co cosh(Yn) ¢ cosh(Q1n) et B est
vX2cosh(Ya) v cosh(Qia)(z7 — xg)

T o= (=1)"(2rg +1) cos {(27’2 + 1)7m}

a? “— Q2 2a

ro=0

T g

et (1 4+ w57)2
x5[l -+ (1 -+ .7}57')2]

[ cos wit(masHis — maogGis + marGis

et (1 + z67)> _aip
x|l + (1 + z7)?] e+ c3

mogH13) — sinwit(morHiz — mogGiz — masGiz — magHi3)
icoswit(morHiz — magGiz — masGiz — masHi3)
isinwit(masHiz — mogGis + marGis + magHis) }

e”i‘t(mg +iwr) (1 + 237)?)
(23 +w?)[(1 + (237 +1)2)]

2 00
a1
2a3

(2r + 1)2

ro=0

e (x4 + dwy ) (1 4 x47)2 aspt [
cos wat Hyy — G
(23 + w)[(Il + (247 + 1)2)] 2+ wat(maoHig —msoGia

mz1G14 + maaH14) + sinwat(mogGra + msoHia — ma1 Hia — m32G1a)

i cos wat(magGha + maoHia — m31Hia — m32G1a)

cotsinh(Xa
sin wot(mogH14 — m3oGia + m31G1a + m3aH1a) } - V;/;COSh((Xa))
asvmp & (2 +1)? et (1 4+ 237)% (23 + dwq)
r
2a3 = 2 x3[l + (1 + x37)?]

€x4t(1 + 1‘4T)2(£L'4 + iwl)
.2134[l + (1 + %47‘)2]

65

|



Mahesha, B.J.Gireesha, G.K.Ramesh and C.S.Bagewadi -Unsteady Flow...

2op | €™3(1 4 x37)2 e (1 4 w47)?
a |z3[l+ (14+z37)2] 24l + (1 + 247)2]
D_on = —Dan
—2T rims] (a
Dy, = 5= > risin { ! ] {kl { coswit(miHii — maGi1 — m3Gn
a a 1
r1=0

—  mgHu1)p1(miGry + moHyy +mgHy — m4G11)p2}

— sinwgt |:(m1H11 —maG11 — m3G11 — maH11)p2 — (Mm1G11 +maHpy

+ mgHi —maGri)pr ] + isinw;t { (m1Hi1 — maGr1 — m3Gr1 — myHi1)py
+ (m1Gi1 +moHi +msHyp — myGi1)pe ] + i coswit { (m1Hp — maGry

— m3G11 —maHi1)p2 — (m1Gi1 + meH1 + msHyp — maGr1)pa ]

al(—1)"
- (k:) [ coswit(msHiy — meGi1 — mrGrr — mgGry + moGry
2
+ mioHi1 — mi2Gr1) — sinwit(moHyy — mioGi1 — mi1Gi1 — mi2Gi
— msGi1 —meH1 — myHip — mgGhi) + isinwit(msHip — meGi

—  myGi1 —mgGii + moGri + migH1 — mi2G11) + i coswy(moHiy

—  mioG11 — m11G11 — m12G11 — msGr1 — meH11 — mrHyp — mBGll)}

AIUT sinh(A;a)
—1)"2(2 1)——

T TZZ::O( )22+ )Al cosh(Aja)
o e st iw) (L4 23m)?) e (g £ i) (1 + 247)°)

(23 + w4 (w37 +1)?)] (2 +w?)[(l + (247 + 1)?)]
 2vay i [1— (=1 cos(Qza)] | e*5t(1+4 x57)2 et (1 + z67)?

a = cos(Q2a) w5l + (L +a57)?]  we[l + (1 + 267)?]
+ %z { [ coswit(mizHiz — m1aGia — mi5sGia — misHi2)p3 + (mi13Gia

+ muaHiz +misHiz — m16G12)p4] + sin wat [(Mm13G12 + miaHi2 + misHio
—  mieGi2)p3 — (mizHi2 — m1aGr2 — mi5Gr2 — mieH12)p4)

+ dcoswat { (m13Gi2 + miaHi2 + misHia — misGi2)ps — (mizHiz — m1aGio

66



Mahesha, B.J.Gireesha, G.K.Ramesh and C.S.Bagewadi -Unsteady Flow...

— mi15G12 — migHi2)ps — isinwat [(migHi2 — m1aGi2 — mi5Gi2

+  migHi2)ps + (m13Gia + miaHio + misHia — migGi2)pal}
ag(—l)’"l

S [cos wat(mi7Hi2 — migGia — mi19Gia
4

— magoH12 — m1G12 — maaHio + magHio — mayGia)

sinwat(m17G12 — migHiz — migH12 — magGra2 — ma1 Hiz — maaGia
mao3G1a — magHyz) + i cos wat(mi7Gra — migHia — migH12 — maoGia
— ma1Hio — maaGia + ma3Gra — magHia)

— asinwot(mirHiz — misGia — m1gGia — magHi2 — mo1Gia — mag Ho

asvm o~ (=1)"%(2r2 + 1) cosh(Aa)
His — mauG
+ maozHiz — masGra) + a2 Z Aj cosh(Aja)

ro=0

e (x5 4+ iwr ) (1 + 237)2) et (xg + iwy) (1 + 247)2) ]

© @ DU e+ D] @+ e (e + D?)]
2vas o= [1 — (=1)" cos(Q2a)]

+ TQZ:O cos(Q2a)

X

et (25 — jwg) (1 + x57)2 et (26 — jwg) (1 + wgT)? ] }
(@3 + wd)[(+ (w57 + 1)) (25 + wi)[(l + (w67 + 1)?)]
co [1—(=1)""cosh Xa]sinhYa ¢

D T . ,T1TS
> O - (—1)n
+ a? Tl:orlsln( a ){I/X2 Y cosh XacoshYa + 1/[ (=1)"]

" sinh Q1a ettt st 4c, i (=1)"  sinh(4;a)
cos Qra(ry — xs) | x7 T8 T (2r9 + 1) Ay cosh(Aja)
y et (1 + z37)? et (1 4+ my7)?
1‘3[[—1— (1 +.T37‘)2] .%'4[[4— (1+$47’)2]
_ @ i (_1)’/‘2 []‘ B (_]‘)Tl COS(QQCL)] e-'EBt(l + ‘T5T)2
a = Q3 cos(Q2a) ws[l + (14 a57)?
et (14 w67)? 20 = 1= (=17 . nmm
Ml e ] | e D S
" cY sinh(Ya) ¢ sinh Q1a et B est
vX2cosh(Ya) v L cos Qra(z7 — xg) | 7 s
B com? i (2ry +1)2 | %1 + z57)2 et (1 4 wg7)?
a® = Q3 w5l + (1 +a57)?]  we[l + (1 + 267)?]

67



Mahesha, B.J.Gireesha, G.K.Ramesh and C.S.Bagewadi -Unsteady Flow...

+

X

2l X o TS
pe E r{ cos( , )
r1=0

{ [(Gl cos(wit) — Hy sin(wit) + i(Gy sin(wit) + choswlt)] o
(y3 + 23)(ct + 3)(c3 + CF)
oy (1) [(Gg cos(wit) — Hasin(wit) + i(Ge sin(wit) + Ha cos(wlt)]
(U5 + 23)(c5 + C)
ai[l — (=1)" cos(Q1a)] lezlt(:cl +iw) et (xg + iwl)]
cos(Q1a)(x1 — x2)

x% + w% x% + w%
et (23 + jwy ) (1 + 237)?
(23 +w)[(1 + (z37 +1)?)]

avm cosh(4;a)

—1)"2
a? 2 (=1) (2T2+1)A%cosh(A1a)

ro=0

"t (g + iwy) (1 + 247)? ]
@+ WD+ (a7 + D]
o [(Gg cos(wat) — Hg sin(weat) + i(Hs cos(wat) — G Sin(wgt)]
(y7 + 27)(c8 + §)(cF + CF)
an(—1)" [(G4cosw2t + Hy sin(wat) + i(Hy4 cos(wat) — Gy sin(wgt)]
(7 + 27)(cF + CF)
as[l — (—=1)" cos(Q1a)] lezlt(xl —iwy) et (29 — iwg)]
cos(Qra)(xy — x2)

x%—kw% a:%—i—w%

AoV v cosh(4;a) et (zg — jws) (1 + 237)?)
2 2 Vet ) e l(wé T u)[(+ (as7 + 1)2)]

ro=0

(23 + wd)[(l + (a7 + 1)?)] a
{co [1 — (=1)"cosh(Xa)]cosh(Ya) ¢y [1—(—=1)"] cosh(Qia

T4t o 1 2 2 2 o]
o || 25 o
1

vX2Y? cosh(Xa)cosh(Ya) v Q2 cosh(Q1a) (x7 — x3)
1 Lo [1= (=)™ cos(@a)] [ ]

v Q3 cosh(Qra) (w1 — x2)
dco = (=1)  cosh(Aja) [ et (1 + x37)?

Ty ia Iy x2

T (2rg + 1) A2 cosh(Aya) |z3[l + (1 + z37)2]

ro=0

el =2 57 e - s [12]

x4l + (1 + x47)?] a a

r1=0

¢ c 1 €x7t emgt a .
02 +22 — - 1,u2 [G5 coswit — Hs sinwy t
vX v (7 —x8) | x7 €8 ci+ ¢35

68



Mahesha, B.J.Gireesha, G.K.Ramesh and C.S.Bagewadi -Unsteady Flow...

2 (%)
a1V

+ i(Hscoswit + Gssinwit)] + 53 (2ry +1)2
a
ro=0
[ ) (b asn)®) et )1 a)?
(@3 + w)[(l + (237 + 1)?)] (2 + w)[( + (247 + 1)?)]
+ % [G cos wat + Hg sin wat + i( Hg cos wat — G sin wat)]
cs + ¢
2 0 3t 2 ;
QU 5 . [(@2ro+41D)ws] | €31 + x37)* (23 + tw;)
+ (2rg + 1)“sin [
2a3 = 2a xg[l + (1 4 x37)?]
N e (1 + 247)2 (24 + fw1) coppsinh(Xa)  2cou | €*3t(1 + z37)?
gl + (1 4 247)2] vX cosh(Xa) a |x3[l+ (1+x37)?
N et (1 + x47)?
gl + (1 + 247)?]
D_,, = —D(sa)
where
g+ qrwiT? + wilt _wy +wil 4 wiT? _ $ Y1+ /Y + 23
no= v(1 + wir?) T L wir?) v2 = 2 ’

B J —y1 +\/yi + 23 B wia? + wila® + ricvwit + wia®r
2= 2 BT va?(1+ wit?) ’
B cra’v + T%7T2V + crz/a272w% + w%la27' + T‘%?T2Vw%7'2
¥ = va?(1 + wir?) ’

\ly3+\/y§+z§ J—y3+\/y§+23,
Yqa = — =, R4 =

c1 = cosh(yaa) cos(z2a),

2 2 ’
ca = sinh(ysa)sin(z2a), c¢3 = cosh(ysa)cos(z4a), ¢4 = sinh(ysa)sin(z4a),
dy = cosh(yan)cos(z4n), do =sin(ysn)sin(zq4n), e = diys — dazs,
ea = doys+diz3, e3=cic3 —CaCs, €4 =CaC3+cC1C4, @1 = e1e3 + ezey,
¢o = eieq —eze3, B3 =eic3+eacs, ¢4 =eicy —escs, by =a’T,
—by + \/b% — 4b1b3
by = calvr +a®+1a®+ 7’%7‘(’21/7', by = c,a’v + T%TF2V, T = 5 ,
1
B —by — \/b% — 4b1b3 2 r2m? 7 o
T2 = ) Ql — T 9 Ql - T b4 =4a T,
2b; a? a

69



Mahesha, B.J.Gireesha, G.K.Ramesh and C.S.Bagewadi -Unsteady Flow...

bs = 4da’c,ur +4a® + 40?1+ (2ry + V) 7ur, b = 4epa’v + (2r + 1) 7%y,

2 2
—bs + /b2 — dbybg b —bs — /b2 — dbybg b — dar
20, ’ 2b,4 ’ ’

A — \/r%wQ (2rg + 1)%m2

r3 =

— . by = (2ry + 1)27%v + depa®v + 4rincy,

a? 4a?
bs = 4ca’vr +4a® + 40Pl + dritiur + (20 4+ 1)%0PuT,
b+ \/ b3 — 4b7bg b \/ b3 — 4b7bg _wy + wol + wiT?
o= 20, 6T 20, ST T i)
U+ qrwiT? + wilt Qs = \/T%WQ n (2ro 4+ 1)272
ys + /Y3 + 23 —ys + \/¥3 + 2 yr+yE + 2
Y6 = 5 s A6~ y Y=\ T
2 2 2
crva® + r%7r21/ + crngTzaQ + w%laQT + 7“%7721/10%7'2
yr = )

va?(1 + w3t?)

\l —yr /Y + 7
28 =
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c¢; = cosh(yga)cos(zsa), cg = sinh(ysa)sin(zsa), ds = cosh(ysn) cos(zsn),
dy = sinh(ysn)sin(zsn), es = dsyr —dszr, eg = dayr + dzzy,
€7 = C5Cr —CeC8, €8 = CeC7 +C5C8, @5 = €567 + €€, (Pg = €ger — €5es,

/ 2
r{T
1
¢7 = escr+epcs, P =escr —escs, X =+vCp, Y =\lc, + 2 bio =1,

—b11 + /b3 — 4b1ob12

b1 = cquvr+1+4+1l, bis=cv, x7=

2b19 7
—by1 — /b3, — 4b1ob12
8 = 2;1 , ds = cosh(ya2s) cos(z2s), dg = sinh(yss)sin(z2s),
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gZ59 = d5C1 + dGCQ, (]510 = 62d5 — C1d6, d7 = COSh(yGS) COS(ZGS),

dgs = sinh(yes)sin(zes), @11 = dyes +dges, P12 = dges — drc,
P13 = P1+wiTP2, P14 = P2 —wi1TP1, P15 = P3+W1TPs, P16 = P4 — WI1TP3,
d17 = G5 — PewaT, @18 = P + PswaT, P19 = Q7 — PgWaT, P20 = P8 + PrwaT,
P21 = P9+ ProwiT, @22 = P10 — PoW1IT, P23 = P11 — P12WaT,
G214 = Q12+ Gr1waT, M1 =yY3ys, M2 = Y3z4, M3 = 23Y4, M4 = 2324, M5 = Y3C3,
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me = 23C3, M7 =1Y3C4, Mg = 23C4, M9 = C4Y3Y4, M10 = C4Y324,

mi1 = C423Y4, M12 = C42324, M13 = Y7Ys, Mi4 = Y128, Mi5 = 27Y8,

mie = 2728, M1t = CTYryYs, TMMi18 = CrYrzg, MM19 = Cr27Ys, MM20 = CTZ7Z8,

m21 = C8Yrys, MM22 = C8Yrzg, M23 = C827Ys, 124 = C82728, 125 = C1Y2,

Mo = C1z2, Moy = C2Y2, Mg = C222, M29 = C5Ye, MM30 = C5%26, MM31 = C6Y6,

m32 = Cg26, P1 = C1C2 — C2C4, P2 = C2C3+C1C4, P3 = C5C7 — C6C8,
ps = cgcr+cscs,  Hip = cosh(yga) cos(z4a), Hiz = sinh(ysa) cos(zga),

Hi3 = sinh(y2a)cos(z2a), His = sinh(yes) cos(zgs), Gi11 = cosh(ysa)sin(zsa),

Gi12 = cosh(ysa)sin(zga), Gi3 = cosh(yas)sin(z2s), G4 = cosh(yss)sin(zss),
G1 = cse3ys — cae323 + caeqys + czeqzs, Hi = czeqys — caeqz3 — coe3ys — czeszs,
Gy = C3ys — cacszs + ciys + cscazs, Ha = cyci — cizz — c3cays — C3Caz3,

G3 = creryr — cgerzy + cgegyr + cregzr, Hg = cgeryr + crerzr — cresyr + cgegzr,
Gy = cacryr — cacszr + cacsyr + creszr,  Hy = cresyr + cizr — eresyr + cazr,

Gs = ¢5, Hs=01y, Gs=d¢1,, Hs= ¢y
5.CONCLUSION

Figures 3 and 5 show the velocity profiles for the fluid and dust particles, which
are paraboloid in nature. From these it is observed that the flow of fluid particles is
parallel to that of dust. Also the velocity of both fluid and dust particles, which are
nearer to the axis of flow, move with the greater velocity. One can observe that the
appreciable effect of Number density of the dust particles of both fluid and dust i.e.,
as NN increases velocities of both the phases decreases. Further observation shows
that if the dust is very fine i.e., mass of the dust particles is negligibly small then the
relaxation time of dust particle decreases and ultimately as 7 — 0 the velocities of
fluid and dust particles will be the same. Also it is evident from the graphs that as
time t increases the velocity of both the phases decreases ultimately for large time
t the velocity becomes zero.
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Figure-4: Variation of dust velocity with s and n (for t =0.1 & ¢t =10.2)
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Figure-5: Variation of fluid velocity with s and n (for N = 0.25 & N = 0.5)

72



Mahesha, B.J.Gireesha, G.K.Ramesh and C.S.Bagewadi -Unsteady Flow...

ust Phase Velocity
s
S o S
S 3 3

=3

&-

%)
=3
S

Dust Phase Velocity

ES
S
=3

600

Figure-6: Variation of dust velocity with s and n (for N =0.25 & N =0.5)
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