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ON SOME CLASSES OF MEROMORPHIC FUNCTIONS DEFINED
BY A MULTIPLIER TRANSFORMATION

ALINA TOTOI

ABSTRACT. For p € N* let 3, denote the class of meromorphic functions of the
a_ )
form g(z) = —f +ag+arz+---, 2 € U, a_p, # 0. In the present paper we introduce
z

some new subclasses of the class ¥, denoted by X5 () and XS] ) (v, §), which
are defined by a multiplier transformation, and we study some properties of these
subclasses.
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1. INTRODUCTION AND PRELIMINARIES

Let U = {z € C : |z| < 1} be the unit disc in the complex plane, U = U \ {0},
H{U)={f:U — C: fis holomorphicin U}, Z = {...—1,0,1,...},N={0,1,2,...}
and N* = N\ {0}.

For p € N* let ¥, denote the class of meromorphic functions in U of the form

g(z)zi;pp+ao+a12+---,zEU,a,pyéO,

We will also use the following notations:
Ypo={9€X, ap=1},

. 29'(2)
Yo(a) =49€%,:Re |~ o) >a, z € Uy, where a < p,

29'(2)

Yp(a,0) =g €, :a<Re|— e <6,z€ U, where a < p <9,
Hla,n]={f € HU) : f(2) = a+ apz" + api12" ' + ...} for a € C, n € N*,
Ay ={f € HU): f(2) = 2+ ans12" + ap122"2 + ...}, n € N*, and for n = 1
we denote A; by A and this set is called the class of analytic functions normalized
at the origin.
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A. Totoi - Meromorphic functions defined by a multiplier transformation

We know that X7 («) is the class of meromorphic starlike functions of order «,
when 0 < a < 1.
Forn € Z, p € N*, A € C with Re A > p, let the operator J;’A on Y, be defined

n a— = A—p\"
Jprg(2) = Z—pp + kzo <k:+>\) arz®, where g(z) = —2 + Zakz

Let p € N*, A € C with Re A > p. We have:

as

_ 1 A
1. Jpj\g(z) = ﬂzg/(z) + ﬂg(z), geE,

2. J)\9(2) = g(2), g € Ep,

A=p [7
3. T30 =252 [0 g0 = Ja(0)), 9 €

4. If g € ¥, with J7'\g € 3y, then J7%(J)'\g) = J)\™g, for m,n € Z.

Remark 1. Let p € N* and A € C with Re A > p. We know from [7] that if g € 3,
then Jj, z(9) € Xp, hence, using item 4 and the induction, we obtain

Jyrg € %) for all n € N*.

We notice from item 1 that for g € ¥, we have Jp_jg € Xp, SO
Jz;j\lg € X, foralln e N
Therefore, for n € Z, p € N*, A € C with Re A > p, we have J7, : ¥ — %,
Now it is easy to see that we have the next properties for Jg; »» When Re A > p:

LI (I g(2) = T g(2), nom € Z, g € 5,

o

w

7 +92)( ) = Jpag1(2) + I a92(2), for g1,92 € Xy, n € Z,

Al
( "9(2)) = J;ZL)\(J;,Yg(z)), n,m € Z, g€ X, Rey>p,
o
oalcg)(z) = cJlyg(2), c€ C*, n € Z,

ot

CIpa(2g(2) = 2(J)9(2) = (A —p)J]Z;lg(Z) —AJJy9(2), nEZ, g €y
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A. Totoi - Meromorphic functions defined by a multiplier transformation

Remark 2. 1. When A =2 and p = 1, we have

o0

a— -n
Jia9(2) = 71 + Z(k + 2)"a 2",
k=0

and this operator was studied by Cho and Kim [1] for n € Z and by Uralegaddi
and Somanatha [8] for n < 0.

2. We also have
22Jﬁ29(2) = D"(2%g(2)), g € L1,

where D" is the well-known Salagean differential operator of order n [5], de-

fined by D" f(z) = z + anakzk, f(z)=z+ Zakzk .
k=2 k=2

3. Jp\ is an extension to the meromorphic functions of the operator K}, defined
on A(p) = {f €HU): f(z) =2+ Z ap+nzp+"}, introduced in [6]. Also,
n=1
for n > 0 we find that K} is the Komatu linear operator, defined in [2].

4. It is easy to see that for n > 0, Jﬁ)\ is an integral operator while J;;:‘ is a

differential operator with the property J; {'(J},9(2)) = g(z).

Lemma 1. [7]/ Let n € N*, a, 8 € R, v € C with Rey —af > 0. If P € H[P(0),n]
with P(0) € R and P(0) > «, then we have

2P'(2) ]
Re |[P(z) + —————| >a=ReP(z) >a, z € U.
=) v — BP(z) )
Definition 1. /3, pg. 46/, [4, pg. 228] Let ¢ € C with Rec > 0 and n € N*. We
consider
n 2Rec
n=Cnlc) = =— 1 I .
Cp, = Cy(c) Roc e[/ 1+ - +Ime
. ) S 2C,z
If the univalent function R : U — C is given by R(z) = 1.2 then we denote
-z

by R.n the ”"Open Door” function, defined as

B 24b\ (z—f—b)(l-}-i)z)

where b= R~(c).
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A. Totoi - Meromorphic functions defined by a multiplier transformation

Theorem 1. [7] Let p € N*, &, ¢ € H[l,p| with ®(z)p(z) # 0,z € U. Let

a,B,v,0 € C with § # 0,5 +pB = v+ pa and Re(y —pB) > 0. Let g € %,
and suppose that

2g'(z) | 2¢'(2)

+ 4 < R(;_payp(z).

o) e
IfG = J}f;)fﬂ,%&(g) is defined by
6() = I s0)e) = | 23l [ ettt 0

then G € ¥, with 2’G(z) #0, z € U, and

2G'(z)  2P/(2)
G(z)  @(2)

All powers in (1) are principal ones.

Re [ﬁ +7}>0,26U.

Taking 8 = a = 1,0 = v, ® = ¢ = 1, in the above theorem, and using the

notation J, y instead of Jpljllvlmv’ we obtain the corollary:

Corollary 1. Letp € N*, v € C with Rey > p and let the function g € X, satisfying
the condition

zg'(2)
+v<R,_pp(2), z€U.

g<z) Y Y I%P( )

Then .
_ =P v—1
G(2) = Jpy(9)(2) = — ; g)t" ™ dt € 5y,
!

with 2P G(2) £ 0, z € U, and Re {’y n ZS(S)] >0, z€U.

2. MAIN RESULTS

Definition 2. Forpe N* ne Z, A€ C, ReA > p and a < p < § we define

/
£S5 (a) 5, Re |- (ra0) U
a)=49¢€ Re | ———7<—| >0, 2¢€ ,
p’)\ P Jp7)\g(z)

/

. z (J;Ag(z))
NS)a(,0) = ¢ g €N, a<Re _W <6, zeU

p7
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A. Totoi - Meromorphic functions defined by a multiplier transformation

Remark 3. 1. We have g € X57, (o) if and only if J}',g € X} (a), respectively
g € X570, (a,6) if and only if J7yg € ¥7(a, ).

2. Using the equality z(J}',g(2))" = (A —p)Jgglg(z) —AJ}9(2), we can easy see
that for Re A > p the condition

/
z (J;l,)\g(z)>
a<Re |-——"—| <6,z€U,
Jp)\g(z)
is equivalent to
Ty ta(z)
ReA—d<Re |[(A\—p)25——| <ReA—a, z€U. (2)

Jp)\g(z)

3. We have
28D (@, 6) = S (e, 6),

A—p [ \_ .
25;7)\(@75) = {g €X,:G(z) = Z/\/O M g(t)dt e Zp(a,d)} .

The following theorem gives us a connection between the sets X5 y(o) and
ESg’Xl(a), respectively between X5, (c, d) and ESI’;l(a, J).

Theorem 2. Letp e N*, n € Z, A € C withReA >p, a <p <d and g € 3. Then

g €52\ (a) & Jpa(g) € B85 o),

respectively
g € B (@,8) & Jpa(9) € B85, 6),

)\ _ 4
where Jp \(9)(2) = Z}\p/o Mg (t)dt.

Proof . We know that g € £S5, (a,d) is equivalent to Jj'\g € ¥i(a,d). Since

Jprg = Jz’z;l(J;Ag), we have J;fgl(J;%\g) € ¥7(a,d), which is equivalent to

Tpalg) € B850 (a,6).
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A. Totoi - Meromorphic functions defined by a multiplier transformation

Since JI},)\(g) = JpA(g), we obtain Jy, (g) € ES;;l(a, 0). Therefore,
g €IS\ (a,6) & Jyalg) € B (e, 6).

The proof for the first equivalence is similar, so we omit it.

A corollary presented in [7] holds that:
Corollary 2. [7] Letp € N*, v € C and a <p <§ < Ren. If g € ¥)(a,0), then

G = Jp(9) € Tpa, ).

Theorem 3. Let p € N* n € Z,\,v € C with ReXA > p and a < p < § < Ren.
Then
g€ ES;A(Q,d) = Jp(9) € 25’;/\(04,(5).

Proof . Because g € £S5 («, §) we have J '\ (9) € X} (v, ), hence, from Corollary 2,
we obtain

T (Ipa(9)) € Tp(a, 0).

Using the fact that J;ﬁ( oa(9)) = J;},)\(J;,w(g))v where Jgﬁ(g) = Jp~(9), we obtain
Jor(Ipry(9)) € Ep(a, ),

p,

which is equivalent to J,(g) € 5] (e ).

Corollary 3. Letn € Z,pe N* A€ C and a <p < J < Re. Then we have

B8y, 8) € B a, 6).

Proof . Let g € X5}, (,6). Takingy = A in Theorem 3 we have Jj, \(9) € LS}, («, 9),

which, from Theorem 2, is equivalent to g € ZS;”/{l(m ). And the result follows.
O
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A. Totoi - Meromorphic functions defined by a multiplier transformation

A theorem presented in [7] holds that:

Theorem 4. /7/Letp€N*,ﬂ>O,’y€(Canda<p<R;7§5.

If g € ¥(a, §), with
29'(2)
g
9(2)
then G = Jp 3,(g9) € X5(a,9).

+9 < Ry_pgp(2), €U,

Using this theorem, for 8 = 1, we get the next result.

Theorem 5. Letn € Z, p € N*, \,v € C with Re\A >p and a <p < Rey < 4. If
g € BSp\(a,0) and satisfies the condition

2 [0
T@))

then Jp5(g9) € BS)\(a,9).

+v<Ry_pp(2),z€Ul,

We omit the proof because it is similar with that of Theorem 3.
If we consider in Theorem 5 that § — oo we get:

Theorem 6. Letn € Z,p € N* A,y € C with ReXA > p and o < p < Re~. If
g € XS \(a) and satisfies the condition

2 [0
@)

then Jp,(g9) € S} ().

+v < Ry_pp(2), z €U,

Theorem 7. Let n € N;p € N*  \)y € C and o« < p < Rey < ReX < 6. If
h € ¥5) (v, 6) and satisfies the condition

zh (2)
h(z)

+v < Ry_pp(z), z €U,
then Jp(h) € 5]\ (v, 6).
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A. Totoi - Meromorphic functions defined by a multiplier transformation

Proof . Let us denote H = J,, ,(h). Because the conditions of Corollary 1 are full-
filled, we have H € ¥, with 2P H(z) # 0, z € U, and

[

+7}>0,zeU. (3)

2H'(2)
H{(z)
Using now Corollary 1, we have J, x\H € ¥, with 2P.J, \H(z) # 0, z € U, and

2(JpaH)'(2)
fe [ JpaH (2)

Since Rey < Re A, we obtain from (3) that Re [ + )\} >0,z€eU.

+)\]>0,zeU.

By induction, we obtain szIZAH(z) #0,z€ U, and

S ) (2) )

Re
J;},,\H(Z)

>0,zeU. (4)

Since Re A < 4§, we get from (4) that

. [_zu;%AH)'(z)

N (E) ] <d,zeU. (5)

From the definition of H we have
vH(2) +zH'(z) = (v = p)h(2), 2 € U. (6)
We apply the operator Jya to (6) and after using the properties of Jpy \» we obtain
(7 = PIIEAR(2) = Y IEAH () + 2(J2AH (). (7)

From h € 35, (a, d), we have

a < Re

2(Jyah(2))
_ 7J£Ah(z) ] < 4,

which is equivalent to (see Remark 3, item 2)

J 1 h(z)

(A —p)22

ReA— 9 < Re —
JiAh(z)

< Rel—a. (8)
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A. Totoi - Meromorphic functions defined by a multiplier transformation

From (7), we have

I h(z) — _p)’yJ;i;lH(z)+z(J;f;1H(z))’.
Jpah(z) VI H (2) + 2(J) H(2))

(A—p)

z(JI H(z))

Let us denote P(z) = L . Using the fact that

Jp,/\H(Z)

2(JpaH(2)) = (A= p)Jyy H(2) = M\ H(2)
we obtain
P = =N ey
2)=P—A)— 7 tA 2z U
Jp,)\H(Z)

Hence

TSVH(2)  P(z)— A

- = (10)
JyAH (2) p—A
If we apply the logarithmic differential to (10), we get
dLa H(Z) (g H(Z)  2P(2)
J;;lH(z) JrH(z) P(z) =\’
S0,
2(J' T H(2)) !
w:f (Z)+L(Z). (11)
o\ H(z) P(z)— A
Using (10) and (11) we obtain from (9),
- (5 H(2))
o )J;;lh(z) ( )J;;lH(z) JoH(2)
—P) =A=P)7 ' n =
Iy h(2) JoH (2) o 2(JpH(2))
JyH(2)
2P'(z)
ENORY PR RN N S ) R
p=A 7= P(2) P(z) =y
From (8) and (12), we get
2P'(z)
ReA—3d <Re [A—P(2) + < ReX —q,
N e
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A. Totoi - Meromorphic functions defined by a multiplier transformation

which is equivalent to

2P'(2)
7= P(2)

Because we know from (5) that Re P(z) < ¢, z € U, we have only to verify that
Re P(z) > a, z € U. To show this we will use Lemma 1.

We know that J', H € ¥, and since we have proved that sz;f)\H(z) #0,z€eU,
we get that P is analytic in U. We also have Rey —a > 0 and P(0) = p > «. Since
the hypothesis of Lemma 1 is fulfilled for 8 = 1, we obtain Re P(z) > «, z € U,
which is equivalent to

a<Re |P(z)+ < 0. (13)

—W] >a, ze U (14)

Re
JaH(2)

Since H € ), we get from (5) and (14) that H € X5, («,9).

If we consider v = A, in the above theorem, we obtain:

Corollary 4. Letn € N, p e N*, A € C and h € £S5}, (v, 0) with o <p <ReX <.

If
zh (2)

h(z)
Then Jyx(h) € S} (e, 0).

+ A< Ry_pp(2), z€U.

Taking n = 0 in Corollary 4, we get:

Corollary 5. Letpe N*, A€ C and a <p <ReA < 0. If h € X3(a, 6) with

zh (z)
h(z)

+A<Ry_pp(2), z €U,

then JpA(h) € X7(a, ).

If in Corollary 5 we consider 0 — oo we have the next result:
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A. Totoi - Meromorphic functions defined by a multiplier transformation

Corollary 6. Let p e N, A€ C and a <p < Re\. If h € ¥} (a) with

zh (z)
h(z)

+A<Ry_pp(2), z €U,

then Jy z(h) € X5 ().
We remark that Corollary 5 and Corollary 6 were also obtained in [7].

Theorem 8. Letn € Z,p € N*, A,y € C with ReA > p and o < p < Rey. If
g € B8y \(a) with Jp,(J7,(9)(2)) # 0, z € U, then

Ip~(9) € BS) \(a).

Proof . Let G = Jp,,(g9). We know from Remark 1 that if g € ¥, and Rey > p,
then G € X,,.
- (3,6

2(J0\G(z

P(z)= Ty
JiaG(2)

We have J7\(G) = J7\(Jpy(9)) = Jpr(J)4(9)) # 0 in U. So Pe H(U).
Making some calculations, similar to those from the proof of Theorem 7, we get:

2(Jpag(2)" e 2P
Tral - PO TGy

From g € X5\ (a) we have

ze U

2(J%, g(2))
_<nw<»]>%zea

Re
Jg)\g(z)

which is equivalent to
2P'(2)
v —P(2)

Since P € H(U) with P(0) = p > « and Revy > «, we have from Lemma 1 (when
B =1) that Re P(z) > a, z € U, hence

Re [P(z)+ ]>a,z€U.

G = Jpy(9) € LSy ().
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A. Totoi - Meromorphic functions defined by a multiplier transformation

Taking n = 0 and A =  in the above theorem we get the next corollary, which
was also obtained in [7].

Corollary 7. Let p e N*, v € C and a < p < Re~.
If g € ¥ () with 2P J, 4(g)(2) # 0, 2 € U, then Jp4(g) € Iy(a).
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