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CERTAIN DIFFERENTIAL SUPERORDINATIONS USING A
GENERALIZED SALAGEAN AND RUSCHEWEYH OPERATORS

ALB LUPAS ALINA

ABSTRACT. In the present paper we define a new operator using the generalized
Salagean and Ruscheweyh operators. Denote by DRY' the Hadamard product of
the generalized Séaldgean operator DY' and the Ruscheweyh operator R™, given
by DRy : A — A, DRY'f (2) = (DY« R™) f(2) and A, = {f € H(U), f(z) =
Z+an 12" 4. .., 2z € U} is the class of normalized analytic functions with A4; = A.
We study some differential superordinations regarding the operator DRY'.
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1. INTRODUCTION AND DEFINITIONS

Denote by U the unit disc of the complex plane U = {z € C : |z| < 1} and H(U)
the space of holomorphic functions in U.
Let
Ay ={feHU), f(z) =2+ an12" T +..., z€U}

with 4; = A and
Hla,n] = {f e HU), f(2) =a+ ap2" + any 12" +..., 2€ U}

fora € Cand n € N.

If f and g are analytic functions in U, we say that f is superordinate to g, written
g < f, if there is a function w analytic in U, with w(0) =0, |w(z)| < 1, for all z € U
such that g(z) = f(w(z)) for all z € U. If f is univalent, then g < f if and only if
f(0) = g(0) and g(U) € f(U).

Let ¢ : C> x U — C and h analytic in U. If p and ¥ (p(2), 2zp' (2);2) are
univalent in U and satisfies the (first-order) differential superordination

h(z) < ¥(p(2),2p'(2); 2), for z €U, (1)
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then p is called a solution of the differential superordination. The analytic function
q is called a subordinant of the solutions of the differential superordination, or more
simply a subordinant, if ¢ < p for all p satisfying (1). An univalent subordinant ¢
that satisfies ¢ < ¢ for all subordinants ¢ of (1) is said to be the best subordinant of
(1). The best subordinant is unique up to a rotation of U.

Definition 1 (Al Oboudi [4]) For f € A, X > 0 and m € N, the operator DY is
defined by DY' : A — A,

DYf(2) = f(2)
Dif(2) = (1=X)f(2)+X2f'(z) = DAf ()

DYf(z) = (L=NDP ™ (2) + Az (DY f () = Do (D' f (2)) . for z€U.

Remark 11If f € Aand f(2) =2+ > 72, a;z’, then DV f (2) = z +

disa [+ (7 —1) N™a;z7, for z € U.

Remark 2 For A = 1 in the above definition we obtain the Salagean differential
operator [7].

Definition 2 (Ruscheweyh [6]) For f € A, m € N, the operator R™ is defined by
R™: A — A,

R'f(z) = [(2)
R'f(z) = zf'(2)

(m+1)R™f(2) = 2(R™f(2)) +mR™f(z), zecU.

Remark 3 1If f € A, f(2) = 2+ 372, ajz?, then R™f (2) = 24372, Oy yai2,
zeU.
Definition 3 (/5]) We denote by Q the set of functions that are analytic and injective

on U\E (f), where E(f) = {¢ € 0U : limcf(z) = o0}, and f'(¢) # 0 for ¢ €

OU\E (f). The subclass of Q for which f(0) = a is denoted by Q (a).

We will use the following lemmas.

Lemma 1 (Miller and Mocanu [5]) Let h be a convex function with h(0) = a, and
let v € C\{0} be a complex number with Re v > 0. If p € Hla,n]NQ, p(z)+ %zp’(z)
s univalent in U and

h(z) < p(z) + izp’(z), for z€U,

then
q(z) <p(z), for z€U,
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where q(z 'y/n fo tW/”_ldt, for z € U. The function q is convex and is the
best subordznant
Lemma 2 (Miller and Mocanu [5]) Let q be a convex function in U and let h(z) =
q(z) + %zq’(z), for z € U, where Re v > 0.

Ifpe Hla,n]NQ, p(z) + %zp/(z) is univalent in U and

q(2) + izq’(z) < p(2) + flyzp’ (2), for z€U,

then
q(z) < p(z), for ze€U,

where q(z) = nz"f/" fo tV/” Ldt, for z € U. The function q is the best subordinant.

2. MAIN RESULTS

Definition 4 (/2]) Let A > 0 and m € N. Denote by DRY' the operator given by
the Hadamard product (the convolution product) of the generalized Salagean operator
DY and the Ruscheweyh operator R™, DRY' : A — A,

DR f(2) = (DY B™) f (2).

Remark 4 If f € Aand f(2) = 2+ 372, a;jz’, then

DRYf(2) =2+ 252,01 14 (G — 1) AN ajz/, for z € U.

Remark 5 For A = 1 we obtain the Hadamard product SR™ [1] of the Salagean
operator S™ and Ruscheweyh operator R™.

Theorem 1 Let h be a convex function h( )=1.Let \>0,m €N, f € A and sup-

pose that —“HL_DR! f (2) — m(1- DRmf( ) is univalent and (DRY' f (2))' €

(mA+1)z m)\+1
H[LINQ. If
m+ 1 m(1—M\)
h ——  — DRy ——= DRY 2
B =% Gy 13 DR )~ s DR (), for e U (2)
then
q(2) < (DRYf(2))',  for z€U,

where q(z) = n:?l fo tm_l“'%dt. The function q is convex and it is the best
subordinant.

Proof. With notation p (2) = (DR f (2)) = 1+ 2,00 L+ (= DA™

ja?zj*1 and p (0) = 1, we obtain for f(z) =2+ >, ajzd,
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p(2)+2p (2) = BEDRYYf (2) = (m— 1+ 1) (DRYf (2)) = S DR (2)
and p () + 73720 (2) = G DRI (2) - (Tn&y DRmf( ).
Evidently p € HI[1, 1].

Then (2) becomes

A

h(z) <p(z)+ A1l

p' (2), for zeU.

By using Lemma 1 for v = m + % and n = 1, we have

q(z) < p(z), for z€U, ie. q(z)<(DRYf(2)), for z€U,

1
where q(z) = mj?l OZ h(t)t™™ 1erdt The function ¢ is convex and it is the best
2MTX

subordinant.

Corollary 1 (/3]) Let h be a convex function, h(0) = 1. Let n € N, f € A
and suppose that LSR"Tf () + a7z (SR f (2 )" is univalent and (SR™f (2)) €

HL1NQ. If

1 n—+1 n "
h(z) < ZSR f(z)+ —. 1Z(SR f(z)", for ze€U, (3)
then
qa(z) < (SR"f(2))',  for z €T,
where ¢(z) = + fo t)dt. The function q is conver and it is the best subordmant

Theorem 2 Let q be convex in U and let h be defined by h (z) = q(z)+ m)\_qu "(2),

A>0,meN. If f € A, suppose that (m”}\ﬁ)zDRm“f (z) — (’:;()\1;1)‘))2

DR f (2) is univalent, (DRY'f (2))" € H[1,1] N Q and satisfies the differential su-
perordination

A , m+1

m(1— M)
mx+ 11 (2) = (mA+1)z

(mA+1)z

hz) = q(2)+ DR f (2)~ DRYf(2), (4)

for z € U, then
q(2) < (DRYf(2))',  for z €U,
where q(z m+* fo t) " L3 dt. The function q is the best subordinant.

Proof. Let p( )= (DRTf (2)) =1+ Dt Ol L4+ (= DA™ jazz =

Differentiating, we obtain p (z) + zp/ (z) = 2t DR} f (2) — (m—1+1%)-

(DR f (2)) — UM DR1f (2) and p(z) + —2gap (2) = oy DRTLF (2) —
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(m(>\+1 DRY' f(z), for z € U and (4) becomes

A 2q'(2) < p(z) + A
mA+ 11 p mA+ 1

q(z) + zp' (2), for ze€U.

Using Lemma 2 for v =m + % and n = 1, we have

1 z
q(z) < p(z), for z€ U, 1ie q(z)= m—r_l)‘ / h(t) M dE < (DRY'f (z))/,
ZmTx Jo

for z € U, and ¢ is the best subordinant.

Corollary 2 (/3]) Let q be convex in U and let h be defined by h(z) = q(z) +
zq' (2). Ifn €N, f € A, suppose that LSR"1f (2) + iz (SR f (2))" is univalent,
(SR"f (2)) € H[1,1] N Q and satisfies the differential superordination

h(z) = q(2) + 24 (2) < %SR"“f (2) + 2(SR"f(2))", for z€U, (5

n+1
then
q(2) < (SR"f(2))', for z€U,
where ¢(z) =+ fo t)dt. The function q is the best subordinant.

Theorem 3 Let h be a convez function, h(0) = 1. Let \ >0, m € N, f € A and

suppose that (DRYf (2)) is univalent and %ﬂz) eH[LINQ. If
h(z) < (DRYf (2)), for z €U, (6)
then DR™
q(z) < )‘Zf(z), for zeU,
where q(z) = 1 fo t)dt. The function q is convexr and it is the best subordinant.
Proof. Consider p (z) = DI Zf( DNERAPI= LR 12[1+(] DA™a7

1+ 3202, Cmy s 14 (5 — 1) A" a3z’ Evidently p € H[1,1].
We have p(z) + zp (2) = (DR} f (2))’, for z € U.
Then (6) becomes

h(z) < p(z) + 2p/(2), for z€U.

By using Lemma 1 for v =1 and n = 1, we have

DRY
q(z) < p(z), for zeU, ie ¢q(z)=< ’\Zf(z), for z e U,
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where ¢(z) = 1 fo t)dt. The function ¢ is convex and it is the best subordinant.
Corollary 3 ([3’]) Let h be a convex function, h(0) = 1. Let n € N, f € A and
suppose that (SR™f (2)) is univalent and SRnff(z) ceH[L1NQ. If

h(z) < (SR"f (2))', for z€U, (7)
then o
q(z) < zf(Z)7 for ze€U,
where ¢(z) = + fo t)dt. The function q is conver and it is the best subordinant.

Theorem 4 Let q be convex in U and let h be defined by h(z) = q(z) + 2¢' (2) . If
A>0,meN, f €A, suppose that (DRY'f (2))’ is univalent, Dﬁ%ﬂz) eH[L1]NQ
and satisfies the differential superordination

h(z) = q(2) +2¢' () < (DRYf (2))', for z€U, (8)
then DR™
q(z) < )‘Zf(z), for zeU,
where q(z) = 1 fo t)dt. The function q is the best subordinant.
DRY f(2) Z+ZJ,2 mtj— G- 1)/\]ma 2

Proof Let p(2) = = =

z z

1+ 3252, Cmy s [14 (5 — 1) A" a3z’ Evidently p € H[1,1].
Differentiating, we obtain p(z) + 2p/(z) = (DR} f (2))’, for z € U and (8) be-
comes
q(2) +2¢'(2) < p(z) + 2p' (z), for z€U.

Using Lemma 2 for v = 1 and n = 1, we have

1 [* DRY!
q(z) < p(z), for ze€U, ie. q(z):Z/ h(t)dt < >‘Zf(z), for z e U,
0

and ¢ is the best subordinant.
Corollary 4 ([3]) Let q be convez in U and let h be defined by h (2) = q(2)+2¢ (2).

IfneN, f e A, suppose that (SR™f (2))" is univalent, %ﬂz) e H[1,1]NQ and
satisfies the differential superordination

h(z) = q(2) + 2q (2) < (SR™f (2)), for z€U, (9)
then SR
q(z) < Zf(z)’ for zeU,
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where q(z) = 1 fo t)dt. The function q is the best subordinant.
Theorem 5 Let h(z) = % be a convex function in U, where 0 < § < 1.

Let A\ >0, m €N, f € A and suppose that (DRY' f (2))" is univalent and %ﬂz) €
HL1NQ. If

h(z) < (DRY'f (2))", for z€U, (10)
then DRm
q(z) < R)\Zf(z), for zeU,

where q is given by q(z) = 26 — 1+ 2(1 — f)——= ln(1+z , for z € U. The function q is
convex and it is the best subordinant.
Proof. Following the same steps as in the proof of Theorem and considering

p(z) = DR&Zf (z), the differential superordination (10) becomes
1+ (28— 1)z

Mz) = 1+2

< p(z) +2p/(2), for z€U.

By using Lemma 1 for v = 1 and n = 1, we have ¢(z) < p(2), i.e.,

17 L Pl -1t, 1 DR f (2)
q(z) = Z/o h(t)dt = Z/o 1——|—tdt = 2ﬁ—1+2(17ﬁ)gln(z+1) B E—

for z € U.

The function ¢ is convex and it is the best subordinant.

Theorem 6 Let h be a convex function, h(0) = 1. Let A > 0, m € N, f € A and
ZDRTT1f(2)

/
suppose that (DI%nM) is univalent and W{(;) ceH[LINQ. If

/
zDRTTf (2)
hz) < | =222 ., for z€U, 11
) ( DRYT(:) .
then o »
DRY™ f (=
< DRy el
where q(z) = 1 fo t)dt. The function q is conver and it is the best subordinant.
m41 2 ] m+1 m+1a2
Proof. Consider p (2) = DRY™ J(z) _ M Cmﬂ A4+G—DA =

DRf\”f(z) Z+ZJ 9 m+] TA+HG-DA™ af 2.7

1+z;’°20213[1+<a DA™ Padz

]‘+EJ 2 m+] G- ZJ L

Evidently p € H[1,1].
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(DR (=) (2) - (DRYf(2))

We have p' (2) = 5y "DRYT(z) -

ZDRm+1 2 !
Then p (z) + zp’ (2) = (DRATJ‘(J;S)> ’
Then (11) becomes
h(z) < p(z) +2p'(2), for z€U.

By using Lemma 1 for v =1 and n = 1, we have

DRy (2)
q(z) < p(z), for ze U, ie. q(z -<)‘m7, for z €U,
() < p(2) &)= Barr
where ¢(z) = 1 fo t)dt. The function ¢ is convex and it is the best subordinant.
Corollary 5 ([3]) Let h be a conver function, h(0) = 1. Let n € N, f € A and

" /
suppose that (%) is univalent and W(()Z) eH[L,1]NQ. If

ZSRYLf(2))
h —_— U. 12
O« (Er ) g cev (12)
then SR (2)
" z
_— U
q(z) < SR (2) for z €U,
where q(z) = 1 fo t)dt. The function q is convex and it is the best subordinant.
Theorem 7 Let q be convex in U and let h be defined by h(z) = q(z) + 2q ().
/

m—+1 m—+1
If x>0, meN, fe A, suppose that <W) is univalent, % €

HI[1,1]NQ and satisfies the differential superordination

DRm—‘rl !
h(Z) = q(Z) =+ Zq/ (Z) =< (W) N fOT‘ z € U, (13)
then " )
DRY™ f (2
q(Z) < W, fOT S U,
where q(z) = 1 fo t)dt. The function q is the best subordinant.
m-+1 P m—+1 m+1a2z
P?"OOf. Let p(Z) _ DR, f(2) _ +>5 Cm+g [1+(— 1))\] j ] _

DR;\n‘f(Z) Z+Z]_2 m+] 1[1_;’_(]_1))\]7”(1?2]

L+ 52, O I+ (G- N ™ a229 !
143252, Oy [T+ =A™ zJ 1

Evidently p € H[1,1].
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m+1 !
Differentiating, we obtain p(z) + 2p/(2) = (W) , for 2 € U and (13)
A

becomes
q(z) + 2¢'(z) < p(z) + 2p' (2), for z€U.

Using Lemma 2 for v =1 and n = 1, we have

1

z m+1 P
q(z) < p(2), for z€ U, ie q(z)= /0 h(t)dt < DRY™ [ (2)

—=———~ for z€U,
DRY f (2)

z

and q is the best subordinant.
Corollary 6 (/3]) Let q be convex in U and let h be defined by h (2) = q (2)+24¢ (2).

IfneN, f e A, suppose that (%W) s univalent, %;(()Z) e H[L1NQ

and satisfies the differential superordination

SRt !
h(z) = q(2) + 2z¢ (2) < (W) , for z€eU, (14)
then SRUHF(2)
R" z
q(Z) < W, fO'f’ S U,
where q(z) = 1 fo t)dt. The function q is the best subordinant.
Theorem 8 Let h(z) = % be a convex function in U, where 0 < 8 < 1. Let

m—+1 / m+1
A>0,meN, fe A and suppose that <W> is univalent, Dgﬁ;”ifé)@ €

HI[L,1NQ. If

:DRTf(2))
h(Z) < (W) 5 fOT' zZ € U, (15)
then _
q(z) < DR /(%) for zeU,

DRy f(2) '

where q is given by q(z) = 26 —1+2(1 — 3) IH(HZ , for z € U. The function q is
convex and it is the best subordinant.
Proof. Following the same steps as in the proof of Theorem and considering

m—+1
p(z) = %, the differential superordination (15) becomes

1—|—(2ﬂ—1)z<

h(z) = T2 p(2) + 2p'(z), for zeU.
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By using Lemma 1 for v = 1 and n = 1, we have ¢(z) < p(2), i.e.,

DRy f (2)

1 N A it Y TP 3 (s Phy J#)
q(z) = /Oh(t)dt_ /0 dt = 26-1+2(1-F) In(=+1) < DR ()

z z 1+¢

for z € U.
The function ¢ is convex and it is the best subordinant.
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