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ON A CLASS OF FAMILY OF BAZILEVIC FUNCTIONS

OLADIPO A. T. AND DANIEL BREAZ

ABSTRACT.In this paper the author introduce and study a more generalized class of the
family of Bazilevic functions by using derivative operator under which we consider coefficient
inequalities, inclusion relation, extremal problem, and coefficient bounds. The consequences
of parametrics are also discussed.
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1. INTRODUCTION AND PRELIMINARIES

Let A be the class of function f(z) analytic in the unit disk U = {z: |2| < 1} and of the
form

f(z):z—FZakzk. (1)
k=2

For function f € A, we consider the differential operator I"™ (), 1) introduced and studied by
Catag et al in [9].
We define according to [9] the following derivative operator I (A1) : A — A as follows

"D f(2) = f(2)

(1= X+1)
141

I'ODF() = IADF(2) = P D (2) LMD =@

- 1+Aw—1yu> k
z—i—Z( agz
~ 1+1
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(1= X+1)
141

> 1+A%—1%H)2 .
z+z< arz
s 1+1

PO f(z) =TI\ Df(2)

and in general,

1+ Ak —1)+1

T > apz®, me No,A>0,1>0. (4)

IS = TN 016 =+ 3 (
k=2

Using the operator above we give the definition of a more larger and generalized class of

family of Bazilevic functions as follows:

Definition 1.1. Let T2 (A, 5,7,1) denote the subclass of A consisting of functions f(z)

which satisfy the inequality

O\ D f () O ()"
m m - + ﬁ (5
<1+>\(1o¢+7ll)+l) jos <1+>\(1a+7ll)+l) o )

for some A >0,1>0,a>0,0<8<1,v>0,mée Nyg=1{0,1,2,...} and all the index meant
principal determination only.

Base on the above Definition 1.1, we have the following remark to make.

Remark A: (i). For v =0 in (5) we have

A Df(=)"

€
1+x(a—1)+1\" o
I+

> B

that is, f € T2 (A, 3,0,1) which is a complete new class of Bazilevic functions and it shall
be included as a corollary in the result presented in this paper.
(ii). For v = 0,1 = 0 in (5) we have

I\ 0)f(2)"
(14 XMa—1))mz

DY f(2)”
14+ Ao —1))mz

Re > (< Re > [
where DY is the Al-Oboudi derivative operator and f € T)% (A, 5,0, 0) which is also new and
it shall be treated as a corollary in this work.

iii.For y =0,l =0,A =1 in (5)we have
TULOSE" L D)

amzo amzo

R > 3

which is the class of functions studied in [2,3]. That is,f € T2 (1,3,0,0) = T2(5)
(iv). Forv=0,l=0,A=1,8=01in (5) we have

I (L0)f()°

ZO(

R >0« Re >0

D™ f(z)”
ZOé
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which is the class of functions studied by Abduhalim in [1] and D™ is the S&lagean derivative
operator see [5]. That is f € T.%(1,0,0,0) = T2(0) = B, ()
(v). Fory=0,l=0,A=1,6=0,m=0,a0=11n (5) we have

1°(1,0

LOSE) g o )
z z
which is the class of functions studied by Yamaguchi in [6]. That is, f € Tg(1,0,0,0) = T4 (0).
(vi). Fory=0,l=0,A=1,6=0,m =1, in (5) we have

Il 1 « Dl « /I ra—1
(’gf@)>O>Re£@0>0¢¢Re{azi£}>O

«

Re >0< >0

Re

The functions with this property belongs in the class Bj(a).
The class of Bazilevic functions that was studied by Singh in [4].
(vii). Fory=0,l=0,A=1,0<8<1,m=0,a=1in (5) we have

1°01,0)/(2)

R >,

the class of functions studied in [11].
(viii). Fory=0,1=0,A=1,6=0,m =1, =1 in (5) we have

THLO()

z

R >0,

the class of functions studied in [10].

The motivation for this present paper is that many works have been done on the various
classes of Bazilevic functions with several different perspectives of study, but it is surprising
that authors are not really interested in the aspect of their coefficient inequalities and coef-
ficient bounds, our thinking of reasoning for this, is likely to be associated with the problem
the index alpha may likely pose, especially, when « > 1. This paper is designed to address
this problem and to add up to the few existing literatures in this direction.

For the purpose of simplicity and clearity we wish to state the following, that is from (1) we
can write that

(f(z)" = <Z +> akZ’“) : (6)
k=2

Using binomial expansion on (6) we have
(FE)" =2+ 3 ax(a)z ™ (7)
k=2

We know from Definition 1.1 that all the index are meant principal determination only.
Therefore, the coefficients aj, shall depend so much on the parameter . On applying Catas
et al derivative operator on (7) we obtain

Im(A7 l)f(z)ot — (l—i_)\(la_'__ll)—’—l) Zoc + Z (1 + )\(al—:_kl— 2) + l) ak(a)za-l-k—l (8)
k=2
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where all the paprameters are as earlier defined.
2. COEFFICIENT INEQUALITIES FOR THE CLASS Tr (A, 3,7,1)

Theorem 2.1 If f(z) € A satifies

ZQ(maavﬁvA)’y7Z7 k)|ak(a)| = 2(1 - 6) (4_(10[—|—l)+)

k=2

where

Qm, o, 8, A7, 1, ) = | (BAGEREN T (LR T oy | (Laadbn i) T

for some a>0,A>0,1 >0,7v>0,0<8<1,k>2m¢eNy. Then f(z) € T%(\, B,7,1).
Proof: Suppose that (9) is true o > 0,A > 0,1 > 0,7 > 0,0 < 8 < 1,k > 2,m € Ny. For
f(z) € A and applying (5), let us define the function F(z)* by

o_ ATMADf(R) manf)>
F(z) _(H,\(la;ll)ﬂ)mza v <1+)\(1a+fll)+l>mza 1] - 8. (10)

It is suffices to show that

F(z)* -1

‘FEZ§Q+1’<1,O¢>O,Z€U. (11)
We note that
‘nz)a_l‘ _ [T ODF ) et [T D f(2)% = (BRI ) o0 | - (BRI ) Mo p( LA )
F(z)“4+1| — I7n()\’l)f(z)o¢7,yei9|I"m()\’l)f(z)a7(1+/\(1&+—ll)+l)7”za|+(1+)\(1Q+—ll)+l)7YLza7ﬁ(1+)\(1(¥+—ll>+l)""zoc
By making use of (8) we have
R _5(%4%)7”4_"22(%%)7”&1@(Q)2k71—76i9 (%W)mak(a)qul
‘F(z)“-&-l‘ =

(27ﬁ)(%ﬁ)m+k§2(%)mak(a)z’“—lf'yew‘(W)mak(a)zk—l|
BRI  5% | (MDA 0y (@) |4 1] 5 |(HEAEERE) ™ g )12

=)

(2—8) (ALY ™ S (M=) ™ o (o)) 2k—1 ]y kg2(M)m|ak(a)uzk—l|

=, fE) 141
< BG4 3T | (AR ™ s (o) |y 3 [(HEAEERE) ™ (o)
) (HRAEE )" 8 (MM oy (o) (HAGEEE) " oy (o)

The last expression is bounded above by 1, if
3 (1+A(1a+—11)+z> +kz_:2 <1+A(a1-:kl—2)+l) Mak(a) +7k22‘<1+A(a14;kl—2)+1) ’|ak(a)| <
(2= 0) () - O () )

_ 7}@22 (%ﬁlﬂ)“) lag(a))|

which is equivalent to condition (9).
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setting A = 1 in Theorem 2.1 we have the following
Corollary 2.1 If f(z) € A satisfies the inequality

3" Qm, i, B,1,7, 1, k)lax(a)] < 2(1 - B) <a+l>

= 141
where
a+k—1+1\"
7( 1+1 )’

a+k—1+1\" a+k—1+1\"
(m7a7ﬁ7 77al7k‘) ‘( 1_,_1 ) ‘ ( ]__|_l ) +
Then f(z) € T (1, 8,7,1) = T (8,7, 1).
Setting A = 1,1/ = 0 in Theorem 2.1 we have
Corollary 2.2 If f(z) € A satisfies

S Qm, a, 8, 1,7,0,k)ax(0)] < 2a™(1 - B)

k=2

where
Qm, a, B, 1,7,0,K) = [(a+k — 1| + (a+k — 1) + 29|(a + k — 1)"|

then f(z) € T (1, 8,7,0) = T3 (8, 7).
Also on setting A = 1,1 = 0,7 = 0 in Theorem 2.1 we have
Corollary 2.3 If f(z) € A satisfies

S O, 5,1,0,0,K)ax ()] < 20™(1— )
k=2

where
Q(m,a,0,1,0,0,k) = [(a+k=1)"+ (a+k-1"

then f(z) € TS (8) which is the class of functions studied in [2,3].
Furthermore, setting A = 1,1 = 0,7 = 0,8 = 0 in Theorem 2.1 we have
Corollary 2.4.1f f(z) € A satisfies

> 92(m, @,0,1,0,0, k)|ax(@)] < 2a™
k=2
where
Q(m,,0,1,0,0,k) = [(a+k—-1)"+(a+k—-1)"

then f(z) € T2 (0) = B, (a) which is the class of functions studied by Abduhalim in [1].
On putting m = 1 in Corollary 2.4 we have
Corollary 2.5 If f(z) € A satisfies the inequality

> 9(1,0,0,1,0,0, k)|ar(@)] < 2a
k=2
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where
2(1,0,0,1,0,0,k) = [(a+k—=1)|+ (a+k—1)

then f(z) € TP(0) = Bi(«) which denote the class of Bazilevic functions with logarithmic
growth see [4,7].

Also setting a = 1 in the last corollary we have the class T} (0,0,0,0) = B;(1) which is the
class of close-to-convex functions. Selected choices of parameters involved give some new
results and several exixting ones.

Theorem 2.2. T (N, B,7,0) C T (N B,72,1) for some v and v2, 0 < 71 < 72 and
m € Ny.

Proof. For 0 <~ <7, we obtain

ZQ(TI’L+ 1,&,/\,ﬂ, lelak)ak(a) < ZQ(mvavAa/Ba"/%lvk)ak(a)'
k=2 k=2

Therefore, if f(z) € Ty (X, B,72,1) then f(z) € T 1(\, B,71,1). Hence we get the required
result.

For our next result we shall first state and proof the following:

Lemma 2.3. If f(z) € T2(\, 5,7,1), then we have

i ()<2(1—5)<1+>\(1a+—ll)+l) =3 QUm, N a, 3,7,k Dag() 12)
ap &
TR Q(m, A @, 8,7, p+ 1, 1)

Proof: In view of Theorem 2.1, we can write

00 m p
> Qm Bk, Dag(a) < 2(1 - B) (1“(10‘“1)”) =2 _Q(m. Ao, 7.k, Dax(a)

k=p+1 k=2

Clearly Q(m, A\, a, 8,7, k,l)ar () is an increasing function for k. Then we have

> I+ Ma—-D+1N\" &
Q(ma)‘vaaﬂa’%p+1al) Z ak(a) §2(175) 1—_H 729(7”7)‘70‘767’73]{:,[)0’]6(04)
k=p+1 k=2
Thus we obtain
S o2 207 (22652) - Tl fm e fk o)
a() < Q0 ha B p 1) —

k=p+1

With various choices of the parameters involved, the subclasses earlier mentioned in the
cited literatures could be derived.
Theorem 2.3. Let f(z) € T2 (X, 3,7,1). Then for |z| =r <1

o _ Zak(a)|z‘a+k—1 — Apr TP < f(2)*] <%+ Zak(a)|z|a+k—1 FAgetr (13)
h= k=2
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where Ay, is as given in Lemma 2.3. (13)

Proof. Let f(z) be given by (1) and transform as in (7). For |z] = r < 1, using Lemma 2.3,

we have
[f(2)%] < |2 |°‘+Zak )| 1+Zak )|
<|z|* + Zak )|z TRt 4 |Z|°‘+p2ak
k=2
<r¢ +Zak )z oA 4 Apret
and

| ( | > |Z|a Zak |z|a+k 1 Zak ‘a+k 1
> 2% = Z:ak(Oé)IZI"‘”H - IZIO‘“’Z%(Q)
k=2 k=2

o0
=3 (@)l R — At
k=2

which completes the assertion of Theorem 2.3.

3. COEFFICIENT BOUNDS FOR FUNCTIONS IN THE CLASS T, (A, 8,7,1)

In this section we consider the coefficient bound for the functions in the class T (
as we proof the following
Theorem 3.1. If f(z) € T%(\, 5,7,1), then

2(1-0)

< - 7
el = an ey

2(1-p) 2(a=1)(1-8)*
las| < { S ~ afiapey 0 <a <l

2(1-p5)
g @21

Ql-I-QQ-f—Qg,a € (071)
\a4\§ Ql+Q3+Q4,a€[172)
Ql +Qg,a € [2,00)

where

o, 20-7)

Call —Afuy
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Ala—=1)(1 -p)?
QZ: 2 2ym\ym
a?|1 — 205Uy

o _ ala—1%(1—p)
ST

o, - A1=P* =12 —a)

3a3[L — V7™
Q1+ Qo + Qg + Q5 + Q6 + Qs,a € (0,1)
‘a ‘< QI+QQ+Q77QE[172)
Sl= D+ + %+ 0,a€(2,3)
Ql+QQ+Qg,a€[3,00)
where
2(1-p) 12(a — 1)*(1 - B)°
Ql: m 2 = 3 3ayrm2m
all — |y B[l — 4 PUy vy
. V- 1PC-a)(1-9' 100 -aP1-p)
S T N T
_ 40— =82 201 -a)(1- 8
B T T T TR
gzzﬂafbﬁfwﬂfﬂfgzzﬂa*DM*EB*MOfﬂf
7 ad|l —ypwmyn 8 3at|l — y2uim
and
- T+ X+l \"
Do\l + Ma—1) +1
m (T+XNa+1)+1\"
2 U+ Ma—1)+1
m L+ AMa+2)+1\"
vy =
1+ AMa—1)+1
m o (1+Ma+3)+1\"
L+ Ma—1) +1

Proof. Note that, for f(z) € T%(\, B,7,1),

OISy

(1+)\(a71)+l)m o l—n
T+
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and all the paprameters are as earlier defined.
If we define the function p(z) by

I”n A7l «@
(1—’}’)% —(B=")
p(z) = = =1+piz+p22°+ ..
1-p
Then p(z) is analytic in U with p(0) = 1 and Rep(z) >0, z € U.
For the sake of clearity we let

f2)* =214 Y aj(ane +azs® + )]
j=1

where for convinience in the above we let
o = (3"), j=1,23, ..

hence from (16) and (17) we have

o o o:
p(z) =14+ ay Elagz + (anas + agaQ)EZzQ + (1a4 + 2a2a0a3 + a3a3)§dz3

g
+(aras + a2(2a2a4 + ag) + 3a3a§a3 + a4a3)§4z4

where o (j = 1,2,3,...) is as earlier defined in (17),

1 i—1 m
\I:m:( + Ma+3j )+l) =123

J 1+ AMa—1)+1
17

g_1-0

1=

(15)

(16)

On comparing coefficients in (19) and using the fact the |pi| < 2, k > 1 the results follow

and the proof is complete.On setting A = 1,1 = 0 in Theorem 3.1 we have

Corollary 3.1. If f(z) € T2(1,v,3,0) = T2 (v, 8),for a >0,0< < 1,0 <y < B,or v >

%,n =0,1,2,... then,

2(1 — B)ant
< G =]

@]~ @m0V
2(1-PB)a a>1

| |<{ 2(1—B)a™ ! 2(a—1)(1—5)2a2"*2’0<a<1
ag| =

Ql—i-QQ—i-Qg,OéE(O,l)
\a4\ § Ql+Qg+Q4,0ZE [172)
Ql+93,a€ [2,00)
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where

21— Bam—t
S P Y
4o~ 1)(1 — B)2a2m=2

Q:
2T (a—Dm(a+2)m1 -4

4(a—1)*(1 = B)3am—?

Q:
S CE T

4(a—1)(2—-a)(1 - B)3adm3
Hat PP

Q=

Q + Qo+ U + Q5 + Q6 + s, € (0,1)
D+ D+ Q7,0 €1,2)

D+ Q2+ Q3+ Q5,0 € [273)

D+ Q94+ Q5,0 € [3,00)

las| <

where

o _ 20=@amt o 12(a—1)3(1-gPadn?
et )mi—a T (a2 (a+2)m[1— AP

20(a — 1)3(2 — ) (1 — B)*atm—4 10(1 — a)?(1 — B)*atm—4

BT gt T T @D

O — 4(1 - a)(1 - B)2a2m=2 _2(1—a)(1 - B)2a?m=2

Tl )mlam oA T (a2l
_Ma-DE-a)d-pat 2o —D)(a=2)@ = a)(1 - §)latm

) 8 —

@+ 7@+ 1= P 3o+ L =T |

On setting v = 0 in Corollary 3.1, we have
Corollary 3.2. If f(z) € T%(1,0,53,0) = T2 (8),fora > 0,0 < < 1,0 <~y < B,or v >
%,n =0,1,2,... then,

2(1 - p)ant

as| <
jas] = (a+1)n

(@at2)” (at1)2"

2(1-pB)a""

200"~ 20009 o g
|a3| < 1
,a>1

(a42)™
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Ql-I-QQ-f—Qg,a € (071)
\a4\§ Q1+Q3+Q4,a€[172)
O+ Q3,0 € [2,00)

where
B 2(1 _ ﬁ)anL—l
R e
0 — 4(a—1)(1 - B)2a2m—2
T a-Dra+2)m
o, _ Ao —17(1 - pasns
5 (a+1)3m
Q, — 4a—1)2—-a)(1 - B)3a3m=3
‘T 3(a+ 1)3m
Q + Qo+ U + Q5 + Q6 + s, € (0,1)
‘ ‘< Ql+QQ+Q7aa€[172)
a5l = Q1+ Qo+ Qs+ Q5,00 € [2,3)
D+ Q94+ Q5,0 € [3,00)
where
0. — 2(1 _ ﬁ)am—l 0 — 12(0( _ 1)2(1 _ ﬂ)3a3m—3
T (e T (et P(at2)m
. — 20(a — 1)%3(2 — a)(1 — B)*atm—4 Q, — 10(1 — )3(1 — B)*atm—4
T B(a+ 1Al — [ S R T
Al —a)(1 - f) a2 C2(1—a)(1 - B)2a?m?
T (a+Dm(a+3)m 0T (a+2)2m
4(a—1)(2—a)(1 —B)3a3m3 2(a —1)(a—2)(3 —a)(1 — B)tatm—1
Q7 = , Qg =

(a+ 12" (a+2)™ 3(a+1)4m ’

With different choices of the parameters involved, various coefficient bounds for the classes
of functions in the cited literatures could be derived.
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