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ABSTRACT. New classes of analytic functions are defined by using differential
operator of fractional power. We give some applications of the first order differential
subordination and obtain sufficient conditions for normalized analytic functions.
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1. INTRODUCTION AND PRELIMINARIES

Recent years, many studies have been seen in the literature regarding the differ-
ential subordinations, both in real and complex plane. In this particular paper, we
are using the concept of differential subordination in complex plane. We apply the
first order linear differential subordination to obtain relations between new classes
of analytic functions of fractional power.

In the theory of univalent functions, it concerned primarily with the class of functions
f analytic and univalent in the unit disk U and normalized by the conditions f(0) =0
and f'(0) = 1. This class of functions will be denoted by S. Thus, each f € S has a
Taylor series expansion of the form

f(2)=2z+az® +az2® + ..., (2| <1).
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Example of classes representing the functions of the class S are

__* _ 2 .3
f(z)—l_z z2+2°+ 2+ ..

and the Koebe function

z
f(Z):m:Z+2Z2+323+....

In this article we consider the functions F' in the open disk U := {z € C, |2| < 1},
defined by

zn+a

F(2)

2% 2 (@)
(

T =20 !
1—2)~ = nl

[e=]

_ Z+Z ((a)N—l ZnJrozfl7
: !

where a > 1 takes its values from the relation a := ”;bm, m € N.

Figure 1: F(z) € AL

308



R.W. Ibrahim, M. Darus - On classes of functions in the unit disk

Let A} be the class of all normalized analytic functions F' take the form

[e.e]
F(z)=z+ Zamazwra*l, a>1,

n=2

where ag o =0, a1,; = 1 satisfying F(0) = 0 and F(0) = 1. And let A7, be the class
of all normalized analytic functions F) in the open disk U take the form

o0
F(2) =2 Y ano?™*, an0 >0 =23,

n=2
satisfying F'(0) = 0 and F'(0) = 1.

In our present investigation, we require the following definitions:

Definition 1. (Subordination Principle). For two functions f and g analytic in U,
we say that the function f is subordinate to g in U and write f < g(z € U), if there
exists a Schwarz function w analytic in U with w(0) = 0, and |w(z)| < 1, such that
f(z) = g(w(z)),z € U. In particular, if the function g is univalent in U, the above
subordination is equivalent to f(0) = ¢g(0) and f(U) C g(U).

Definition 2. (Subordinating Factor Sequence). A sequence {b,}5>,,a > 1 of
complex numbers is called a subordinating factor sequence if, whenever F € AL is
normalized analytic univalent and convex in U, we have the subordination given by

o
D anabnaz" TN < F(2), (z€U).
n=2

Now we define a differential operator as follows:

o0
D&/\F(z) =F(z)=z2+ Z o2t a>1, A<a

n=2

Dé,)\F(z) =A—a+1)F2)+ (a—=X)zF'(2) =z + i[(a ~ N (n+a—2)+1ap 2" Tt
n=2

Dk \F(z) = D(D¥'F(2)) = 2 + i[(a —N)(n+a—2)+1]Fa, 2"
n=2
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Let A be the class of analytic functions of the form f(z) = z + a2 + .... Ali et al
[1] have used the results of Bulboaca [2] and obtain sufficient conditions for certain
normalized analytic functions f € A to satisfy

q1(2) < Z;;S) < q2(2)

where ¢; and g2 are given univalent functions in U with ¢1(0) = ¢2(0) = 1. The
main object of the present work is to apply a method based on the differential
subordination in order to derive sufficient conditions for functions F € A} and
F € A, to satisfy

2Dy AF(2))'

z 2
ANGE) =< q(2) (2)

where ¢ is a given univalent function in U with ¢(z) # 0.

Next, we give applications for these results in fractional calculus. We shall need the
following known results.

Lemma 1. [3] Let q be univalent in the unit disk U and 6 and ¢ be analytic
in a domain D containing q(U) with ¢(w) # 0 when w € q(U). Set Q(z) =
2 (2)6(a(2)), h(z) = 0(a(2)) + Q(z). Suppose that

1. Q(z) is starlike univalent in U, and

2. R >0 forz €U

If 9(1?@)) + 2p'(2)p(p(2)) < 0(a(2)) + 24/ (2)d(q(2)) then p(z) < q(z) and q(2) is

the best dominant.

Lemma 2./4] Let q(z) be convex univalent in the unit disk U and 1 and v € C with
R{1+ ng(S) —1—%} > 0. If p(2) is analytic in U and ¥p(2)+v2p'(2) < 1q(2)+v24¢ (2),
then p(z) < q(z) and q is the best dominant.

Lemma 3./5] The sequence {b,}32 4, is a subordinating factor sequence if and only

if
R{1+2) b,2"} >0, (z€U). (3)
n=1
2. SUBORDINATION RESULTS

In this section, we study the subordination between analytic functions.
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Theorem 1. Let the function q be univalent in the unit disk U such that q(z) # 0,
and

2q"(2) 2q(z) b 205 3d 5 .
R{1 + 70 ) +Vq()+ryq()+ryq()}>0, byc,cC,y#0. (4)

Suppose that Z;JES) is starlike univalent in U. If F € A} satisfies the subordination

2(DE\F(2)) 2D ,F(2)) 2(D§ \F(2)) 2(D§ \F(2))"
a+ b + o[22 Pt d o Pyl ;
Da)\F(z) Da’/\F(z) D%/\F(z) (Da’/\F(z))
2(DE \F(2)) 2 (2)
o «, —< b 2 d 3 + .
D F(2) | <a+bq(z) + cq”(2) + dg°(2) + v )
Then (DF P (2))
2(D; \F(z
—t = <q(z), 2 €U, (DELF 0
and q is the best dominant.
Proof. Let the function p be defined by
2(D§ \F(2))'
=t 7 (DELF 0, z €U).
p(z) D(];;)\F(Z) ( Oé,)\ (Z) # < )
By setting
O(w) := a + bw + cw?® + dw® and P(w) := l, a#0,
w

it can easily be observed that f(w) is analytic in C, ¢(w) is analytic in C — {0} and
that ¢(w) # 0, w € C — {0}. Also we obtain

=2q'(z z)) = 20 (2) an
Q(2) = 2 (2)6(a() =7 > and
h(z) = 0(q(2)) + Q(2) = a + bq(z) + c¢*(2) + dg*(z) + 7?&?'
It is clear that Q(z) is starlike univalent in U,
zh!(2) B 2q"(2) - 2q(2) ﬁ . % ” 37d ”
8%{Q(z)_%{“r 7= 9 +,YQ()+,Yq()+,Yq()}>0.
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By a straightforward computation, we have

zp'(2) _

a+bp(z)+cp2(z)+dp3(z)+7p(z) a+b DF F(z) + Dk:\F(z)
+d[ D’;’AF(Z) P +~[1+ (D(];’)\F(Z))/
2(D§ \F(2))' 2q'(2)

— — 22 L] <a+bg(z) + cg’(z) + dg’(2) + v

D(];/\F(Z) q(z)

Then by the assumption of the theorem we have that the assertion of the theorem
follows by an application of Lemma 1.

Corollary 1. Assume that (/) holds and q is convez univalent in U. If F € AL and

z(DE \F(z2)) z(DE \F(z2)) z(DE \F(z2)) z(DE \F(2))"
a+b k,)\ —|—C[ ( k,A ( )]2+d[ ( k,A ( ]3+7[1+ ( k,)\ ( )/

Da’AF(z) Da)\F(z) Da’)\F(z) (Da)\F(z))

_z(DQ,AF(Z)Y] DU, COR LY, COS B EaF 2(A - B)

DF \F(2) 1+B: 1+ Bz 1+ Bz T(1+A2)(1+ Bz)’

Then N )
z2(DY \F(z
DF \F(z) 1+ Bz

and q(z) = iigi is the best dominant.

Corollary 2. Assume that (4) holds and q is convez univalent in U. If F € AL and

ADELF()Y  o(DEFG)Y .,  2(DEFG)
VDR R DR DR R
ADEF() #(Dh,F)Y
P T ey T DR R
R e e e S

for z € U, u#0, then
2(DE\F(2) 142
<
DF \F(z) 1-=2

]H

and q(z) = [1E2]* is the best dominant.
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Corollary 3. Assume that (/) holds and q is convex univalent in U. If F € AL and

2(DE\F(2)) 2D F(2)) ,  2(D F(2)) ,
ath DF F(2) el DF F(z) I+ d D’; F(2)
G At O

(D) \F(2)) D} \F(2)
< a+ beP® 4 e L e 4y Az,
forz € U, u#0, then

< el A%
and q(z) = e*4% is the best dominant.

The next result can be found in [6].

Corollary 4.Assume that k =0 in Theorem 1, then

2(F(2))
— F

Flo) ) 2 €U Fi) #£0
and q(z) is the best dominant.

Theorem 2. Let the function q be convex univalent in the unit disk U such that

2q"(2)

q'(2)

is analytic in U. If F' € A, satisfies the subordination

R{1 +

+ - }>0 v # 0. (5)

Suppose that (7(()))
z(DF \F(2)) 2(DF \F(2)) z2(DF \F(2)) z(DF F(z))
( A\ ( )) . ( a,\ ( )) [1 + ( a,\ ( )) . ( a,\ ( )) ] < q(Z) —l—vzq’(z).

wa\F(z) D’oi,,\F(Z) (ny’/\F(z))’ D’O“[’)\F(z)
Then (Dk Flz)Y
Do <A (2 €UDLFE) £0)

and q is the best dominant.

Proof. Let the function p be defined by

_ 2(DELF(2))
p(z) = TDE () (DEAF(2) #0, 2z €U).
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By setting ¥ = 1, it can easily be observed that
2D AF () N FYZ(DZ)\F(Z)),
Dk \F(2) D} F(2)

< q(z) + 72 (2).

1 ADRAFG DEAFE)
(DE,FE)Y T DEAFE)

p(2) + 720/ (2) =

Then by the assumption of the theorem we have that the assertion of the theorem
follows by an application of Lemma 2.

Corollary 5. Assume that (5) holds and q is convex univalent in U. If F' € A, and

Z(DQ,AF(Z))/ Z(Dg V(=) Z(DZ V(2))” Z(DQ,AF(Z))/ _< 1+ Az ~z(A-B)

DEF(z) ) DEF() DR, FR)Y | DELF() | 14 Bs ' (1+Bap
e ADEAFE) 14 4
D:AF(Z) =< By —1<B<A<1
a
and q(z) = }ig‘z is the best dominant.

Corollary 6.Assume that (5) holds and q is conver univalent in U. If F' € A7, and

z(D’oi’/\F(z))’ Z(DQ’AF(Z))/ z(D§7AF(z))” z(D§7AF(z))’ 142 (14 z)rt
DEF(z) ) DE,F(z) U (DE,F()Y  DELF(z) =2 s

forz € U, u#0, then
Z(DQ,AF(Z))’ 14z
k <

Da’)\F(z)

w
1-— z]
142

and q(z) = [{==]" is the best dominant.

Corollary 7.Assume that (5) holds and q is conver univalent in U. If F' € A7, and

2(Dk \F(2))  z(DF F(2)) 2(DE \F(2))" z(DF F(2))
DEAFCN | ADLFEY DB DBAFON e
Da)\F(z) Day)\F(z) (Day)\F(z)) Da’/\F(z)

for z € U, p#0, then
2D AF(2))

A T kAR
Dg \F(2)

and q(z) = e*4% is the best dominant.
The next result can be found in [6].
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Corollary 8. Assume that k =0 in Theorem 2, then

2(F(2))

F2) <q(z), z €U, F(z) #0

and q) is the best dominant.
Theorem 3 Let F(2),¢(z) € AL and 1(z) be univalent convex in U. Then

(DEnF *9)(2) < (2), (z€U) (6)

and
1

2a(a—N) + 1]’ (

R{F(2)} > — 2 el). (7)

Proof. Let

)
w(z) =z + ch,azn+a_1, O0<a<l,

n=2

where Co,o0 = 0, 1= 1 satisfyjng w(o) =0 and wl(o) — 1. Then
(DEAF*9)(z) = 2+ ) _[(@ =N (n+a—2) + 1 agacnaz" T
n=2

By invoking Definition 2, the subordination (6) holds true if the sequence
b = {[(@=N(n+a=-2)+ 1 aa}52,

where ag, = 0, a1 = 1 is a subordination factor sequence. By virtue of Lemma 3,
this is equivalent to the inequality

R{1+ i (= N (n+a —2) +1]Fa, 02" ™71} >0, (2 €U).

n=1

Since [a(a—\)) +1]F < [(a = N)(n+a —2) +1]%, for all n > 2, we have the assertion

(7)-

3. APPLICATIONS

In this section, we introduce some applications from Section 2 to fractional cal-
culus. The fractional calculus is normed to the theory of integrals and derivatives
in terms of integrals of arbitrary order (generalize the integer order).

Assume that f(z) = Y%, ©,2" ! and let us begin with the following definitions:
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Definition 3.[7] The fractional integral of order « is defined, for a function f(z),
by

12 (z) = F(la) /0 OG- OG>,

where the function f(z) is analytic in simply-connected region of the complex z-plane
(C) containing the origin and the multiplicity of (z — ¢)*~ ! is removed by requiring
log(z — C) to be real when(z —¢) > 0. Note that (see [7,8])

P(p+1)

e = LT
F T Tutatl)

e (p> —1).

Thus we have

[
IZf(z) =) apz"te!
n=2

where a,, := ?Fnljfz)), for all n = 2,3, ... Implies z + I f(z) € A} and z — I?f(z) €

A7 (¢n > 0), then we have the following results
Theorem 4. For all k € Ng = NU {0} in Theorem 1, poses

zD’O“W\[l +I2f(2)]
DE [z + 12 f(2)]

< q(2),

and q is the best dominant.
Proof. Let the function F(z) be defined by
F(z):=z+1I}f(z), z €U, F(z)#0.
Since f(0) = 0, one can verify that [I2f(z)]' = I f'(z) then we obtain the result [9].
Theorem 5.For all k € Ny in Theorem 2, yields

2Dk [1— I f(2)]
DQ,A[Z —I2f(2)]

< q(2),

and q is the best dominant.
Proof. Let the function F'(z) be defined by

F(z):=2z-1I}f(z), z €U, F(z)#0.
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Note that when & = 0 in Theorems 4 and 5 reduce to results obtained in [6].

Remark 1. For further reading about the classes of analytic functions of fractional
power, see for examples [10,11].
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