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1. INTRODUCTION

As the development of singular integral operators, their commutators have been
well studied. Let b € BMO(R"™) and T be the Calderén-Zygmund operator, the
commutator [b, T] generated by b and T is defined by

[0, T](f)(x) = b(2)T(f)(x) = T(bf)(x).

A classical result of Coifman, Rochberb and Weiss (see [3]) proved that the commu-
tator [b, T] is bounded on LP(R™), (1 < p < o0). In [2][5], the boundedness properties
of the commutators for the extreme values of p are obtained. And note that [b,T]
is not bounded for the end point boundedness (that is p = 1 and p = o). In this
paper, we will introduce the multilinear commutator of Marcinkiewicz operator and
prove the boundedness properties of the operator for the extreme cases.

First let us introduce some notations (see [1][4][7][8]). In this paper, @ = Q(z,r)
will denote a cube of R™ with sides parallel to the axes and center at = and edge is
r. For a cube Q and a locally integrable function f, let fo = |Q|™! fQ f(x)dx and
f(Q) = fQ f(z)dz, the sharp function of f is defined by

BN o L _
f (x)—zggm/cglf(y) foldy.
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f is said to belong to BMO(R") if f# € L>°(R") and define || f||grpro = || f7]| -
We have |faq — fol < C||fllsmo and ||f — fargllemo < Ck||fllBmo for k> 1 (see
[4][8]). We also define the central BMO space by CMO(R"™), which is the space of
those functions f € Lj,.(R™) such that

Ifllowo = splQ(.71 [ 17(w) ~ faldy < o=
It is well-known that
| fllcaro = sup inf ]Q(O,T)\l/ |f(x) — cldz.
r>1ceC Q
Let M be the Hardy-Littlewood maximal operator, that is

)|d
M(f)(x) = Zg§|Q|/|f ) dy.

Definition 1. A function a is called a H'(R™)—atom, if there exists a cube Q,
such that

1) supp a C Q = Q(zo,7),

el <)

3) [gpna(z)dz = 0.

It is Well known that the Hardy space H!(R") has the atomic decomposition
characterization (see [4][8]).

The A, weight is defined by (see [4])

A, = {w sup <’Q| / (a:)dx) (@/Qw(a:)l/(pl)da:)pl < oo}, 1<p< oo,

and
Ay ={w: M(w)(x) < Cw(x),a.e.}.

Definition 2. Let 0 <0 <n and 1 <p <n/d. We shall call BS(R”) the space
of those functions f on R™ such that

AP0 X lee < oo

£ = supr—
r>1
We denote T'(z) = {(y,t) € R : |v — y| < t} and the characteristic function
of T'(x) by Xr(z)-
Definition 3. Let b; (j = 1,--- ,m) be the fized locally integrable functions on
R", 0<é§<mnand0 <~y <1. Suppose that S"~1 is the unit sphere of R"(n > 2)
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equipped with normalized Lebesgue measure do = do(z'). Let  be homogeneous of
degree zero and satisfy the following two conditions:
(i) Q(z) is continuous on S"~' and satisfies the Lip., condition on S™™1, i.e.

Q@) - Q) < Ml —y'[", ',y € 8"

(i) [gn-1 Q(z")dx" = 0;

The Marcinkiewicz multilinear commutator is defined by

1/2
Wl s(H)w) = [ RGNS

where
Hey = [ R T - b 16

Set
_ Wy —2) 0y
BOw= | e

We also define that

1/2
pea (@) = ( /. \Ft<f><y>|2f§f§> ,

which is the Marcinkiewicz operator (see [5],[6] and [10]).
Remark. Fixed A > max(1,2n/(n+2—-2)). Another Marcinkiewicz multilinear
operators is defined by

) S 1/2
u§,5<f><x>=!/ = \Ftb(f)(ﬂzy)!zfgf;] ,

where
b = 7Q(y _ Z) 1 i\Zr) — 0452 z)az
Hpwo = [ L) ()| 72
Set A —y)

F(P@) = [

dy.
le—y|<t "T - y’n_l_éf(y) Y
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We also define

_ < /1. () \Ft<f><y>|2§l§f§>l/2,

which is another Marcinkiewicz operators.

1/2
Let H be the Hilbert space H — {h ||hl| = (f [anin |h(y,t)|2dydt/t”+3) < oo}.
+

Then for each fixed x € R", th’(f)(ac, y) may be viewed as a mapping from (0, +00)
to H, and it is clear that

s (@) = ||xre FE() (@, 9)

)

, ts5(F) (@) = [|xra F ()W)

Note that when by = -+ = b, ,ug s and ,ulj\ are just the m order commutators. It
is well known that commutators are of great interest in harmonic analysis and have
been widely studied by many authors (see [1-8] and [10]).

Given a positive integer m and 1 < j < m, we denote by C7" the family of all
finite subsets o = {o(1), -, 0(j)} of {1,---,m} of j different elements. For o € CT",

set 0¢ = {1,---,m}\ 0. For b = (b, by) and o = {o(1),---,0(j)} € 7, set
bo = (bo(1), b () bs = bo(1)+ba(y) and [[bs||Brro = ||bo()l|BrO -+ |ba ()| | BATO-

2. THEOREMS AND PROOFS

We begin with some preliminary lemmas.
Lemma 1.(see [8]) Let 1 <r < 00, bj € BMO(R") forj=1,--- ,k and k € N.
Then, we have

,Q|/H|b Q|dy<cH||b||BMo

7j=1

and
1/r

k
|Q|/H|b bloldy| < T Ibllsmo.

J=1

Lemma 2.(see [6]) Let w € A1, 0<d<n,l<p<n/dandl/q=1/p—3/n.
Then pis s is bounded from LP(w) to Li(w).

Lemma 3. Let w € Ay. Then wyxg € Ap for any cube Q', where x¢ denotes
the characteristic function of the cube Q.
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Proof. By definition, we have

o i ) i o)

thus

) Q
T o) ()

that is wxgr € A,p.

Theorem 1. Let 0 < 6 < n and b = (by,--- ,by) with b; € BMO(R™) for
1<j<m. Then ,ugé is bounded from L™/°(R"™) to BMO(R™).

Proof. It is only to prove that there exist a constant Cg such that

o / 18 5(F)(@) — Coldz < C||f]] wss-

Fix a cube @, @ = Q(zo,7), we decompose f into f = fi + fo with fi = fx20, fo =

X (rm\20)-
When m = 1, set (b1)g = |Q| ™} Jo b1(y)dy, we have

FP(f) (@) = (b1(2) = (b1)@)Fe(f) (@) = Fol(b1 = (b1)@) fi) (@) — Fy((b1 = (b1)@) f2) (),

SO

125 () (@) = ps,5(((b1)2g — b1) f2) (o)
|Ixr x)Fbl( F) @)l = 11X1 (o) Fr ((01)2g — b1) f2) (W)
IXr @) F ()@, y) = Xr@o) Fr((b)2g — b1) f2) )]

<
< Ixr) (b1(@) = (b1)20) Fr (F) ()] =+ [Ixr (@) Fr (01 = (b1)20) f1) ()]

Fxr @) Fe((b1 = (b1)2Q) f2) (¥) = Xr (o) Fir((b1 — (b1)20) f2) (%)
= A(z) + B(z) + C(a).

For A(z), set 1 <p<mn/§, 1/¢g=1/p—35/n and 1/q+ 1/¢ = 1, by the Holder’s
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inequality and Lemma 2,3, we get

2 e < (g [ atfaz) " (& [ mstr@ia)

1/p
CHblHBMo|Q|q </n If(x)\pr(x)dm)
|Q|q‘|f|‘Ln/5|Q|(1 (Gp/n))/p

< Cllb1l|Bamoll fll pnss-

For B(z), taking 1 <r <n/é and 1/s = 1/r — §/n, by the Holder’s inequality, we

have
1 1 ) 1/s
Q|/Q|B(x)|da: < (M/n(#s,a((bl(m) — (b)) f1)(x)) d:n)

< C1QI™V*|(b1(x) — (b1)o) fx20l|zr

1/s
< 5 n
< (g L )= onorar) Nl

< Cllballsaollfllpnrs-

For C(z), by the Minkowski’s inequality, we obtain

IN

< CllbillBmo

1/2
dydt
Cz) < </ /R”+1 I(XT(2) — XT(ao)) F2((01 — (51)2Q)f2(y)||)2ﬂ+3>
+
< C 1b1(2) — (b1)20]|f(2)]
(2Q)¢
1/2
t)dydt / / Xr(z) (y, t)dydt
oyl <t ’y_2|2n 2— 26tn+3 lwo—y|<t |y—z|2" 2— 25tn+3
< / 1b1(2) — (b1)2ol1(2)]
(2Q)°
1/2
1 1 dydt /
X — dz
ly|<tjoty—s| <t |x+y_2’2n—2—25 |x0+y_2’2n—2—26 n+3
< / b1(2) — (b1)20l £ (2)]

1/2
// |z — 20 Syt / L
lyl<t.joty—z|<t [T +y — 22172 ’
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note that |z — z| < 2¢, [x+y — 2| > |z —2|—t > |z — 2| — 3t when |y| < t,
|x +y — z| <t, then, for z € Q,

Clxz) < C 1b1(2) — (b1)20] £ (2)]z — zo|"/?
(2Q)°
o 1/2
X // i dy2dt+2—25 dz
lyl<tloty—zl<t [T+ Yy — 2"
< C 1b1(2) — (b1)20]|f (2)||2 — 20|/
2Q)¢

1/2
/ / tndydt / N
ly|<t,|lz4+y—z|<t ’m - Z’ - St)2n+2_26

1/2
o0 dt
< C bi(z) — (b fzx—xl/Q/ dz
o 11 = @l =l | [ e
’xo—x‘lﬂ
< C b —(b d
= (2Q)C| 1(2) ( 1)2Q|‘f(z)"x0_z‘n+1/2_5 Z
< oy e (h ne) -~ Gug00ay)
P 25H1Q] Jar+1q
é/n
<[ ers)
2k+1Q
< O k2o masol| 1] e
k=1
< Clballsarollfll s

This completes the proof of the case m = 1.
Whenm > 1,set bg = ((b1)g,- -+ , (bm)q) € R", where (b;j)g = |Q|~ fQ y)dy, 1 <
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7 < m, we have

thus,

j=1 gecm ly—z[<t

(b1(z) = (b1)2q) - - - (bn(x) — (bm)20) Fi(f) ()
H(=D™E((br = (b1)2q) - - - (bm = (b )20) f) ()

—

—+ . Cm,j(b(x) - (b)ZQ)UFtbGC (f)(.’L', Z/),

12 5()@) = ps.5((b1 = (b1)2@) -+ (b = (bm)2g)) f2) (w0)|

< e FPU @ 9) = Xegaoy F(((0D)2g = b1) -+ ()2 — bn) f2) (9)]
< @) = (20 @) = () A0

+ Z zcjm e (B(2) — (bm)20)o F7 (£) (9|

+ \]|>_<r;fé<<bl—<bl>z@> (b — (bm)20) 1) (9) ]

+ HXF(x)Ft(ﬁ(bj_( bj)2q) f2)(y szo)Ftﬁ 7)2¢) f2) (V)]

j=1

= Si(x) + So(x) + S3(z) + S4(z).

For Si(x), taking 1 < p < n/d, and 1/qg = 1/p—d/n, by the Holder’s inequality and
Lemma 1,2,3, we have

IN

IA

1
ol /Q 81 (x)dx

(Q/H

1/q
q q

1/p
C|Ibl| Brro|Q| "4 (/ !f(x)]pdx> Q| (1= (0p/m))/p
Q

CllbllBaco||f | oss-
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For Sy(z), taking 1 <p <n/§ and 1/¢ =1/p — §/n, then

1
@|/ So(z)dx

3D (& [ 16~ o)l dx)l/q/ (& / |Ms,6((g—5@)a€)f)($)|qd$)l/q

<
j=1 Ecm
1/p
< czub ||BMO|Q1/‘1< )~ Bo)ee)f <a:>|p><Q<x>dx>
o 1/q
S AT (Q/r z) — ) ac|qdw) 111
j=1 oceC

m—1
< Y > llbollBmollboclBarol|f 1] ass

j=1 G’GC;’L
< Clbllsmollfllgns-

For S3(z), taking 1 <p <n/d and 1/qg=1/p —§/n, we get

1
Ql /Q S3(z)dx

< (@ /Q ms,a((bl—<bl>Q>---<bm—<bm>Q>f1><x>\qu)1/q
< C1QIMI(B1(2) — (51)@) -+ (bun(@) — (b)) 2 (@)l

< C (|21Q‘ / (b= (0)q) - o ~ <bm>Q>erx) T
< ClBllsaollfll s
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For S4(z), similar to the proof of C(x) in Case m = 1, we obtain

Silr) < €Y / & — o] Y2y — | (12 ‘”Hrb b2l (2)]dz
k=1

2HIQ\24Q

IN

H(bj(z) ~ (b)2q)
n/(n—>o) (n—=0)/n

. 1
CY 2 o bi(z) — (b dz .
; 2541Q] Jort1q ]131< i(2) = (B)20) 1 pnss

k2 ____— / d
CZ QkHQP T g | F(2)ldz

IN

IN

ClIbl|Baoll fll s

This completes the total proof of Theorem 1.
Theorem 2. Let 0 < § < n, 1 < p < n/d and b = (by, - ,by,) with b; €

BMO(R"™) for 1 <j <m. Then le;a is bounded from Bg(R”) to CMO(R").
Proof. It suffices to prove that there exist constant Cg, such that

01 . s ~ Calds < Clflls
holds for any cube @ = Q(0,d) with d > 1. Fix a cube Q@ = Q(0,d) with d >

L. Set fi = fX?Qa f2 = fxgmoq and 5@ = ((b1)g, -, (bm)q), where (bj)go =
Q™ lfQ 1bj(y)|dy, 1< j <m, we have

1 5(F) (@) = pas((b1 — (B1)2@) - - - (b — (bin)20)) f2) (o)

< @ FL ) @ 9) = X F((01)2g — b1) -+ (bm)ag — bm) £2) @)
< e (b1 (@) = (b1)20) +++ (bm(@) = (Bm)2@) B (N W)

+ mz > Iriobte) - (bm)20)o FY (f) (@, )|

+ \]I;r:Fz((bl—(bl)QQ)"'(bm—( m)2Q) f1)(Y)]|

+ mex)ijﬁl(bj—( 1)20)2)(9) xeO)Ftﬁ 1)20) F2) @)

= H1($)+H2($)+H3(x)+ﬂ4( )

Taking 1 < p <n/d, 1/s =1/r — §/n, by the Hélder’s inequality and Lemma 1,2,3,
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we have

@/Cng(:r)dx
(Q/ 1o qu) <\Qr/ tasls 'qd”>1/q

S 1/p
C1[El| ar0] Q17 ( /Q !f(fv)l”dw>

C|1bl| Brrod " MP=/™)|| Fxol| e
CI8l arollfls5-

IA

IN

IA A

For Hy(x), taking 1 <p <n/d,1/s=1/r —d/n,and 1/s' +1/s = 1, then

1
Ql /Q Hy(x)dx

5 (e o) (& [pts- Tponers)”

j=1 UEC’Jm

IN

IN

oS illswola " ([ 10G) - iurste <>d)1/r
P o||BMO o Q)o XQ

(p=r)/p

m—1 r
ey Y HbaHBMo<‘Q, / (@) - Bg) rpr/@—”d:c) Q117 x|

j=1 ceCy

IN

IN

CZ S 11BolBarollBoc [ Barod =5/ fxqlls

j=1 O‘ECJm’

Cllbllzaol | /I3

IA

265



G. Xinshan, L. Lanzhe - Endpoint estimates for multilinear commutator of...

For Hs(z), taking 1 <p<n/d,1/s=1/r—§/nand 1/s'+1/s =1, we get

Ql / Hs(z

1/s
<|Q|/ [1s.5((b1 = (1)@ >---<bm—<bm>Q>f1><x>|sdm>
ClRITY#[((b1(z) — (b1)Q) - - (bm(z) — (b)) fx2q]|Lr

(p—r)/pr
< c( 16— @0)0) -+ (o = (b)) (p”dx> a0 fxagl s
2Q| J2q

< CHbHBMOHfHBg-

For Hy(z), we have

IN

IN

< — xall/2 —(n+1/2-96)
Sa() CZ/k+1Q\2kQ A e H|b bj)2ql|f(2)|dz
k2 L () — (b,
< CZ? ST /Q 16,621~ G|
p/(p-1) O\ @D/p
< o~k/2______~ / () — (b
- CZ 2k+1Q]1 5/n 2k+1(Q Jl;[l(bﬂ(z) (bj)2¢) dz
1/p
<( [ i)
2k+1Q
p/p-1) \ P/
o0 1 m
< 0y 27| bi(z) — (b; dz
< OX GG g [[1B6) ~ 0)a0)

< |2 QM| Fxguag o
< Clillzaroll fllsg-

This completes the total proof of Theorem 2.
Theorem 3. Let 0 < 6 < n and b = (b1,--- ,bp) with b € BMO(R™) for
1 < j <m. If for any H'(R")—atom a supported on certain cube Q and u € Q,

there s
. Oy — n/(n—94)
Z Z / z) — bQ)oe| / z) —bg)sa(z )dz(yi_u)_ dx < C,
ly — w10
j= 1060’"
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then u§5 is bounded from H'(R™) to L™ ("=9)(R").
Proof. Let a be an atom supported in some cube Q. We write

/ 18 5(a) (@) =) de = / 18 5(a) ()M D) dr / 1 5(@) (@) e = T 11,
Rn 2Q (QQ)C

For I, taking 1 <p <n/d and 1/q = 1/p — d/n, we have

b n—a n/((n— n/(n—0a) —n/((n—
I < || 5|21 D Q= (=99) < C|q| 11| Q|1=n/ (=0 < ¢,

For 11, we first calculate th(a)(x), we have

; T Qy—2) .
e < |10 - ) | e
- R Qy—2) 2= \ 5By (s
"2 2 |0t f e (s~ s ) 66e)  Bohaa(a
+30 Y (@) - [ M@kz)—%)aamdz
j=1oeCm ly—z|<t 1Y ul
= 11+ Vy+ Vs,

/2
W@ = I ||<<// |1|fof§) (// uFfffﬁ)
/2
(/ /. |3|2f3f§> = A(2) + B(x) + C(a).
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For A(x), we have

A(z)

thus

<

IN

IN

IN

IN

IN

IN

IN

([

< [ 1bs(2) -
j=1

C

C /
R\ J|z|<t,|z4y—ul<t

I Ibj(2) -
j=1

C / ly — ul dt
R \J o<t |oty—ul<t [T+ y —ul?1720 43

1

1

1/2
IXT(2) )| ? dydt
|n 1 5 |a(2)|dz T3 H|bj(:c)—
7=1

1 dt

dt /
z—z|<t ‘I‘ - y\Qn—z—z‘S t3 lu—z|<t |Q; _ U‘Qn—2_26 +3

1 dt

|z +y — u2—2-2

C/ |?J—U|1 /2
rn |z +y — u|rt1/2-0

ST T b (@) —
Jj=1

C|Q‘1/2n’$ —u

la(

o222

1/2
) la(z

)|dzH b () —

(n—48)/n
(/ (A(z)™ <"—5>d:c>
(2Q)¢

—k/2
022 / B

C[bl| Baro-

1
—HQ‘ 2k+1Q

[T

268

3

n/(n—=4)
) dx

)dz I 1bj(z) —
j=1

1/2
la(z)|dz

1/2
) |a(z)|dz

(n—48)/n

bj)el
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For B(z), we have

]i:;gezc;m( - bQ <// _ Z|n 1 T 1% (Z)(Q(Z) - I;Q)(,dz %)1/2
< i Z (b(x) — bg)oe (/n </n XT(y) <|5|CQ_(Z|;_y1)_‘5 - |ZLQ_(Z|;_U1)_’5>

. B 1/2
x a(z)(b(z) — bQ)Udz>2 f;f) ,

similarly, we get

QP

,_u,T/z—aHbaHBMo,

!<CZZ! ) = bQ)oe|

j=1 O'ECm

thus

— -

(b(x) — bQ)qe

n/(n-s) =0/
&) Illlawo

m ok (L
Z 22 o (’2k+1Q‘ 2k+1Q

So, if

m N Q(y o U) n/(n—>4)

Z Z / <|( ) = bQ)oel ‘/ z) = bg)sa(z )dzw ) dr < C,
j=loeCy (2Q)¢ Y

then

[ s@@riedar < c.
Rn

This completes the proof of the Theorem 3. )
Remark. Theorem 1, 2 and 3 also hold for uf’\, we omit the details.
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