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A NEW INTEGRAL OPERATOR FOR MEROMORPHIC
FUNCTIONS
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ABSTRACT. In this paper, a new integral operator

H(f17f27 fn)(z) = z% (ufl(u))%"'7(Ufn(u))7ndu y R € U*

C =

for fi(z) € ¥ is defined. In addition, starlike condition will be derived. Moreover,

a new subclass of meromorphic function satisfying the condition —%f (ch/(/z(')z) + 1) <

B, ze€U* [>1,isintroduced and sufficient conditions for this new subclass are
studied.

Keywords: Analytic and meromorphic functions, integral operators.

2000 Mathematics Subject Classification: 30C45

INTRODUCTION

Let X denotes the class of functions of the form

o0
fl2) =1+ X a2t
k=0

which are analytic and univalent in the punctured open unit disk
U'={ze€: 0<|z| <1} =U — {0},
where U is the open unit disk U = {z €: |z| < 1}.

A function f € ¥ is said to be meromorphic univalent starlike of order « if

)
T

and we denote this class by ¥*(«).

>a (zeU% 0<a<l),
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A function f € ¥ is said to be meromorphic univalent convex of order « if

2f"(2)
f'(2)

and we denote this class by X ().

—§FE<1+ >>a (zeU" 0<a<),

oo
Let A denote the class of functions f normalized by f(z) = z 4+ 3 az2*, which are
k=2
analytic in the open unit disc U.
Let N(3) be the subclass of A, consisting of functions f(z) , which satisfy the
inequality:

%(zﬁgf) +1> <pB, z€U, g>1.

This class studied by Uralegaddi etal in [1], and Owa and Srivastava in[2].
Analogous to N(5) we introduce the class ¥x(3) as the following:
A function f € ¥ is in the class Xn(() if it satisfies the inequality

R (45 +1)<p zeU, g1

The study of integral operators has been rapidly investigated by many authors in
the field of univalent functions. Recently, various integral operators have been intro-
duced for certain class of analytic univalent functions in the unit disk. In this study,
we follow the similar approach by introducing an integral operator for the class of
meromorphic functions ¥ and study its sufficient conditions.

Definition 1. Let n € N,i € {1,2,3,....n},7v; > 0. We define the integral operator
H(f1, fo,..fn)(z) : X" = X by

z

/(Uf1(U))“---a(Ufn(u))”"du7 ze U, (1)

0

1
52

H(f1, fo,...[n)(2) =

where fi(z) € ¥.
It is easy to see that this integral operator is analytic operator.

Remark 1. Forn =1, 7 =7, 72 =73 = ... = 7, = 0, we obtain the integral
operator
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;12 0/ ))du. (2)

1 =1, v9 =793 = ... = 7, = 0, we obtain the integral

Plz) = ZiQ /0 " (w)du. (3)

MAIN RESULT

Remark 2. For n = 1,
operator

In order to prove our main results (Theorem 1 and Theorem 2 below) we shall need
the following lemma due to S. S. Miller and P. T. Mocanu [3]:

Lemma 1. Let the function U : C? — C satisfy

RV (iz,y) <0

for all real x and for all real y, y < —(1+2?)/2. If p(z) =1+ p12 + ...
is analytic in the unit disc U ={z:z € C |z| < 1} and

R (p(x), zp(x)) >0, z €U,
then

Rp(z) >0 for zeU.

First, we prove the following starlike result of the operator H[f](z).
Theorem 1. Let f; € X, i € {1,2,3,...,n}, v > 0.
If

) i=1
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then H[f](z) € ¥*(the class of meromorphically starlike functions), where H[f](z)

is the integral operator define as in (1).

Proof. On successive differentiation of H|[f](z), we get

ZH[f](2) + 22H[f](2) =

ZH[f]"(2) + 4zH[f]'(2) + 2H[f](2))

n

=1

Then

22H[f)"(2)+4=H[J]' (2)+2H[/]

22 H[f]' (2)+2zH[f](2)

S e fi(2) 7 (2£1(2) + £i(2)

@):2;%[%&

’

~—

By multiplying the above expression with z we obtain

22H[f) (2)+4zH[f) (2)+2H[f](z) _ i

2H[f] (z)+2H[f](2)

that is equivalent to

i=1

) Lo M 4y

(
H[f]"(2) zH[f) (=
)

] (=
1+ 2mm

Thus

_( ZHIA)"(2) _ o H[f1(2)
(( H[f](2) +1)) 2ZHIT)

—Z%‘

=1

-3

)
L+ 25

We define the regular function p in U by

p(z) = H/]

_zH'[f](2)

)

1

|

,Fﬁw

fi(2)

2f;(2)
fi(2)

= —Z%

i

|

zeU*

—+

(z frl2) ™z fa(2)

N =

+1].

+1

2f; (2)
fi(2)

and p(0) = 1. Differentiating p(z) logarithmically, we obtain

- 2D (1

JFrom (5),(6) and (7) we obtain
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I IO N < U E5/1C)
PG~ ;%[ﬁ(z) o

JFrom (4) and (8) we get
ORI S A
R p(z) —1 p(z)_J &e{ ;%<ﬁ(2) +1>}>o.

We define the function ¥ by

v

W(u,v) =u—1— .
(u,v) =u —

In order to use Lemma 1 we must verify that ¥(iz,y) < 0 whenever z and y are
real numbers such that y < —(1 + z?) /2.

We have
. . Y 2y 14 22
= —1- =1+ <-1- .
R (iz,y) %(m: i:L‘—Q) +4—|—x2_ 4+x2<0
Then
RU(p(2), 20 (2)) > 0, z € U.
By Lemma 1, we conclude thatRp(z) > 0, z € U, and so
zH'[f](2)
—R—F—=>0. 9
H[f] )
Therefore H[f](z) € ¥*.
Corollary 1. Let f € ¥. If
2f'(2)
—R > .
f(2)

Then G[f](z) € ¥*(the class of meromorphically starlike functions), where G[f](z)
is the integral operator define as in (2).

Proof. From Theorem 1, by considering n =1, vy =7, 2 =73 =...=7 =0.
Corollary 2. Let f € . If
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2f'(2)

e

>1

Then F[f](z) € X*(the class of meromorphically starlike functions), where F[f](2)
is the integral operator define as in (3).

Proof. From Corollary 1, let v = 1.
Our next result is the following:

Theorem 2. Let f; € ¥, i € {1,2,3,...,n}.

and let
1< Z ¥ < 2.
i=1

If

2fi(2) ¢

—R—=L > Yi-

fi(2) ;

Then

H[f](z) € n(8), 6> 1,
where H[f](z) is the integral operator define as in (1).

Proof. From (5) we know that

_(2H") 1) o B /
(R +) 25 =3 i ) {Zﬂ(z) + 1} .

1+2Zg[[§]]§2) o = vl fi(2)
Let
_ H)
h(2) = —zmrr-

It is easy to see from (9) and Theorem 1 that Rh(z) =R 1/p(z) > 0.

Then we have
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~((CHE )+

S EAC)
e =X [ﬁ(z) “]

That is equivalent to

PG L\ s (e )

G ) ;%<1XJU A2 Zﬂ e Z%
(10)

Taking real parts in (10), we get

f&e(zg[[ﬁ,’;g)) ) &ez < f(z)>> [1— 2h(z )]+2[é%1mh(z)+3 >

i=1

Since R(z) < |z|, we can write

% (S +1) < ORL _LE a2 + 203 70~ RA(Z) +3— L
Let
f=3 1§M—wmﬂ+m;w—mmw+3—;%
and since

0

z%— >u—%w1

we can conclude that

B> 203 7 — Rh(2) 43— % >3—3 %> 1,

i=1 =1 =1

and so —R <Zg[%],lé§) + 1) < B, (B> 1. Therefore H[f](z) € Ex(5), 6 > 1.
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