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DIFFERENTIAL SUBORDINATION AND SUPERORDINATION OF
ANALYTIC FUNCTIONS DEFINED BY CERTAIN INTEGRAL
OPERATOR
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ABSTRACT. Differential subordination and superordination results are obtained
for analytic functions in the open unit disk which are associated with an intregral op-
erator. These results are obtained by investigating appropriate classes of admissible
functions. Sandwich-type results are also obtained. Some of the results established
in this paper would provide extensions of those given in earlier works.
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1. INTRODUCTION

Let H(U) be the class of functions analytic in U = {z € C: |z| < 1} and H]a, n]
be the subclass of H(U) consisting of functions of the form f(z) = a + a,z"+
ant12" + ..., with Hy = H[0,1] and H = H|[1,1]. Let A (p) denote the class of all
analytic functions of the form

f(z)=2P+ Z anz”  (peN={1,2,3,..};z€U) (1.1)
n=p+1

and let A(1) = A. Let f and F be members of H(U). The function f(z) is said
to be subordinate to F(z), or F(z) is said to be superordinate to f(z), if there
exists a function w(z) analytic in U with w(0) = 0 and |w(z)| < 1(z € U), such
that f(z) = F(w(2)). In such a case we write f(z) < F(z). If F' is univalent, then
f(2) < F(z) if and only if f(0) = F(0) and f(U) C F(U) ( see [8] and [9]).

For two functions f(z) given by (1.1) and

g(z) = 2" + Z bn2",

n=p+1
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the Hadamard product (or convolution) of f and g is defined by

(Frg) () =2+ 3 anbaz" = (g% 1) (2).

n=p+1

Motivated essentially by Jung et al. [6], Shams et al. [10] introduced the integral
operator I} : A(p) — A(p) as follows (see also Aouf et al. [4]):

I3 f(z) = (Z;—(ié))a /OZ (log ;)a_l f(t)dt, (> 0;p e N), (1.2)

and
Lf(z) = f(z), (a=0;peN).
For f € A(p) given by (1.1), then from (1.2) ,we deduce that

o0 1 (0%
I3 f(z) = 2P + Z (p—i— ) anz", (a>0;p€eN).

Using the above relation, it is easy to verify the identity:

2(I0F(2) = (p+ 1) I f(2) — I f(2). (1.3)

We note that the one-parameter family of integral operator I = I was defined by
Jung et al. [6].

To prove our results, we need the following definitions and lemmas.

Denote by @ the set of all functions ¢(z) that are analytic and injective on
U\E(q) where

E(q) = {C €U : ligéqté) = OO},

and are such that ¢ (¢ ) # 0 for ¢ € OU\E(q). Further let the subclass of @ for which
q(0) = a be denoted by Q(a), Q(0) = Qo and Q(1) = Q1.

Definition 1 [ 8, Definition 2.3a, p. 27]. Let Q be a set in C, g € Q and n
be a positive integer. The class of admissible functions ¥, [Q,q], consists of those
functions 1 : C3 x U — C that satisfy the admissibility condition:

Y(r,s,t;2) ¢ Q

whenever r = q((), s = qu/(C)’

t ¢q" (¢
%{8+1}2k%{1+ 70 },
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where z € U, ¢ € OU\E(q) and k > n. We write ¥1[S,q] as ¥[Q,q].

In particular when ¢(z) = M %f{;‘;, with M > 0 and |a| < M, then ¢(U) =
Uy = {w : |w| < M}, q(0) = a, E(q) = @ and ¢ € Q. In this case, we set
U,[Q, M,a] = ¥,[€,q], and in the special case when the set Q = Uy, the class is
simply denoted by W, [M, a.

Definition 2 [ 9, Definition 3, p. 817|. Let § be a set in C, q(z) € H[a,n] with
¢ (z) # 0. The class of admissible functions W, [Q,q] consists of those functions
Y : C x U — C that satisfy the admissibility condition

Y(r,5,t;¢) € Q

whenever r = q(z), s =

%{ZJrl} > nllére{u Zj,u(iz))},

where z € U,¢ € U and m >n > 1. In particular, we write W[, q] as ¥'[Q, q].
Lemma 1 [ 8, Theorem 2.3b, p. 28]. Let ¢ € U, [Q,q] with ¢q(0) = a. If the
analytic function g(2) = a + a2 + any12" ! + .. satisfies

Y(g(2), 29 (2),2°9 (2);2) €,

then g(z) < q(2).
Lemma 2 [ 9, Theorem 1, p. 818]. Let ¢ € W, [Q, q] with q(0) = a. If g(z) €
Q(a) and , .
U(g(2), 29 (2),2°g (2);2)

1s untvalent in U, then

0 C {v(g(2),29 (2),2%g (2):2) : 2 € U},

implies q(z) < g(2).

In the present investigation, the differential subordination result of Miller and
Mocanu [ 8, Theorem 2.3b, p.28] is extended for functions associated with the in-
tegral operator Iy, and we obtain certain other related results. A similar problem
for analytic functions was studied by Aghalary et al. [1], Ali et al. [2], Aouf [3],
Aouf et al. [5], and Kim and Srivastava [7]. Additionally, the corresponding dif-
ferential superordination problem is investigated, and several sandwich-type results
are obtained.
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2. SUBORDINATION RESULTS INVOLVING THE INTEGRAL OPERATOR

Definition 3. Let Q be a set in C and q(z) € Qo N H[0,p]. The class of
admissible functions ®; [, q] consists of those functions ¢ : C3 x U — C that satisfy

the admissibility condition

¢ (u,v,w;2) ¢ Q
whenever u = q(¢),v = wv
(p"‘l)QU)—Q(p—Fl)v—i-u gq”(c)
T

where z € U, ( € OU\E (q) and k > p.
Theorem 1. Let ¢ € O [Q,q|. If f(z) € A(p) satisfies

{¢ (Ig‘f(z),lg‘*l (z),Ig*2 (z);z) :zEU} cQ (a>2; peN),

then
I9£(2) < g (2).
Proof. Define the analytic function g(z) in U by

9(z) =1f(2) (a>2;peN; zeU).
Using the identity (1.3) in (2.2), we get

29 (2) +9(2)

I f(2) = ,
v ) (p+1)
and y )
o2y - 20 ()3 () 40 ()
g (p+1)°
Define the transformations from C3 to C by
s+r t+3s+r
u=r, v= W= .
p+1 (p+1)
Let

s+r t+3s+7r )

zb(ns,t;Z):cé(uvU:w;Z):¢<T’p+1’ p+1)?

(2.1)

(2.5)

(2.6)

The proof shall make use of Lemma 1. Using equations (2.2) — (2.4), and from (2.6),

we obtain

W(9(2),29 (2),2%0" (2):2) = ¢ (Ig f(2), Iy f(2), Iy 72 f(2);2) (@ > 2p € Ny 2 € U)
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Hence (2.1) becomes , )
V(g(2), 29 (2),2%g (2);2) € Q.

The proof is completed if it can be shown that the admissibility condition for ¢ €

®; [, q| is equivalent to the admissibility condition for ¢ as given in Definition 1.

Note that

(p+1)°w—-2(p+1)v+u
p+v—u

t
S+l =
S

)

and hence ¢ € ¥, [0, ¢]. By Lemma 1,

9(2) < q(z) or I7f(2)<q(z).

If @ # C is a simply connected domain, then Q = h (U) for some conformal
mapping h(z) of U onto . In this case the class ®;[h(U), q] is written as ®[h, q].
The following result is an immediate consequence of Theorem 1.

Theorem 2. Let ¢ € Oy[h,q|. If f(z) € A(p) satisfies

) (Igf(z),lg_l (z),Ig‘_2 (2);2) <h(z) (a>2; peN), (2.8)

then
I f(z) < q(z).

Our next result is an extension of Theorem 1 to the case where the behavior of
q(z) on AU is not known.

Corollary 1. Let Q C C and let q(z) be univalent in U, q(0) = 0. Let
¢ € ®1[Q, q,] for some p € (0,1) where q,(2) = q(pz). If f(z) € A(p) and

O (IS f(2), 157 f(2), 102 f(2);2) €Q (a>2 peEN; z2€U),

then
I5£(2) < (2).
Proof. Theorem 1 yields I,)f(2) < g,(2). The result is now deduced from
ap(2) < q(2).
Theorem 3. Let h(z) and q(z) be univalent in U, with q(0) = 0 and set
ap(2) = q(pz) and h,(z) = h(pz). Let ¢ : C> x U — C satisfy one of the following
conditions:

(1) ¢ € ®;[h.q], for some p € (0,1), or

(2) there exists py € (0,1) such that ¢ € ®rlh,,q,] , for all p € (pg,1).
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If f(z) € A(p) satisfies (2.8), then
If(2) <q(2).

Proof. The proof is similar to the proof of [ 8, Theorem 2.3d, p.30] and is

therefore omitted.
The next theorem yields the best dominant of the differential subordination (2.8).
Theorem 4. Let h(z) be univalent in U. Let ¢ : C3 x U — C. Suppose that

the differential equation
6(4(2),24 (2), 24 (2);2) = b (2) (2.9)

has a solution q(z)with q(0) = 0 and satisfy one of the following conditions:

(1) q(2) € Qo and ¢ € P;[h,q],
(2) q(2) is univalent in U and ¢ € ®rlh,q,|, for some p € (0,1), or

(3) q(2) is univalent in U and there exists py € (0,1) such that ¢ € ®rlh,,qp], for
all pe (Po, 1)

If f(z) € A(p) satisfies (2.8), then
Iy f(z) <q(2),

and q(z) is the best dominant.

Proof. Following the same arguments in [ 8, Theorem 2.3e, p. 31], we deduce
that ¢(z) is a dominant from Theorems 2 and 3. Since ¢(z) satisfies (2.9) it is also a
solution of (2.8) and therefore ¢(z) will be dominated by all dominants. Hence ¢(z)
is the best dominant.

In the particular case q(z) = Mz, M > 0, and in view of the Definition 1, the
class of admissible functions ®;[(2, q], denoted by ®;[2, M], is described below.

Definition 4. Let Q be a set in C and M > 0 . The class of admissible
functions ®;[Q, M] consists of those functions ¢ : C> x U — C such that

o k+1 o L k+1)Me?
qﬁ(Mew,JrMeZ", + 3k + )2 ¢ ;z) ¢ Q (2.10)
p+1 (p+1)

whenever z€ U, § e R, R (Le‘ie) > (k—1)kM for all real ,p € N and k > p.
Corollary 2. Let ¢ € &;[Q, M]. If f(z) € A(p) satisfies

O (IS f(2), I8 f(2), 1572 f(2);2) €Q (@>2; pEN; 2€U),
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then
‘I;“f(z)‘ <M (z€U).
In the special case Q@ = q(U) = {w : |w|] < M}, the class @[S, M] is simply
denoted by ®;[M].
Corollary 3. Let ¢ € ®;[M]. If f(z) € A(p) satisfies

0 (15 f(2), Iy f(2), Iy 2 f(2);2) | < M (a>2;peN;z€U),
then
[ISf(z)] <M (z€U).

Remark 1. Putting M = 1 in Corollary 3 we obtain the result obtained by
Aouf [3, Theorem 1].
Corollary 4. If k> p and f(z) € A(p) satisfies

!I}?_lf(z)’<M (a>1LipeN;zeU).
then
IS f(z)] <M (z€U).

Proof. This follows from Corollary 3 by taking ¢ (u,v,w;z) =v = %M e,

Remark 2. For M = 1, Corollary 4 yields the result obtained by Aouf [ 3,
Corollary 1].

Definition 5. Let Q be a set in C and q(z) € QoN Hy. The class of admissible

functions ®r11[Q,q] consists of those functions ¢ : C3 x U — C that satisfy the
admissibility condition:

¢(U,Ufw;z)¢ Q
whenever u=q (), v= %7
R (p+1)°w—2p(p+1)v+p*u > kR 1+<<{”(C) ,
(p+1)v—pu q (C)

where z € U, ¢ € OU\E (q) and k > 1.
Theorem 5. Let ¢ € ®11(Q,q]. If f(z) € A(p) satisfies

T« Iafl Ia72
{¢ ( ZZ(f)’ pzpfl(Z)7 pzpffz);z) 1z € U} cQ (a>2;peN), (2.11)

then
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Proof. Define an analytic function g(z) in U by

_ ()

zp—1

9(2)
By making use of (1.3) and (2.12), we get

L7(2) 29 (2)+pg(2)

(a>2;peN; zeU). (2.12)

= ) 2.13
2p—1 p+1 ( )
Further computations show that
L) 2% () + @t 1)zg () 49" 9(2) (214)
. (p+1)?
Define the transformations from C3 to C by
t+(2p+1 2
u=r, U:S+pr,w: +(p+ )i+pr (215)
p+1 (p+1)
Let
s+pr t+ (2p+1)s+pr )
r, s, t;2) = ¢ (u,v,w; z :¢<7", , 2. 2.16
005,12) = 9w 2) = (1 LI R T (2.16)

The proof shall make use of Lemma 1. Using equations (2.12) — (2.14), and from
(2.16), we obtain

2P— 17 prl ’ prl )

af(, a—1 2 a—2 2
¢(g (2),29 (2),2%" (z);z> =¢ (Ip fz) L~ (=) LA )'z>. (2.17)

Hence (2.11) becomes

(0 (9 (2),29 (2),2%9 (2); z> €.

The proof is completed if it can be shown that the admissibility condition for ¢ €

;1 [€,q] is equivalent to the admissibility condition for ¢ as given in Definition 1.

Note that

(p+1)*w—2p(p+1)v+pu
(p+1)v—pu

)

t
41 =
S

and hence 1 € ¥ [, ¢]. By Lemma 1,

9(2) <q(z) or —==<q(2).
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If Q@ # C is a simply connected domain, then @ = h(U), for some confor-
mal mapping h (z) of U onto €. In this case the class ;1 [h(U),q] is written as
®7.1[h,q]. In the particular case ¢(z) = Mz, M > 0, the class of admissible functions
O 1 [€,q], denoted by &4 [€2, M].

Proceeding similary as in the previous section, the following result is an imme-
diate consequence of Theorem 5.
Theorem 6. Let ¢ € @11 [h,q]. If f(2) € A(p) satisfies

T« IOé—l Ia—2
¢ ( ZZ—(f)’ Pzpfl(z)’ pzpi(Z);Z) <h(z) (a>2peN), (2.18)
then 1o
p/(2) <q(2).

zp~1
Definition 6. Let Q be a set in C and M > 0. The class of admissible functions
@y 1 [, M] consists of those functions ¢ : C*> x U — C such that

, o L+ [(2p+ 1)k + p?] Me®
qs(Me’@ ktp o L+ [@p+ Dk +p7) Me ;z>¢Q (2.19)

"p+1 (p+1)>2

whenever z € U, 0 € R, R (Le*w) > (k—1)kM for all real 6, p € N and k > 1.
Corollary 5. Let ¢ € @11 [Q, M]. If f(z) € A(p) satisfies

¢<I,§“f(2) Is7Lf(2) I572f(2)

prl ’ prl ’ 4 1

;z>€Q (a>2;peN; ze€U),

then N
I3 f(2)

zp—1

<M (z€U).

In the special case Q = {w : |w| < M}, the class @7 [, M] is simply denoted by
Qrq [M].
Corollary 6. Let ¢ € @71 [M]. If f(z) € A(p) satisfies

' (I;f(z) ISV f(2) I972f(2) )
¢ R

op—1 7 1 y oD <M (a>2,p€N,Z€U),

then
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Corollary 7. If k> 1 and f(z) € A(p) satisfies

1o f(z
pzp_f()<M (a>1; peN; zeU).
then 19 (2)
“f(z
p
1 <M (z€U).

Proof. This follows from Corollary 6 by taking ¢(u,v,w;z) = v = %M e,

Definition 7. Let 2 be a set in C and q(z) € Q1 N H. The class of admissible
functions ®r2[Q, q] consists of those functions ¢ : C3 x U — C that satisfy the
admissibility condition

¢ (u,v,w;z) ¢ Q

whenever v = q(¢),v = — =11 {(p_|_1) (€) + qu%C()O}’

5 (p+1)(vw—3uv+2u2) S kR 1+(q,"(§) ,
V—1U q (¢)

where z € U, ( € OU\E (q), p€ N and k > 1.
Theorem 7. Let ¢ € @122, q] and I7f(z) #0. If f(z) € A(p) satisfies

N O e (OF i)
Lpf) ") ()

;z) :zEU}CQ (a>3;peN), (2.20)

then 7 1 (2)
T f(z
<q(z).
e
Proof. Define an analytic function g(z) in U by
;= f(2)
2)=2L "~ a>3;peN;zelU). 2.21
9() = Ty ) (221)

Using (2.21), we get

2 (2) 2 ) ()
9B T LGe LfE)

(2.22)
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By making use of the identity (1.3) in (2.22), we get

22 1 2 (2)
é]f@)—p+1{@+Ug®f+ }. 22

Further computations show that

23f(z) 1 29 (2)
1575 a1 P VeE +

Define the transformations from C3 to C by

o sy 1 s (pH1)s+24L—(2)
ur,vp+1{(p+1)r+r},wM{(p—kl)r—i—r—i- (ESIEE
(2.25)
Let
Y(rstiz) = ¢(u,v,w;2)
1 s 1 S
= ¢<’I“,p+1{(p+1)7‘—|—r},p+1{(p—Fl)T‘FT
S 82
LA Ds+ it (3) })
(p+1)r+2
(2.26)

The proof shall make use of Lemma 1. Using equations (2.21),(2.23) and (2.24),
from (2.26), we obtain

e (I0T(R) I9R(2) I9R()
w(g(z)aZg (Z),Z g (Z),Z) - ¢( Igf(z) ’Ig—lf(z)’ Ig—Qf(z)7z) : (2'27)

Hence (2.20) becomes
¥(g(2), zg (z),ng (2);2) € Q.

The proof is completed if it can be shown that the admissibility condition for ¢ €
;9 [€, q] is equivalent to the admissibility condition for ¢ as given in Definition 1.

Note that
t 1= (p+1) (vw — 3uv + 2u?)
s N v—u ’
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and hence 1) € ¥ [, g]. By Lemma 1,

I f(2)
g(z) < q(z) or W < q(2).

If Q # C is a simply connected domain, then Q = h(U), for some conformal
mapping h(z) of U onto 2. In this case the class @72 [k (U), ¢ is written as @72 [k, q].
In the particular case ¢(z) = Mz, M > 0, the class of admissible functions ®; 2 [€, ¢]
becomes the class @75 [2, M].

Proceeding similarly as in the previous section, the following result is an imme-
diate consequence of Theorem 7.

Theorem 8. Let ¢ € Proh,ql. If f(z) € A(p) satisfies
I f(2) 1972f(2) e~ 3f |
<Z5< Z;gf(z) 712471f( "I072f(z) ) (@>3; peN), (2.28)
then )
A
I;}f(z) <q(z).

Definition 8. Let Q) be a set in C and M > 0. The class of admissible functions
@y 9 [, M] consists of those functions ¢ : C* x U — C such that

i0 k+(p+1)Me? 1 i +1)kM2e® L kM+Le " —k2M \ .
¢<M ! % ﬁ{(erl)MeeJrkJr(p : (p+ 1) M2eP+ kM }72)
¢ Q,
(2.29)

whenever z € U, # e R, pe N, R (Le*w) > (k—=1)kM for all real 6, p € N and
kE>1.
Corollary 8. Let ¢ € ®12[Q, M]. If f(z) € A(p) satisfies

S (B EG) 1)
IfG) LG G

z)EQ (a>3;, peN;zeU),

then
I f(2)
I f( I9f(z)
In the special case Q = ¢ (U) = {w : |w| < M}, the class @2 [Q, M] is denoted
by <I>[72 [M]
Corollary 9. Let ¢ € 1o [M]. If f(2) € A(p) satisfies

S (B B G
LIG) BT )

<M (M>0;z€U).

<M (a>3;peN;M >0;z€U),
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then )
17 f(z)
p
— <M zeU).
e =t
Remark 3. The result in Corollary 9 is extension of the result obtained by Aouf
[3, Theorem 3.

3. SUPERORDINATION RESULTS OF THE INTEGRAL OPERATOR

The dual problem of differential subordination, that is, differential superordina-
tion of the integral operator I is investigated in this section. For this purpose the
class of admissible functions is given in the following definition.

Definition 9. Let Q be a set in C and q(z) € H|0,p] with 2q (z) # 0. The
class of admissible functions <I>/I [, q] consists of those functions ¢ : C> x U — C
that satisfy the admissibility condition:

¢(U,v7w7C)€Q
whenever uw = q(z), v= %’
12 _2 1 1 7
)@+ w=—2(p+v+u < w14+ ) ;

where z € U, ( € OU and m > p.
Theorem 9. Let ¢ € CIJ/[ [Q,q]. If f(2) € A(p), 17 f(2) € Qo and

0 (I f(2), Iy~ f(2), I; 72 f(2); 2)
s univalent in U, then
Qc{¢ (I;f(z),fgfl (z),[ﬁ“2 (2);2):2€ U} (a>2; peN), (3.1)

implies
q(2) < I f(2)-
Proof. From (2.7) and (3.1), we have

QcC {@Z)(g(z),zg/(z),fg”(z);z) 1z € U} .

From (2.5), we see that the admissibility condition for ¢ € @} [Q, ¢] is equivalent to
the admissibility condition for 1 as given in Definition 2. Hence v € \I/;D [, ¢], and
by Lemma 2,

q(z) < g(z) or q(z) <L f(2).
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If @ # C is a simply connected domain, then Q@ = h(U) for some conformal
mapping h(z) of U onto Q. In this case the class @ [h (U), q] is written as @ [h, g].
Proceeding similarly as in the previous section, the following result is an imme-
diate consequence of Theorem 9.
Theorem 10. Let h(z) is analytic on U and ¢ € @} [h,q]. If f(z) € A(p),
I3 f(2) € Qo and
¢ (Igf(z)7 Ig_lf(z)’ Ig_2f(z); Z)

1s univalent in U, then
h(z) < ¢ (Ig‘f(z), Ig‘fl (2), I;“*Q (2); z) (a>2; peN), (3.2)
implies

q(2) < I f(2).

Theorems 9 and 10 can only be used to obtain subordinants of differential su-
perordination of the form (3.1) or (3.2). The following theorem proves the existence
of the best subordinant of (3.2) for certain ¢.

Theorem 11. Let h(z) be analytic in U and ¢ : C3 x U — C. Suppose that the
differential equation

¢ (q(Z% 2q (2), 2% (2); Z> =h(2)
has a solution q(z) € Qo. If ¢ € ®;[h,q], f(2) € A(p), ISf(2) € Qo and
¢ (I f(2), Iy f(2), Iy 2 f(2);2)
is univalent in U, then
hi(z) <o (I3 f(2), 157 f(2), I3 f(2);2) (a>2 peN; zeU)

implies
q(2) < I f(2)
and q(z) is the best subordinant.

Proof. The proof is similar to the proof of Theorem 4 and is therefore omitted.
Combining Theorems 2 and 10, we obtain the following sandwich-type theorem.

Corollary 10. Let hi(z) and qi1(z) be analytic functions in U, he(z) be uni-
valent function in U, g2(z) € Qo with ¢1(0) = ¢2(0) = 0 and ¢ € Py[ha, g2 N
®; (b, qu]. If f(2) € A(p), Iy f(2) € H[0,p] N Qo and

O (I3 f(2), Iy f(2), 152 f(2);2) (a>2 peN; z€U)
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18 univalent in U, then
hi(z) < ¢ (I;,J‘f(z),Ipo‘*lf(z),IS“2 (2);2) < ha(z) (a>2; p€N)
implies
q1(z) < I f(2) < q2(2).

Definition 10. Let Q be a set in C and q(z) € Hy with 2q (z) # 0. The class
of admissible functions q)ll,l [, q] consists of those functions ¢ : C> x U — C that
satisfy the admissibility condition:

¢ (u,v,w;¢) € Q (3.3)
whenever u = q(z),v = %W’
gl @D w2+ otpul 1,[ 2" ()]

where z € U, ( € OU and m > 1.
Now we will give the dual result of Theorem 5 for differential superordination.

Theorem 12. Let ¢ € @’I’l Q,q]. If f(z) € A(p) L7 ¢ Qo and

9 prl

i’ (I;“f(Z) Il f(z) 1972 f(2) z)

zp_l ’ Zp—l ’ Zp—l !

1s univalent in U, then

« a—1 a—2
Qc {QS (I’;pf_(lz), Ipzpfl(z), Ipzpfl(z)w) 1z € U} (a>2; peN) (3.4)

implies
Ip f(2)

q(z) < 1

Proof From (2.17) and (3.4), we have
QcC {w (g(z),zg/ (z),ng" (z),z) iz € U} (>2;peN).

From (2.15), we see that the admissibility condition for ¢ € @},1 [, ¢] is equivalent

to the admissibility condition for 1 as given in Definition 2. Hence ¥ € ¥’ [Q, ],
and by Lemma 2,
Iy f(z)

zp—1

q(z) < g(z) or gq(2) <
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If @ # C is a simply connected domain, and @ = h(U) for some conformal
mapping h(z) of U onto Q and the class ®; | [h (U), q| is written as @ | [h, q].

Proceeding similarly as in the previous éection, the following result is an imme-
diate consequence of Theorem 12.

Theorem 13. Let q(z) € Hy, h(z) is analytic on U and ¢ € <I>/I’1 [h,q]. If

f(z) € Ap), 219 ¢ Qo and

¢<I,?f(Z) 197 f(2) I972f(2) z)

Zp_]' ’ Zp_]' Zp_l ’

1s univalent in U, then

Jo Ioz—l Ia—?
h<z><¢< 219 & 19, pzpffz);z> @>2peN), (39
implies
Ia
o)< 2.

Combining Theorems 6 and 13, we obtain the following sandwich-type theorem.
Corollary 11. Let hi(z) and q1(2) be analytic functions in U, ha(z)be univalent

function in U, q2(2) € Qo with q1(0) = ¢2(0) =0 and ¢ € P11 [ha, go] ﬂ‘b}’l [h1,q1].

If f(z) € Alp), 22 e Hyn Qo and

(b(l;“f(z) 197N f(2) 1972 f(2) )

w107 1 0T 1

1s univalent in U, then

If(z) 7' f(2) I37%f(2)

h1(3)<¢( ;Z><h2(2) (a>2; peN)

zp—1 7 -l 2P~ 1
implies
Iy f(2)
q (2) < Zp_l <q(z2).

Definition 11. Let Q be a set in C, q(z) # 0, zq/(z) #0 and q(z) € H. The
class of admissible functions ¢ € <I>/I72 [0, q] consists of those functions ¢ : C3 x U —
C that satisfy the admissibility condition:

¢ (u,v,w; () € Q
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whenever u=q(z), v= ﬁ {(p+1)Q(Z)+ fffqg%}a

%{(p—l-l)(vw—?)uv—l—QuQ)}S;%{14_27;]”(2)}7

V—Uu

where z € U, ( € OU,p € N and m > 1.
Now we will give the dual result of Theorem 7 for the differential superordination.

f a—1 P
Theorem 14. Let ¢ € ®,,[Q,q]. If f(2) € A(p), I”Iaf{Z()) € Q1 and
’ p

S (B B G
BIG) LG B

18 univalent in U, then

1971 f(z) I72(2) IS34()
e {¢ ( LfG) IR 5 G)

z):zEU} (a>3; peN) (3.6)

implies )
Iy f(2)
AT

Proof From (2.27) and (3.6), we have
Qc{v(g(),2 (2),2%" (2):2) 1 2 € U}

In view of (2.25), the admissibility condition for ¢ € CID/I’Z [, ¢] is equivalent to the

admissibility condition for t as given in Definition 2. Hence ¢ € ¥’ [Q2,¢], and by
Lemma 2,

I f(2)
r -
o) <9 or ) < Feres
If Q@ # C is a simply connected domain, then = h(U) for some conformal
mapping h(z) of U onto Q. In this case the class @ , [h (U) , q] is written as @7, [h, g].
Proceeding similarly as in the previous section’, The following result is an imme-
diate consequence of Theorem 14.

Theorem 15. Let q(z) € H, h(z) be analytic in U and ¢ € <I>,I72 [h,q]. If

a—1
f(z) € Ap), Iégf{g) € Q1 and

S (B B G
BIG) L) B
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18 univalent in U, then

L) L% f(2) L2 f(2) .
h(z) <o ( TG 1) Iﬁ‘_zf(z)’z> (a>3; peN), (3.7)
implies Jat
1<

Combining Theorems 8 and 15, we obtain the following sandwich-type theorem.
Corollary 12. Let hi(z) and q1(2) be analytic functions in U, ha(z)be univalent
function in U, g2(2) € Q1 with q1(0) = q2(0) =1 and ¢ € @y 2[ha, g2] NP 5 [h1, 1]

a—1
If f(2) € A(p), 7l € HNQu and

S (B0 B BTG
BRG) BTE) )

1s univalent in U, then

L f(2) 2 f(2) L0 (=)
Ipf(2) "L (2) ()

h,l(z)<¢< z)%hg(z) (a>3; peN)

implies
;7 f(2)

ql(z)<W<q2(z).
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