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A NOTE ON DIFFERENTIAL SUPERORDINATIONS USING
SALAGEAN AND RUSCHEWEYH OPERATORS

ALINA ALB LuUPAS

ABSTRACT. In the present paper we define a new operator using the Salagean
and Ruscheweyh operators. Denote by SR" the Hadamard product of the Salagean
operator S™ and the Ruscheweyh operator R™, given by SR™ : A,, — A, SR™f (z)
= (S™*x R™) f(2) and A, = {f € HU), f(2) =2+ app12" +..., 2 € U} is the
class of normalized analytic functions. We study some differential superordinations
regarding the operator SR™.
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1. INTRODUCTION AND DEFINITIONS

Denote by U the unit disc of the complex plane U = {z € C : |z| < 1} and H(U)
the space of holomorphic functions in U.

Let

An={f e HU), f(2) =2+ an 12" +..., 2€U}
and
Hla,n] = {f € HU), f(2) =a+a2" +anp 12" +..., 2€ U}

fora € Cand n € N.

If f and g are analytic functions in U, we say that f is superordinate to g, written
g < f, if there is a function w analytic in U, with w(0) =0, |w(z)| < 1, for all z € U
such that g(z) = f(w(z)) for all z € U. If f is univalent, then g < f if and only if
£(0) = g(0) and g(U) C f(U).

Let ¢ : C2 x U — C and h analytic in U. If p and ¥ (p(2),2p' (2);2) are
univalent in U and satisfies the (first-order) differential superordination

h(z) < ¥(p(2),2p'(2); 2), for z €U, (1)

then p is called a solution of the differential superordination. The analytic function
q is called a subordinant of the solutions of the differential superordination, or more
simply a subordinant, if ¢ < p for all p satisfying (1).
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An univalent subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of (1) is
said to be the best subordinant of (1). The best subordinant is unique up to a
rotation of U.

Definition 1. (Salagean [4]) For f € A,,, n € N, m € NU{0}, the operator S™
is defined by S™ : A, — Ay,

S°f (2)
S'f(z) = 2f(2)

I
~
~—~

N
N~—

SmHlf(2) = 2(S™f(2)), zeU.

Remark 1. If f € Ay, f(2) = 2+>°72, a;z’, then S™f (z) = 2y J™a;z,
zeU.

Definition 2. (Ruscheweyh [3]) For f € Ay, n € N, m € NU{0}, the operator
R™ is defined by R™ : A, — A,

Rf(2) = f(2)
R'f(z) = zf'(2)

(m4+1)R™Mf(2) = 2(R™f(2)) +mR™f(z), zeU.

Remark 2. If f € Ay, f(2) = 24352, ;27 then R™ f (2) = 243222, Oty o127,
zeU.

Definition 3. [2] We denote by Q the set of functions that are analytic and
injective on U\E (f), where E (f) = {¢ € U : lirréf (2) = oo}, and f'(¢) # 0 for
¢ € OU\E (f). The subclass of Q for which f (0) = a is denoted by Q (a).

We will use the following lemmas.

Lemma 1. (Miller and Mocanu [2]) Let h be a convex function with h(0) = a,

and let v € C\{0} be a complex number with Re v > 0. If p € Hla,n| N Q,
p(z) + %zp’(z) is univalent in U and

h(z) < p(z) + izp/(z), for ze€ U,
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then
q(z) < p(z), for z€U,
where q(z) = nz%/" foz h(t)tY/"1dt, for z € U. The function q is convex and is the

best subordinant.

Lemma 2. (Miller and Mocanu [2]) Let q be a convex function in U and let
h(z) = q(2)+ %zq’(z), for z € U, where Re v > 0. If p e Hla,n|NQ, p(z)+ %zp’(z)
s univalent in U and

a(=) + izqwz) <p(2) + }sz' (), for €U,

then
q(z) < p(z), for ze€U,

t“’/" Ldt, for z € U. The function q is the best subordinant.

where q(z) =

nz'Y/n 0
2. MAIN RESULTS
Definition 4. [1] Let m € N. Denote by SR™ the operator given by the

Hadamard product (the convolution product) of the Salagean operator S™ and the
Ruscheweyh operator R™, SR™ : A, — A,,

SR™f(z)=(S"*R™) f(2).

Remark 3. If f € A, f(2) = 2+ 352, ajz’, then SR™f(z) = z +
Z?inJrl C$+j—1jmaizj
Theorem 1. Let h be a convex function, h(0) = 1. Let m € NU {0}, f € A,

and suppose that LSR™Lf () + a2 (SR™f (2))" is univalent and (SR™f (2))’ €
H[Ln]NQ. If

1 41 "
- m m )
h(z)%ZSR f(z)+m+1z(SR f()", for zeU, (2)
then
q9(2) < (SR™f(2))", for z€U,
where q(z tﬁ_ldt. The function q is convex and it is the best subordi-
nant.

Proof. With notation p(z) = (SR™f (2)) = 1+ Z] © i Cm+] 1]m+1 223 1
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and p (0) = 1, we obtain for f(2) =2+ >, a;27,
p(2) +2p (2) = LSR™H f (2) + Zotg (SR™ f (2))" . Evidently p € H[1,n].
Then (2) becomes

h(z) < p(z) + 2p'(2), for z€U.
By using Lemma 1, we have

q(z) < p(z), for z€U, ie q(z)<(SR™f(2)), for z€U,

where ¢(z) = -1+ [ h(t)t%_ldt. The function ¢ is convex and it is the best subor-

. nzn
dinant.

Corollary No. 1 Let h(z) = W be a convex function in U, where 0 <
B < 1. Let m € NU{0}, f € A, and suppose that LSR™ ! f (2)+ 72 (SR™f (2))"

is univalent and (SR™f (2)) € H[1,n] N Q. If

m
m+1

h(z) < %SR’”“ F)+ - (SRF (), for z€ U, (3)

then
q(z) < (SR™f (2))",  for z €U,

1
where q is given by q(z) = 26 — 1+ 2(1_5) foz tf_i_tl dt, for z € U. The function q is
conver and it is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 1 and considering

p(z) = (SR™f (2)), the differential superordination (3) becomes

:1—1-(25—1)2

h(z) T2

< p(2) +2p'(2), for zeU.

By using Lemma 1 for v = 1, we have ¢q(z) < p(z), i.e.,

1 [* 1 (% 1 1+ (28-1)t
q(z) = 1/ h(t)tntdt = — / R G L
0 0

nzn nzn 1+t

o z %—1
_ogo14 lﬂ)/ Uit < (SR () for zeU
nzw Jo 1+t

The function ¢ is convex and it is the best subordinant.
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Theorem No. 2 Let q be conver in U and let h be defined by h(z) = q(z) +
qd (2). If m e NU{0}, f € A, suppose that %SRme (z) + miﬂz (SR™f (2))" is
univalent, (SR™f (2))" € H[1,n] N Q and satisfies the differential superordination

1
h(z) = q(2) + 2 (2) < ZSR™ () + 22 (SRTF ()" for ze U, (4)
then
q(2) < (SR™f (2))', for z€U,
where q(z fo tﬁfldt. The function q is the best subordinant.

PT’OOf Letp( ) ( Rmf( )) _1+Z] =n+1 Cm—‘r] 1jm+1 22] 1

Differentiating, we obtain p(z)+2p/(z) = %SRm“f( z)+z50 (SR™f (2))", for
z € U and (4) becomes
q(z) + 2¢'(z) < p(2) + 2zp/ (2), for z€U.
Using Lemma 2, we have
1 4
q(z) < p(z), for z €U, ie. q(z) = — / h(t)tifldt < (SR™f (2)), for z€U,
0

nzn

and ¢ is the best subordinant.

Theorem 3. Let h be a convex function, h(0) = 1. Let m € N, f € A, and
suppose that (SR™f (2)) is univalent and SR%M eH[LnNQ. If

h(z) < (SR™f(2)), for z€U, (5)
then Gpm
q(z) < Zf(z), for ze€U,
where q(z tﬁfldt. The function q is convex and it is the best subordi-
nant. - om _—
Proof. Consider p (z) = SR";f(Z) = ;nﬂ'flj S

1+ Zﬁn+1 Chtj—1ma; 227=1. Evidently p € H|[1,n].
Differentiating, we obtaln p(2)+2p (2) = (SR™f (2)) .
Then (5) becomes

h(z) < p(z) + 2p/(2), for z€U.
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By using Lemma 1, we have

SR™
q(z) <p(z), for zeU, ie ¢q(z)< Zf(z), for z e U,
where ¢(z) = 1+ [ h(t)t%_ldt. The function ¢ is convex and it is the best subor-

. nzn
dinant.

Corollary 2. Let h(z) = % be a convex function in U, where 0 < 3 < 1.

Let m € NU {0}, f € A, and suppose that (SR™f (2)) is univalent and SR%JC(Z) €
H[l,nNQ. If

h(z) < (SR™f (2)), for z€U, (6)
then -
q(z) < SRZM, for zeU,

1
ztn—1

where q is given by q(z) =20 — 1+ 2(118) fo 17 dt, for z € U. The function q is
nzn
convex and it is the best subordinant.
Proof. Following the same steps as in the proof of Theorem 3 and considering

p(z) = SR%JC(Z), the differential superordination (6) becomes

14+ (28-1)z
N 1+2

h(z)

<p(z)+2p'(2), for z€U.

By using Lemma 1 for v = 1, we have ¢(2) < p(z), i.e.,

1 z 1 z 1 28 — 1
q(z) = 1/ h(t)ti—ldtzl/ t%_lwdt
0 0

nzn nzn 1+1¢

1

21 — z 421 m

:26—14—( 15)/ 1+tdt<SRf(Z), for z e U.
nzn 0 z

The function ¢ is convex and it is the best subordinant.

Theorem 4. Let q be convex in U and let h be defined by h(z) = q(z) +2¢ (2).
If m € NU{0}, f € A, suppose that (SR™f (2))" is univalent, %ﬂz) € H[1,n]NQ
and satisfies the differential superordination

h(z) = q(2) +2q (2) < (SR™f (2))", for z€U, (7)
then o pm
q(z) < Zf(z), for zeU,
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where q(z fo tﬁ_ldt. The function q is the best subordinant.

m ol cm, . gmaq2ai
Proof. Let p(z) _ SR() _ i ;"ﬂ—l] il

z

L+ 32 Oy g™ a3z~ . Evidently p € H([1,n].
Differentiating, we obtain p(z)+zp'(z) = (SR™f (2)), for z € U and (7) becomes

q(2) + 2q¢'(2) < p(2) + 2p' (2), for z€U.

Using Lemma 2, we have

1 z m
q(z) < p(z), for zeU, ie ¢q(z)=— / h(t)tifldt < SRZf(Z), for z €U,

nzn JO

and ¢ is the best subordinant.

Theorem 5. Let h be a convex function, h(0) = 1. Let m € NU {0}, f € A,

m /
and suppose that (Zi%mi?(];()z)) is univalent and %‘%Rmif(z()) eH[L,nNQ. If

m /
h(z) < <W> ,  for zeU, (8)
then SR (2)
Q(z) = W, for ze U,
where q(z fo tﬁfldt. The function q is convex and it is the best subordi-
nant.

mt1 > Cm+1 -m—+1 2
Proof. Consider p (z) = Sgmef{z()Z) D DI o

= I =
24351 Oy i 1d™ a5 22i

143052, 4y Ol jmHta220—1
Ty O 1Jma —=7- Evidently p € H[1,n].

_ (sR™1() (SR™ ()’ _ (R
We have p’ (2) = I O 4 (Z)'W and p (2)+zp’ (2) = (W) :
Then (8) becomes

h(z) < p(z) + 2p'(z), for z€U.
By using Lemma 1, we have

SR™1F (2)
SR (z)

q(z) < p(z), for zeU, ie q(z)< for 2 €U,
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where ¢(z) = -1+ [ h(t)t%_ldt. The function ¢ is convex and it is the best subor-

nzmn

dinant.
Corollary 3. Let h(z) = % be a convex function in U, where 0 < 3 < 1.
m / m
Let m € NU{0}, f € A, and suppose that (%) is univalent, %}{z()z) €
H[L,n]NQ. If

h(z) < <W> ,  for zeU, 9)
then J— )
q(z)<Sanff(‘Z,)z’ fOT‘ ZGU,

1

where q is given by q(z) =20 — 1+ 2(116) foz tf+t1 dt, for z € U. The function q is
nzn

convex and it is the best subordinant.

Proof. Following the same steps as in the proof of Theorem 5 and considering

p(z) = SR%M, the differential superordination (9) becomes

:l—l—(2ﬂ—1)z

hz) 1+2

< p(2) +zp'(2), for zeU.

By using Lemma 1 for v = 1, we have ¢(z) < p(z), i.e.,

1 /7 L 12811
R T R
0 0

nzmn nzn 1+¢

—23 -1+ dt < ,
A nam 1+t SR™f (2)

The function ¢ is convex and it is the best subordinant.

for z e U.

2(1 - 3) / t L SRMHLf ()
0

Theorem 6. Let q be convex in U and let h be defined by h(z) = q(z)+2q (2).

m !/ m
If m € NU{0}, f € A,, suppose that (%W) s univalent, %;(fz()z) €

H[1,n]NQ and satisfies the differential superordination

ZSRm+1f(Z)> , for zeU, (10)

h(z) = q(2) + 24 (2) < (W

then
SR™H [ ()

1) SRy )

for zeU,
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where q(z) = 1 fo tﬁ_ldt. The function q is the best subordinant.
nz
SR f(z) _ A2 Opdji™ lage)

Proof. Lap@):p@%:smw@ IS Y oY L =

1+Z] 1 ijrrjl m+1a2z] 1
e Evidentl € H|l,n
1+E] i1 C'NH»J 1]ma 2-7 1- y p [ ]

1 — (2SR
Differentiating, we obtain p(z) + zp'(z) = SET) ) for z € U and (10)

becomes
q(2) + 2q¢'(2) < p(2) + 2p' (2), for z€U.

Using Lemma 2, we have

17 SR™Hf (2)
q(z) < p(z), for z€U, ie. q(z) = /httnldt<, for z €U,
and ¢ is the best subordinant.
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