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A NEW APPROACH TO SOLVE SYSTEM OF SECOND ORDER
NON-LINEAR ORDINARY DIFFERENTIAL EQUATIONS

MUHAMMAD RAFIULLAH AND ARIF RAFIQ

ABSTRACT. In this paper a new method is introduced to solve system of second
order non-linear ordinary differential equations. This method is based on homotopy
perturbation technique. The effectiveness and convenience of the suggested method
is illustrated with some examples.
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1. INTRODUCTION

In daily life, the physical phenomena and many scientific problems are formulated
in the form of differential equations. Most problems are difficult to solve for their
exact solutions. Therefore, several new techniques have been developed to obtain
the analytical solutions which approximate the exact solutions. Such techniques
are Adomian decomposition method [2], the variational iteration method [9] and
the homotopy perturbation method (HPM) [10, 12-15]. These techniques have
drawn the attention of scientists and engineers.

The HPM was proposed by Ji Huan He [10]. Further, He successfully applied
this methods to asymptotology [12], limit cycle and bifurcation of non-linear prob-
lems [13], non-linear oscillators with discontinuities [14], non-linear wave equations
[15].  Thus, He’s method is universal and many mathematicians and engineers
have applied it to solve various linear and non-linear problems. For example, this
method is applied to the quadratic Riccati differential equation [1], non-linear Fred-
holm integral equations[20], axisymmetric flow over a stretching sheet [4], non-linear
coupled systems of reaction-diffusion equations [7], non-linear schrédinger equations
[6], non-linear polycrystalline solids [21], non-linear systems of partial differential
equations [19], non-linear differential equations of fractional order [23], construction
of solitary solutions and compacton-like solutions to partial differential equations
[18], fractional IVPs [5], the Helmholtz equation [22], KAV equation [3] and other
different type of problems of the various fields.
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In the present paper, modified homotopy perturbation method is applied for the
system of second order ordinary differential equations. To illustrate the effectiveness
and convenience of the suggested procedure, few examples are considered.

2. HOMOTOPY PERTURBATION METHOD

The homotopy perturbation method [8, 11, 16 - 17] is a combination of the clas-
sical perturbation technique and homotopy concept as used in topology. To explain
the basic idea of homotopy perturbation method for solving non-linear differential
equations, we consider the following non-linear ordinary differential equation

A(u) — f(r) =0,7r € Q (2.1)
subject to boundary condition
du
B — =0 r 2.2
(wfe)=orer. (2:2)

where A is a general differential operator, B a boundary operator, f(r) is a known
analytical function, I' is the boundary of domain € and E% denotes differentiation
along the normal drawn outwards from (2.

The operator A can, generally speaking, be divided into two parts, a linear part
L and a non-linear part N. Therefore, (2.1) can be written as follows

L(u) + N(u) — f(r) = 0. (2.3)

By the homotopy technique, He constructed a homotopy v(r,¢q) : 2 x [0,1] — R
which satisfies

H(v,q) = (1 = q)L(v) — L(uo) + ¢A(v) — f(r) =0,

qe€[0,1],r € Q,

which is equivalent to

H(v,q) = L(v) — L(uo) + ¢L(uo) + ¢ [N(v) — f(r)] = 0, (2.4)

where ¢ € [0, 1] is an embedding parameter, g is an initial guess approximation of
(2.1), which satisfies the boundary conditions. It follows from (2.4) that

H(v,0) = L(v) — L(ug) =0, (2.5)
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H(v,1) = A(v) — f(r) = 0. (2.6)

Thus, the changing process of ¢ from zero to unity is just that of v(r, ¢)from ug(r)
to u(r). In topology, this is called deformation, and L(v) — L(ug), A(v) — f(r)are
called homotopic.

Here, we use the embedding parameter ¢ as a small parameter and assume that
the solution of (2.4) can be written as a power series in g

v =g+ qui + ¢*vy + ... (2.7)
Setting ¢ = 1 we obtain the approximate solution of (2.1),

U= lin%v:vo—kvl—}—vg%-... (2.8)

q%

The coupling of perturbation method and the homotopy method is called ho-
motopy perturbation method, which has eliminated limitations of the traditional
perturbation methods. In the other hand, this method can take the full advantage
of perturbation techniques. The convergence of series (2.8) has been proved by He
in his paper [8].

3. MODIFIED HOMOTOPY PERTURBATION METHOD FOR SYSTEM OF SECOND
ORDER ORDINARY DIFFERENTIAL EQUATIONS

Consider the second order system of non-linear ordinary differential equations of
the form

{ " = f(tal'aya$/7y/)a Q?(O) = A’ :LJ(O) - B’ (31)

y' =gtz y.2",y), y(0)=C, y(0)=D,
where f and g are real functions and A, B, C , D are constants.
We construct the following general homotopy,

{ V" +ul + pul + pf(tv,w, v w') =0, (3.2)

w// +u/1/ +pu/1/ +pg(t’,u7w7v,’ w/) = 07

where p € [0,1] is the embedding parameter and ug and u; are an initial guesses
approximation of (3.1).

We assume that the solutions for (3.1) can be written as the power series in p as
follows:

{ v = o + pv1 + pvg + piug + plug + ... (3.3)

w = wo + pwy + pPwy + pPws + prwg + ...
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Setting p = 1, we obtain the approximate solutions of (3.3),

r = lir}ﬂlvzvo+vl+v2+..., (3.4)
p—

y = lin%w:wo—l—wl—l—wg—l—... (3.5)
p*}

Using (3.3) in (3.2), we get

{ Do Vi +ug +pug + (1t D20, pi‘Ui, >0 pi.wia >0 p",vé, >0 plw;) =0,
Dicowi Huf +pui +g(t, Xy pui, 2o Pwis Y iy P, Y i Plwy) = 0.

(3.6)
Using Taylor’s series with five variables on f and g and collecting the terms of like
powers of p in (3.6), we obtain

o [ WU =0, w(0)= A, uh0) = B, .
| wy+uf =0, we(0)=C, wj(0) =D, '
1 v Ful + f(tvo, wo, vy, wy) =0, 01(0) =0, v1(0) =0, (3.8)
L wf A+ + g(t v, wo, v, wp) =0, wi(0) =0, wi(0) =0, :
o [ U8+ futh + fugwh + fuvn 4 fuewr =0, va(0) =0, v5(0) =0, 59)
T WY Gy V1 F Gup Wi+ Gu¥t F Guewr =0, w2(0) =0, wy(0) =0,
( Ug + %fv62(vll)2 + fv(’)w(’)vllwll + fv(’)vovllvl + fv(’)wovjltwl + fv(’)vé
+%fw62 (w/1)2 + fw(’)vowllvl + fw(’)wgwllwl + fw(’)wé + %fvgv%
+fvowovlw1 + fvov2 + %fw%w% + fw0w2 =0,
_ I
P v3(0) = 0, v3(0) =0, (3.10)

wy + %9%2 (v))? + Guluwy V1WL + Gt og V101 + Gy V1 W1 + Gup V5
+%9w62 (w/1)2 + gwgvowivl + gwéwow’lwl + gwéwé + %gvgv%
T GvgwoV1W1 + GuyV2 + %gwgw% + Guow2 = 0,
w3(0) = 0, wi(0) =0,
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4.APPLICATIONS

Now we apply the modified homotopy defined by (3.4 - 3.8) to solve system of
second order ordinary differential equations.
Example 1. Consider the following system:

21— et + o3V _9 — 0,
y' e =32 —1 = 0,
subject to the initial conditions z(0) =0, 2’(0) =0, y(0) =0, y'(0) = 0.

In this case
1.7 1,7
f= —e2t0 L e3Wo — 2,

and
_ /
g = e3vo% 3uj — 1,

According to the proposed homotopy, we have

vy =0,
0. v0(0) =0, v;(0) =0,
p . w/l — 0
0 )
wo(0) = 0, w((0) =0,
v —2=0,
1. v1(0) = 0, v1(0) =0,
p . "o 0
wl — B
w1(0) = 0, wy(0) =0,
( vy —t2 =0,
2. v2(0) = 0, v5(0) = 0,
P w4+ 32 — 6t =0
2 P
wz(0) = 0, wh(0) =0,
(v 12— 3t — 2t =0,
3. v3(0) = 0, v3(0) =0,
P wf — 32+ B¢t =0,
w3(0) = 0, wh(0) =0,

Corresponding solutions of the above system of linear second order ordinary
differential equations are
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Vo = 07
v = t2,
v = tQ, v = tz,
1 1 1
v3 = thp — 15+ —1

and
wo = 07
wy = 0,
1
wy = t3—1t4,
1
Wy 1

Thus, form v = vy +v1 +vo +v3 + ... and w = wy + w1 + we + w3 + ..., we have v =
2+ $t5 + %2@ +..,andw =1t — %tG + ..., which converge to the exact solutions

r=1t%y=1t.

Example 2. Now we consider the following system:

$/,+x/2 +y/ — 2t+ 1’
y// . x/y/ — 0 ,

subject to the initial conditions z(0) =1, 2/(0) =2, y(0) =0, ¥'(0) = 1.

In this case

= (06)2 +wh — 2t — 1,

)
g = —vywy.

We have according to the modified homotopy,

vy =0,
0 vo(0) =1, v((0) =2,
p w// — 0

194



M. Rafiullah, A. Rafiq - A new approach to solve system of second order...

(W —2t+4=0,
! v1(0) = 0, v} (0) =0,
P w! —2=0
1 - Y
w1 (0) = 0, w,(0) = 0,
(42— 14t 4+l =0,

2. ) v(0)=0,v3(0) =0,
P wly —t2 =0,
w3(0) = 0, wh(0) = 0,
( wl + 12 — 3t3 =0,
5. ws(0) = 0, wj(0) =0,
P o — 11568 4 38¢% — 5245 =

4(0) = 0, v}, (0) = 0,

Corresponding solutions for the above system of linear second order ordinary
differential equations are given by

1
wy = 32— 1154,
v = —2t2 + 1753
3 )
7. 1
vy = -t — 4
33
11 13 1
vy = ——tt 4 t® — 8

and
wy = t,
wp = t2,
1
w2 = Et4,
w3 = —1—12t4+1—15t5,
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Thus, form v = vy + v1 + vo + v3 + ... and w = wg + w1 + wg + w3 + ... we have v =
142t — 262+ 843 — ¢ 43245 — 346 4 2047 4 =t 442 — L6+ T+
which converge to the exact solution z = 1 + In(1 + 2t), y = t + t°.

Example 3. For following system of differential equations:

:L'” _ny/_{_l‘/y/ — 4€2t,
y' +xy+y = (cost)e™,
subject to the initial conditions z(0) = 1, 2/(0) =2, y(0) =1, ¥'(0) =0,
we have
f = —2vowj + vhwy — 4€*,
and

g = vowp + wp — (cost) et

We have according to the proposed homotopy,

vy =0,

0 v9(0) =1, v((0) = 2,
p: w! =0
o — Y%

wo(0) =1, wy(0) = 0,
vf — 8t — 812 — 1943 — ¢t — 845 — 180 —4 =0,
i 3 })1(0) :70’ Uigg) :013
. 2 3 4 5 6 _
w1(0) = 0, wi(0) =0,
2 4 145 7 46 19,7 13 .8
2 v2(0) = 0, v3(0) =0,

\

p " 2, 1,3, 1144 | 1145 37 46 23 .7 293 .8 13 49 _
w2+t +§t +ﬁt +70t +%t —mt _20160t —mt —0,
\ w2 (0) =0, wé(O) =0,
I 2, 1044 | 245 | 146 747 43 .8 41 49 293 410 437 411 _
vz — 47+ T 57 4 510 + g5t _T(so/t + 50! — 3ot T soa00f = O
p3 : 3,4 13,5 146 4037(0) :1107 :3(0)1:907 4723 410 31951 ,11
: 1" —
w3 — Qt - ﬁt - §t B ﬁt + mot - ﬁt - 453600t + 4989600t =0,

ws(0) = 0, w}(0) = 0,

Corresponding solutions of the above system of linear second order ordinary
differential equations are
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vg = 1+ 2t,

4. 2 4 4 8 2
= W+ B+t v b T =48
vl U gt Tttt et et
1, 1, 1. 1., 19, 13 4
T M| Ty (UL B #10,
2 3V T Tt T 210t T ea0t T 12600
1, 1g 1. 1 ¢ 7 o 43 5 41 203 .,
= 6y Lty £10 _ P = 2
U3 50 79" T3t T 112" T 3240° T 113400 5544000 ' 5987520

and
wy = 1,

ATt S L B
w 5 T8t Te0" T 720" T a5200 T aaso’

. B e ¢ ¢ ¢ 1
w2 12" T 60" 360" 840°  20160° ' 181440 18144000 T 246400

1 1 1 1 11 1

wy = Lo By s, 9 0 + ¢t

20 630 504 5670 129600 41580

Thus, form v = vy + v1 + v2 + v3 + ... and w = wy + w1 + wa + w3 + ... we have
_ 2, 443, 244 _ 1,2 144 T 46
v=1+2t 420+ 33 4 20+ w=1— 32 Lt Lt
which converge to the exact solution z = e, y = cost.
Example 4. At last we have

" 422 —y = 2—te
y”—x’+y' _ —2€_t—1,

subject to the initial conditions z(0) =0, z'(0) =2, y(0) =1, '(0) = 0.
In this case f = f =2v) —wo + (=2 +te™"), and g = —v) + w+ 2e~* + 1.
We have according to the proposed homotopy,
vy =0,
0. vo(0) = 0, vy(0) =2,
’ wh =0,
’wo(O) = 1, wé(()) = O,
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2 1,3 144 1,45 1 46 —
(o =t 50— st 4 gt — ot +1 =0,
1. Ul(O):O, UII(O)IO,
) wf =2t Lt — L5+ b+ 1 =0,
w1(0) =0, w}(0) =0,
1,2 1,3 144 145 146 1 .47 1 8 _
( ’Ué/—zt—gt +§t—6t +%t—%t +wt +20160t =0
2. v2(0) = 0, v5(0) =0,

b "o 342 2.3 5 44 1,5 7 46 147
w3(0) = 0, wh(0) = 0,
c 2, 1,3 144, 1,5 7.6, 1,7 13,8 1,9 _
vz 4 217 + 517 — 551" + 550 — w5t /"‘ s0at — 103200 — 302000 = 0>
p3. U3(O):O) ,03(0):07

v 42 2,3, 1,4 3.5 | 146 1,7 1,8 149 _
w3 — 7 — 517 + 317 — 46517 + 551" — 335t + 2q0t + 114200 = 0>
w3(0) =0, w5(0) = 0.

Corresponding solutions of the above system of linear second order ordinary
differential equations are

vg = 2t,
1 2 1 3 1 4 1 5 1 6 1 7 1 8
. DI S B Y
vl 5" ~6" T2t T 10" T1s0" " 1008 Ter20"
1 3 1 4 1 5 1 6 1 7 1 8 1 9 1 10
= Bt P — S - 0 — t
v2 30 Tor" "0t T1:0" sa0" T5040° 36288 1814400
vy = _1t4_it5+it6 1 7 L L 9 13 10 1

6 60 7200 1260 5760 36288 + 3628 800 3326400

and

wy = 1,

w = —%f + %tB - %# + %ts - ﬁﬁ + 25120 - 201160t8’

wy = —%t“ + %tS N ﬁtﬁ * %ﬂ B 57160t8 + 45:;60759’

wy = %2754 + %t‘f’ - %tG + %Oﬂ B 33160t8 * 2411921t9 B 2011600t10 T 19 9518 00
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Thus, form v = vg + v1 + vo +v3 + ... and w = wg + w1 + we + w3 + ... we have
_ 1,2 143 _ 1,4 _ 152 ) 143 144

which converge to the exact solution

r=t+1—ect y=et+te .

5. CONCLUSION

In this paper, a modified homotopy method applied to solve the system of second
order non-linear ordinary differential equations. Comparison of the results obtained
by the proposed method with the exact solution reveals that the proposed method
is very effective and convenient.
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