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THE MATRIX TRANSFORMATIONS ON DOUBLE SEQUENCE
SPACE OF y2

N. SUBRAMANIAN AND U.K. MISRA

ABSTRACT. Let x? denote the space of all prime sense double gai sequences and
A? the space of all prime sense double analytic sequences. First we show that the
set B = {s(m”) m,n=1,2,3,--- } is a determining set for y2. The set of all finite
matrices transforming y? into FK-space Y denoted by (X2 : Y). We characterize
the classes (X2 : Y) when Y = c%, 2,2, 02, A2

/C%‘CQ‘XQ‘fz‘ A2

x2 | Necessary and sufficient condition on the matrix are obtained

But the approach to obtain these result in the present paper is by determining
set for 2. First, we investigate a determining set for y? and then we characterize
the classes of matrix transformations involving y? and other known sequence spaces.
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1. INTRODUCTION

Throughout w, ¥ and A denote the classes of all, gai and analytic scalar valued
single sequences respectively.
We write w? for the set of all complex sequences (T,,,), where m,n € N the set of
positive integers. Then w? is a linear space under the coordinate wise addition and
scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich[2]. Later
on it was investigated by Hardy[3], Moricz[4], Moricz and Rhoades[5], Basarir and
Solankan([1], Tripathy[6], Colak and Turkmenoglu[7], Turkmenoglu[8], and many
others.
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We need the following inequality in the sequel of the paper. For a,b,> 0 and
0 < p <1, we have
(a+b)P <a? + VP (1)

The double series >~ | &myis called convergent if and only if the double sequence.
($mn)is called convergent, where Sy, = ity wi(mon = 1,2,3,...) (see[9]). A
sequence & = (Zyy)is said to be double analytic if

SUPmn |xmn|1/ M < 0. The vector space of all double analytic sequences will be
denoted by A%. A sequence x = (Z,,,) is called double gai sequence if

((m + n)! |Zmn )™ ™ — 0 as m, n — co. The double gai sequences will be denoted
by x?. Let ¢ = {all finitesequences}. Consider a double sequence z = (z;;). The
(m,n)" section z[™™ of the sequence is defined by z[™" = > i im0 Sy for all
m,n €N,

0, 0, .0, O,
0, 0, .0, O,

0, 0, .1, —1,
0, 0, .0, O,

with 1 in the (m,n)" position, -1 in the (m 4 1,n + 1) position and zero other
wise. An FK-space(or a metric space)X is said to have AK property if (Syu,) is
a Schauder basis for X. Or equivalently z"" — 2. An FDK-space is a double
sequence space endowed with a complete metrizable; locally convex topology under
which the coordinate mappings = = (zx) — (Zmn)(m,n € N) are also continuous. If
X is a sequence space, we give the following definitions:

(1)X'= the continuous dual of X;

(i) X* = {a = (amn) : 2 popei |GmnTmn| < 00, foreachz € X'}

(iil) X P = {a = (amn) : ng}nzlamnmmn 1s convegent, foreachz € X}

(

i Y = — . U M,N
iv) X7 =<qa = (amn) mn>1 me:l CmnTmn

(v)let X beanF K — space D ¢; then X = {f(%mn) f e X’} ;

< o0, foreachx € X} ;

(vi) XA = {a = (mn) : SUPmn |amnﬂcmn\1/m+n < 00, foreachx € X} :

X XP X7 are called o — (orKothe — Toeplitz)dual of X, 3 — (or generalized —
Kothe — Toeplitz)dual of X, v — dualof X, A — dual of X respectively.
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2.DEFINITIONS AND PRELIMINARIES

Let w? denote the set of all complex double sequences. A sequence x = () is said
to be double analytic if sup,, \xmnll/ M+~ 0. The vector space of all prime sense
double analytic sequences will be denoted by A2. A sequence x = (Z,,) is called
prime sense double entire sequence if ((m + n)! |xmn\)1/m+" — 0asm,n — oo. The
double gai sequences will be denoted by x2. The space A%is a metric space with the
metric

d(z,y) = supmn {\azmn - ymn|1/m+" :m,n:1,2,3, } (2)

forallz = {x,} andy = {yms }in A2, The space x?is a metric space with the metric
d(z,y) = supmn {((m ) T — Yo )™ iy m 1,2, 3, } (3)
forallz = {Z} andy = {Ymn Hin x2.

Let X be an BK-space. Then D = D (X) = {z € ¢ : ||z|| < 1} we do not assumethat
X D ¢ (i.e)D = ¢[) (unit closed spherein X)

Let X be an BK space. A subset E of ¢ will be called a determining set
for X if D (X) is the absolutely convexhull of E. In respect of a metric space
(X,d),D={z€¢:d(z,0)<1}.

Given a sequence z = {Zp,} and an four dimensional infinite matrix A =

(azr]f ) ,m,n,j,k = 1,2,--- then A— transform of = is the sequence y = (Ymn)

when Ymn =D o0 1 D00y alk Tm (j,k=1,2,---). Whenever > > alk o exists.

Let X and Y be FK-spaces. If y € Y whenever x € X, then the class of all
matrices A is denoted by (X :Y).

3.LEMMA

Let X be a BK-space and F is determining set for X. Let Y be an FK-space
and A is an four dimensional infinite matrix. Suppose that either X has AK or A is
row finite. Then A € (X :Y) if and only if (1) The columns of A belong to Y and
(2) A[FE] is a bounded subset of Y.

4.MAIN RESULTS

Theorem 1. Let E be the set of all sequences in ¢ each of whose non-zero terms is
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0, 0, .0, 0,
0, 0, .0, 0,
' 1 -1
0, 0, ik o O
0, 0, ..0, 0,
with m, in the (m,n)t, (m_+1n)!7 in the (m + 1,n + 1) position and zero other

wise. Then E is determining set of x>.
Proof. Stepl. Recall that x? is a metric space with the metric
d(z,y) = supmn {((m + ) | Zmn — Yo )™ om0 =1,2,3, - - }

Let A be the absolutely convex hull of E. Let x € A. Then z = anzl Zi:l Ern M)

with .

i\j

7 ftmn] < 1. (4)

m,n=1
and s ¢ E.
Then d (z,0) < [ti1]d (sD,0) + - + [t;;|d (s9),0). But d (s(™)) = 1 for m,n =
1,2,3,---(i,5) . Hence d(z,0) < Zf;f;n:l |tmn| < 1 by using (4). Also x € ¢. Hence
x € D. Thus
AcD (5)

Step 2. Let v € D

=z € ¢ and d(z,0) < 1.
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2!1‘11, 3!{1}12, ey (1 + n)!xln,
3lroy, A xo9, . (2 + ’rl)!l'gn,
T = . and
(m+ Dlxpmr, (m+2)zne, , (m+ )z,
0, 0, 0, 0,
(2!a11))'/2, (3! z12)"?, (TR )T,
sup
((m+ D ama )™, (4 2) ama )™, () )7
0, 0, .0, 0,

Case (i). Suppose that 2!|z11] > -+ > (m +n)! |zma| -

Let &nn = Sgn ((m 4+ n)zpy) = (mAm)llzmn] g m,n=1,2,---(i,7)

(m+n)zmn

&1, €12, o 1o
&1, &2, oy &y

Spe = . for k, 0 =1,2,3,---(1,9)
5/617 5/627 ceey gkf)

0, 0, ..0, O,
Then si € E for k, 0 =1,2,3,---(i,7). Also

x = (|2'z11 — 3lz1a| — [3lw91 — 4l290]) S11 + -+ +
[(m + )@y — (m 4+ n+ Dl | = [(m+ 104+ D0zmpin — (m+ 0+ 2)2mian41]) Smn

=1t11511 + - - - + tyunSmn- so that
ti1+ -+t = |2!J}11 — 3!1‘12’ — ](m +n 4+ 1)!xm+1n — (m +n+ 2>!xm+1n+1’

= |2lz11 — 3lz19| because |(m +n + D)zpyin — (M4 n+2)lepmi1nt1] =

<1 by using (6)
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Hence z € A. Thus D C A.
Case (ii). Let y be x and let 2! |y11| > -+ > (m + n)! [yman] -

Express y as a member of A as in case(i). Since F is invariant under permuta-
tion of the terms of its members, so is A. Hence x € A. Thus D C A. Therefore in
both cases

DcCA (7)
From (5) and (7) A = D. Consequently F is a determining set for x2. This completes
the proof.

Proposition 2. x? has AK

Proof. Let & = (zyn) € x? and take zl™" = Z;n]zl ;5 for all m,n € N.
Hence d (ac,x[’"s}) = SUPmn {((m +n)! ]xmn|)1/m+” cm>r+1,n>s+ 1}

— 0asm,n — oo
Therefore, 2" — z as r, s — co in x2. Thus y? has AK. This completes proof.

Proposition 3. An infinite matrix A = (ai,’fn) 15 in the class

Ae (X2 : 0(2)) = limn,k—wo (aﬁfn) =0 (8)

. ,
& SUPpy |y + -+ ally

< 00. (9)

Proof. In Lemma 1. Take X = 2. has AK property take ¥ = (c%) be an FK-
space. Further more y? is a determining set E (as in given Theorem 1). Also

A[E] = A (s(m”)) = {(ajn}d +- 4 a%fn)}. Again by Lemma 1. A € (x*:d}) if
and only if (i)The columns of A belong to ¢3 and (ii)A (s(m")) is a bounded subset
x2. But the condition

(i) {a%fn ch k=12, } is exits for all m,n.

et alh| < .

Hence we conclude that A € (x*: ¢) < conditions (8) and (9) are satisfied.
The following proofs are similar. Hence we omit the proof.

(il) & supmn

Proposition 4. An infinite matriz A = (a%f ) is in the class

Ae (i) & limypoco (a%"’n) exists(m,j =1,2,3,...) (10)
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N _
a4+ alk | < oo

&= SUDmn

Proposition 5. An infinite matrix A = (a%’fn> s in the class

1 .
Ae (X2 : X2) < SUPmn <(7n+n)' ’afnl + - —I—aifn

1 1/m+n
= limn,k—>oo <(7n+n' ’a{ffn ) =0,for m,7=1,23,..
< d ( 1"rL17 ajrr%% T ’ai”lfn) (K] bounded

for each metric d on x* and for all m,n.

Proposition 6. An infinite matrix A = (a%’fn> is in the class

Ae (2 €2 Zz)agk

m=1n=1

converges(j, k =1,2,3,...)

& SUMmn, Z Z ‘a]k

m=1n=1

Proposition 7 An infinite matriz A = <a¥¥fn> s in the class

1/m+n

n k
Ac (X2 : A2) S SUPmn Z Z a#bﬂY < 00
y=1p=1
S d ( L g2 gk ) isbounded
ml’ m2’ mn

for each metric d on A% and for all m,n.
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