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THE GEODESIC CURVATURE AND GEODESIC TORSION OF
THE INTERSECTION CURVE OF TWO SURFACES
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Abstract. In this paper, we study the geodesic torsion and the geodesic cur-
vature of intersection curve of two regular surfaces given by parametric-parametric
and implicit-implicit equations. We express the curvature vector and the curvature
by means of the geodesic curvatures of the intersection curve and the normal vectors
of the surfaces.
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1. Introduction

It is well known that the curvatures of a space curve given by its parametric
equation can be found easily [3, 8, 9]. But, if the space curve is given as an in-
tersection of two surfaces in Euclidean 3-space, the curvature computations become
harder. For that reason, a lot of methods were given for computing the curvatures of
the intersection curve and also the curvatures (normal, mean, Gaussian) of the inter-
secting surfaces. Some of these methods include algorithms to compute curvatures
and some consist curvature formulas [4, 5, 7].

Surfaces are generally given by their parametric or implicit equations. Be-
cause of this, surface-surface intersection problem appears commonly as parametric-
parametric, parametric-implicit and implicit-implicit in which the intersection is
transversal or tangential. If the normal vectors of two surfaces are not parallel at
the intersecting points, the intersection is called transversal intersection. Under such
an intersection, the tangent vector of the intersection curve can be computed easily
by vector product of two normals.

Aléssio and Guadalupe present formulas on geodesic torsion and geodesic curva-
ture for the intersection curve of two spacelike surfaces in Lorentz-Minkowski 3-space
[2]. Hartmann, [5], provides formulas for computing the curvature and torsion of the
intersection curve. Goldman derives curvature formulas for implicit curves and sur-
faces using the classical curvature formulas in Differential Geometry for parametric
curves and surfaces [4].
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Willmore gives the method for computing the Frenet apparatus of the transversal
intersection curve of two implicit surfaces, [9].

Ye and Maekawa derive the Frenet vectors and curvatures of the intersection
curve for all three types of transversal and tangential intersections. They obtain
also the normal curvatures -in the direction of the tangent vector- of the surfaces at
the intersecting points. Finally, they give algorithms for the evaluation of higher-
order derivatives, [10].

Using the Implicit Function Theorem, Aléssio gives a method to compute the
unit tangent, the unit principal normal and the unit binormal vectors, also the
curvature and the torsion of the intersection curve of two implicit surfaces, [1].

In this study; first, after giving the method for computing the geodesic torsion
and geodesic curvature of the intersection curve of two parametric surfaces, the
curvature vector and the curvature of the intersection curve are expressed with the
geodesic curvatures of the curve and the normal vectors of the surfaces. Later, we
calculate the geodesic torsion and geodesic curvature of the intersection curve of two
regular surfaces given implicitly.

2. Preliminaries

Let α = α(s) be a unit-speed curve on a regular surface in R3. Then, t = α′(s)
is called the unit tangent vector at the point α(s). The vector t′ = α′′(s) measures
the way the curve is turning and is called the curvature vector. The length of the
curvature vector denotes the curvature κ(s) of the curve α, i.e. κ(s) = ||t′||.

Let us consider the Darboux frame {t,V,N} instead of the Frenet frame on the
curve α, where N is the surface normal restricted to α and V = N × t. Then, we
have 

t′ = κgV + κnN
V′ = −κgt + τgN
N′ = −κnt − τgV

, (2.1)

where κn is the normal curvature of the surface in the direction of the tangent
vector t; τg and κg are the geodesic torsion and geodesic curvature of the curve α,
respectively, [6]. Thus, the geodesic torsion and geodesic curvature of α are given
by, from (2.1),

τg = 〈V′,N〉, κg = 〈t′,V〉, (2.2)

where 〈, 〉 denotes the scalar product.

3.Parametric-parametric surface intersection
3.1. Geodesic Torsion

In this section, we give the geodesic torsion of the transversal intersection curve
of two surfaces.
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Let A and B be two regular intersecting surfaces with the parametrizations
X(u, v) and Y(p, q), respectively, i.e.

Xu ×Xv 6= 0, Yp ×Yq 6= 0.

Then, the unit normal vectors of the surfaces A and B are given by

NA =
Xu ×Xv

||Xu ×Xv||
, NB =

Yp ×Yq

||Yp ×Yq||
.

Since the normal vectors NA and NB are not parallel at the intersecting points, then
the unit tangent vector of the intersection curve at a point P = X(u, v) = Y(p, q)
is given by

t =
NA ×NB

||NA ×NB||
. (3.1)

Let us denote the intersection curve of the surfaces A and B with α(s), where
s is the arc length parameter and denote the Darboux frames of α by {t,VA,NA}
and {t,VB,NB} on the surfaces A and B, respectively. Thus, from (2.2), we have

τA
g = 〈

(
VA

)′
,NA〉, τB

g = 〈
(
VB

)′
,NB〉.

Since α is the intersection curve, we may also write

α(s) = X(u(s), v(s)) = Y(p(s), q(s))

which yield
α′(s) = t = Xuu′ + Xvv

′ = Ypp
′ + Yqq

′. (3.2)

Then, the geodesic torsion of the intersection curve α with respect to the surface A
is

τA
g =

1√
EG− F 2

{
(EM − FL)

(
u′

)2 + (EN −GL) u′v′ + (FN −GM)
(
v′

)2
}
(3.3)

in which u′, v′ can be obtained by (as given by [10]){
u′ = 1

EG−F 2 (G〈t,Xu〉 − F 〈t,Xv〉)
v′ = 1

EG−F 2 (E〈t,Xv〉 − F 〈t,Xu〉)
, (3.4)

where E,F, G and L,M,N are, respectively, the first and second fundamental form
coefficients of the surface A (The formula (3.3) can be found in classic books on
differential geometry).
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Similarly, the geodesic torsion of the intersection curve α with respect to the
surface B is found from

τB
g =

1√
eg − f2

{
(em− f`)

(
p′

)2 + (en− g`) p′q′ + (fn− gm)
(
q′

)2
}

, (3.5)

where e, f, g and `,m, n denote, respectively, the first and second fundamental form
coefficients of the surface B; and p′, q′ can be computed from{

p′ = 1
eg−f2 (g〈t,Yp〉 − f〈t,Yq〉)

q′ = 1
eg−f2 (e〈t,Yq〉 − f〈t,Yp〉)

. (3.6)

3.2. Geodesic Curvature

In this section, we are going to evaluate the geodesic curvatures of the intersection
curve α according to the surfaces A and B.

The second derivative of the intersection curve α is obtained by (3.2) as{
t′ = Xuu (u′)2 + 2Xuvu

′v′ + Xvv (v′)2 + Xuu′′ + Xvv
′′

= Ypp (p′)2 + 2Ypqp
′q′ + Yqq (q′)2 + Ypp

′′ + Yqq
′′ . (3.7)

Thus, from (2.2), the geodesic curvature of the intersection curve α with respect to
A is

κA
g = 1√

EG−F 2

{[(
Fu − Ev

2

)
〈Xu, t〉 − Eu

2 〈Xv, t〉
]
(u′)2

+ (Gu〈Xu, t〉 − Ev〈Xv, t〉) u′v′

+
[

Gv
2 〈Xu, t〉 −

(
Fv − Gu

2

)
〈Xv, t〉

]
(v′)2

}
+
√

EG− F 2(u′v′′ − v′u′′)

(3.8)

(The formula (3.8) can be found in classic books on differential geometry). Since
u′, v′ are known by (3.4), we need to evaluate u′′, v′′ to find the geodesic curvature
of the intersection curve.

From (3.7), we have

Xuu′′ + Xvv
′′ = Ypp

′′ + Yqq
′′ + Λ, (3.9)

where

Λ = Ypp

(
p′

)2 + 2Ypqp
′q′ + Yqq

(
q′

)2 −Xuu

(
u′

)2 − 2Xuvu
′v′ −Xvv

(
v′

)2
.

If we take the vector product of both hand sides of (3.9) by Yq and Yp, we obtain

(Xu ×Yq)u′′ + (Xv ×Yq)v′′ = (Yp ×Yq)p′′ + Λ×Yq

(Xu ×Yp)u′′ + (Xv ×Yp)v′′ = (Yq ×Yp)q′′ + Λ×Yp
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which yield
p′′ = a11u

′′ + a12v
′′ + a13

q′′ = a21u
′′ + a22v

′′ + a23
, (3.10)

where

a11 =
det(Xu,Yq ,NB)√

eg−f2
, a12 =

det(Xv ,Yq ,NB)√
eg−f2

, a13 =
det(Yq ,Λ,NB)√

eg−f2
,

a21 =
det(Yp,Xu,NB)√

eg−f2
, a22 =

det(Yp,Xv ,NB)√
eg−f2

, a23 =
det(Λ,Yp,NB)√

eg−f2
.

Taking the scalar product of both hand sides of (3.9) with NB yields

〈Xu,NB〉u′′ + 〈Xv,NB〉v′′ = 〈Λ,NB〉 (3.11)

and taking the scalar product of both hand sides of (3.7) with t gives

〈Xu, t〉u′′ + 〈Xv, t〉v′′ = −〈Xuu, t〉
(
u′

)2 − 2〈Xuv, t〉u′v′ − 〈Xvv, t〉
(
v′

)2
. (3.12)

(3.11) and (3.12) constitute a linear system with respect to u′′ and v′′ which has
nonvanishing coefficients determinant, i.e. ∆ = ||Xu ×Xv||.||NA ×NB|| 6= 0. Thus,
u′′ and v′′ can be computed by solving this linear system.

Similarly, the geodesic curvature of the intersection curve with respect to the
surface B is given by

κB
g = 1√

eg−f2

{[(
fp − eq

2

)
〈Yp, t〉 − ep

2 〈Yq, t〉
]
(p′)2

+ (gp〈Yp, t〉 − eq〈Yq, t〉) p′q′

+
[gq

2 〈Yp, t〉 −
(
fq − gp

2

)
〈Yq, t〉

]
(q′)2

}
+

√
eg − f2(p′q′′ − q′p′′),

(3.13)

where p′′ and q′′ can be found from (3.10).

3.3. Curvature vector and Curvature

In this section, we express the curvature vector (hence the curvature) of the
intersection curve with geodesic curvatures.

Since the curvature vector t′ of the intersection curve is perpendicular to the
tangent vector t, it can be represented as a linear combination of the normal vectors
NA and NB, i.e.

t′ = λNA + µNB. (3.14)
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Now, let us find the unknowns λ and µ. By taking the scalar product of both
hand sides of (3.14) with VA and VB, we get

λ =
1

sin θ
κB

g , µ = − 1
sin θ

κA
g , (3.15)

where θ is the angle between the normal vectors of the surfaces.
If we substitute (3.15) into (3.14), we obtain the curvature vector of the inter-

section curve as
t′ =

1
sin θ

(
κB

g NA − κA
g NB

)
. (3.16)

Hence, we may give:
Theorem 1. Let α be a unit speed intersection curve of two regular surfaces

A and B. Then, the relation between the curvature and geodesic curvatures of the
intersection curve is

κ =
1

| sin θ|

√(
κA

g

)2 +
(
κB

g

)2 − 2κA
g κB

g cos θ,

where θ is the angle between the normal vectors.

4. Implicit-implicit surface intersection

In this part, we give the geodesic torsion and geodesic curvature of the intersec-
tion curve of the regular surfaces A and B which are given by their implicit functions
f(x, y, z) = 0 and g(x, y, z) = 0, respectively.

Since ∇f = (fx, fy, fz) 6= 0 and ∇g = (gx, gy, gz) 6= 0, the normal vectors are
given by

NA =
∇f

||∇f ||
, NB =

∇g

||∇g||
.

The tangent vector of the intersection curve is then given by

t =
∇f ×∇g

||∇f ×∇g||
. (4.1)

4.1. Geodesic Torsion

Let us denote the intersection curve with α(s) = (x(s), y(s), z(s)), where s is the
arc-length parameter.

Using τA
g = 〈

(
VA

)′
,NA〉 and VA = NA × t, we get

τA
g =

1
||∇f ||2.||∇f ×∇g||

〈||∇f ||2∇g − 〈∇f,∇g〉∇f, (∇f)′〉.
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Since

(∇f)′ =
(
fxxx′ + fxyy

′ + fxzz
′, fxyx

′ + fyyy
′ + fyzz

′, fxzx
′ + fyzy

′ + fzzz
′) ,

we also have

τA
g = 1

||∇f×∇g|| {gx (fxxx′ + fxyy
′ + fxzz

′) + gy (fxyx
′ + fyyy

′ + fyzz
′)

+gz (fxzx
′ + fyzy

′ + fzzz
′)} − cot θ

||∇f ||2 {fx (fxxx′ + fxyy
′ + fxzz

′)

+fy (fxyx
′ + fyyy

′ + fyzz
′) + fz (fxzx

′ + fyzy
′ + fzzz

′)} ,

where θ is the angle between the normal vectors. Thus, we have the following
theorem:

Theorem 2. Let A and B be two intersecting surfaces given by the implicit func-
tions f = 0, g = 0. Then, the geodesic torsion of the intersection curve according to
A and B is given, respectively, by

τA
g =

(
1

||∇f ×∇g||
∇G− cot θ

||∇f ||2
∇F

)
ΦT

and

τB
g =

(
−1

||∇f ×∇g||
∇F +

cot θ

||∇g||2
∇G

)
ΨT,

where

∇F = [fx fy fz], ∇G = [gx gy gz], T =

 x′

y′

z′

 ,

Φ =

 fxx fxy fxz

fxy fyy fyz

fxz fyz fzz

 , Ψ =

 gxx gxy gxz

gxy gyy gyz

gxz gyz gzz

 .

4.2. Geodesic curvature

Since α′(s) = t = (x′, y′, z′) and α′′(s) = t′ = (x′′, y′′, z′′), the geodesic curvature
of the intersection curve at the point α(s0) = P with respect to the surface A is, [7],

κA
g =

1
||∇f ||

{
(y′z′′ − y′′z′)fx + (z′x′′ − z′′x′)fy + (x′y′′ − x′′y′)fz

}
.
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x′, y′, z′ are known by (4.1). Thus, we must find x′′, y′′, z′′ to evaluate the geodesic
curvature.

Using 〈t′, t〉 = 0 gives us the first linear equation with respect to x′′, y′′, z′′ as

x′x′′ + y′y′′ + z′z′′ = 0. (4.2)

On the other hand; since 〈t,∇f〉 = 0 and 〈t,∇g〉 = 0, we have

〈t′,∇f〉 = −〈t, (∇f)′〉, 〈t′,∇g〉 = −〈t, (∇g)′〉

which yield the other two linear equations:

fxx′′ + fyy
′′ + fzz

′′ = −fxx

(
x′

)2 − fyy

(
y′

)2 − fzz

(
z′

)2 (4.3)
−2

(
fxyx

′y′ + fxzx
′z′ + fyzy

′z′
)

gxx′′ + gyy
′′ + gzz

′′ = −gxx

(
x′

)2 − gyy

(
y′

)2 − gzz

(
z′

)2 (4.4)
−2

(
gxyx

′y′ + gxzx
′z′ + gyzy

′z′
)
.

(4.2), (4.3) and (4.4) constitute a linear system with respect to x′′, y′′, z′′ with
nonzero coefficients determinant (∆ = ||∇f ×∇g|| 6= 0). Hence, solving this system
completes the geodesic curvature of the intersection curve.

Similarly,

κB
g =

1
||∇g||

{
(y′z′′ − y′′z′)gx + (z′x′′ − z′′x′)gy + (x′y′′ − x′′y′)gz

}
.

5. Examples
5.1. The intersection of parametric-parametric surfaces

Let the surface A be the sphere given by

X(u, v) = (cos u cos v, sin u cos v, sin v), 0 ≤ u ≤ π, 0 ≤ v ≤ 2π

and the surface B be the cylinder given by

Y(p, q) = (
1
2

cos p +
1
2
,
1
2

sin p, q), − π ≤ p ≤ π, − 1.5 ≤ q ≤ 1.5,

respectively (Figure 1).
Let us find the geodesic torsions, geodesic curvatures, curvature vector and curva-

ture of the intersection curve at the point P = X
(

π
4 , π

4

)
= Y

(
π
2 ,

√
2

2

)
=

(
1
2 , 1

2 ,
√

2
2

)
.
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Figure 1: The intersection of the sphere and the cylinder

The partial derivatives of the surface A at P are Xu =
(
−1

2 , 1
2 , 0

)
, Xv =(

−1
2 ,−1

2 ,
√

2
2

)
, Xuu =

(
−1

2 ,−1
2 , 0

)
, Xuv =

(
1
2 ,−1

2 , 0
)
, Xvv =

(
−1

2 ,−1
2 ,−

√
2

2

)
.

Thus, we get the unit normal and the first and second fundamental form coeffi-
cients of A at P as NA =

(
1
2 , 1

2 ,
√

2
2

)
, E = −L = 1

2 , G = 1, Ev = N = −1, F =
Eu = Fu = Fv = Gu = Gv = M = 0.

Similarly, for the surface B at the point P we have Yp =
(
−1

2 , 0, 0
)
, Yq =

(0, 0, 1) , Ypp =
(
0,−1

2 , 0
)
, Ypq = Yqq = 0, NB = (0, 1, 0), e = 1

4 , g = 1, ` =
−1

2 , f = ep = eq = fp = fq = gp = gq = m = n = 0.

Then, the tangent vector of the intersection curve at P is t =
(
−
√

6
3 , 0,

√
3

3

)
.

Using (3.4) and (3.6), we find u′ = v′ =
√

6
3 , p′ = 2

√
6

3 , q′ =
√

3
3 at P . So, Λ =(

0, 0,
√

2
3

)
, u′′ = v′′ = 2

9 , p′′ = 4
9 , q′′ = −2

√
2

9 are obtained.
If we substitute these results into (3.3) and (3.5), we get the geodesic torsions as

τA
g = 0, τB

g =
2
√

2
3

;
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and into (3.8) and (3.13), the geodesic curvatures as

κA
g =

5
√

3
9

, κB
g = −2

√
3

9

of the intersection curve at the point P .
Hence, from (3.16) the curvature vector at P is t′ =

(
−2

9 ,−4
3 ,−2

√
2

9

)
and then

the curvature at P is κ = 2
9

√
39.

Using the implicit functions of these surfaces and the method of Ye and Maekawa
[10], Aléssio had given the above curvature vector and curvature by means of the
normal curvatures of the intersection curve in the direction of t, [1].

5.2. The intersection of implicit-implicit surfaces

Let the surface A be the saddle surface given by f(x, y, z) = z − xy = 0 and the
surface B be the elliptic paraboloid given by g(x, y, z) = x2 + y2 + z− 3 = 0 (Figure
2). The normal vectors of A and B at the intersection point P = (1,−2,−2) are
∇f = (2,−1, 1) and ∇g = (2,−4, 1), respectively. We also have at P

fxx = fxz = fyy = fyz = fzz = 0, fxy = −1

and
gxy = gxz = gyz = gzz = 0, gxx = gyy = 2.

Thus, we obtain ||∇f ×∇g|| = 3
√

5, ∇F = [2 − 1 1], ∇G = [2 − 4 1] and

T =


1√
5

0
− 2√

5

 , Φ =

 0 −1 0
−1 0 0
0 0 0

 , Ψ =

 2 0 0
0 2 0
0 0 0


which yield τA

g = 1
6 and τB

g = − 16
105 .

To find the geodesic curvatures of the intersection curve, we must solve the linear
system obtained by (4.2), (4.3) and (4.4):

x′′ − 2z′′ = 0
2x′′ − y′′ + z′′ = 0

2x′′ − 4y′′ + z′′ = −2
5
.

The solution of this system is x′′ = 4
75 , y′′ = 2

15 , z′′ = 2
75 . Hence, the geodesic

curvature of the intersection curve with respect to A is κA
g = 2

√
30

75 and according to

B is κB
g = 2

√
105

175 .
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Figure 2: The intersection of the saddle surface and the elliptic paraboloid

The curvature vector of the intersection curve at P is t′ =
(

4
75 , 2

15 , 2
75

)
and the

curvature is κ = 2
√

30
75 .
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