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ON RICCI n-RECURRENT (LCS)y-MANIFOLDS
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ABSTRACT. The object of the present paper is to study (LC'S),-manifolds with 7-
recurrent Ricci tensor. Several interesting results on (LC'S),,-manifolds are obtained.
Also the existence of such a manifold is ensured by a non-trivial example.
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1. INTRODUCTION

In 2003, A.A. Shaikh [6] introduced the notion of Lorentzian concircular struc-
ture manifolds (briefly (LCS),-manifolds) with an example. An n-dimensional
Lorentzian manifold M is a smooth connected paracompact Hausdorfl manifold
with a Lorentzian metric g of type (0,2) such that for each point p € M, the tensor
gp : TyM xT,M — R is a non-degenerate inner product of signature (—, +,+, ..., +),
where T, M denotes the tangent vector space of M at p and R is the real number
space. A non-zero vector v € T, M is said to be timelike (resp. non-spacelike, null,
spacelike) if it satisfies g,(v,v) < 0 (resp. <0,=0,> 0) [1,4].

Recently, A.A. Shaikh and K.K. Baishya [7] introduced the notion of LP-Sasakian
manifolds with n-recurrent Ricci tensor which generalizes the notion of n-parallel
Ricci tensor introduced by M. Kon [2] for a Sasakian manifold.
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In this paper we introduce the same notion on (LC'S),-manifolds and give a
non-trivial example. The paper is organized as follows: Section 2 is concerned
about basic identities of (LC'S),-manifolds. After section 2, in section 3 we study
Ricci np-recurrent (LC'S),-manifolds and prove that in such a manifold if the scalar
curvature is constant, then the characteristic vector field ¢ and the vector field p;
associated to the 1-form A are co-directional. Since the notion of Ricci n-recurrency
is the generalization of Ricci n-parallelity, does there exist a (LC'S),-manifold with -
recurrent but not n-parallel? For this natural question we give a non-trivial example
in the last section.

2.PRELIMINARIES

Let M™ be a Lorentzian manifold admitting a unit time like concircular vector field
&, called the characteristic vector field of the manifold. Then we have

9(&,§) = —1. (1)

Since £ is a unit concircular vector field, there exists a non-zero 1-form 7 such that
for

9(X, &) = n(X) (2)

the equation of the following form holds

(Vxn)(Y) = a{g(X,Y) +n(X)n(Y)} (a7 0) (3)

for all vector fields X, Y where V denotes the operator of covariant differentiation
with respect to the Lorentzian metric g and « is a non-zero scalar function satisfies

Vxa=(Xa)=a(X) = pn(X), (4)

where p being a certain scalar function. By virtue of (2), (3) and (4), it follows that

(Xp) = dp(X) = Bn(X), (5)
where § = —({p) is a scalar function. Next if we put
6X = “Vxe (6)
e

Then from (3) and (6) we have
X =X +n(X)E, (7)
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from which it follows that ¢ is symmetric (1,1) tensor and is called the structure
tensor of the manifold. Thus the Lorentzian manifold M together with the unit
timelike concircular vector field ¢, its associated 1-form 7 and (1, 1) tensor field ¢
is said to be a Lorentzian concircular structure manifold (briefy (LC'S),- manifold)
[6]. Especially, if we take o = 1, then we can obtain the LP-Sasakian structure of
Matsumoto [3]. In a (LCS),-manifold, the following relations hold:[5, 6]

a)n(€) = —1, b)p§ =0, c)no¢ =0, (8)
9(¢X,8Y) = g(X,Y) +n(X)n(Y), (9)
(Vx@)(Y) = alg(X,Y)E+n(Y)X + 2n(X)n(Y)E], (10)
n(R(X,Y)Z) = (a® = p)lg(Y, 2)X — g(X, Z)Y], (11)
S(X,€) = (n—1)(® = p)n(X), (12)
R(X,Y)¢ = (o® = p)[n(Y)X —n(X)Y], (13)
S(@X,0Y) = S(X,Y) + (n—1)(a® — p)n(X)n(Y), (14)

for all vector fields X, Y, Z, where R, S denote respectively the curvature tensor
and the Ricci tensor of the manifold.

Definition 1: The Ricci tensor of an (LCS),-manifold is said to be n-recurrent
if its Ricci tensor satisfies the following:

(Vx5)(9Y,02) = A(X)S(9Y, ¢2) (15)

forall X, Y, Z where A(X) = g(X, p1), p1 is the associated vector field of the 1-form
A. In particular, if the 1-form A wvanishes then the Ricci tensor of the (LCS),-

manifold is said to be n-parallel and this notion for Sasakian manifolds was first
introduced by Kon [2].

3.R1ccr n-RECURRENT (LC'S),,-MANIFOLDS
Let us consider a Ricci n-recurrent (LC'S),-manifold. From which it follows that
Vz5(0X,9Y) = S(V29X,¢Y) = 5(6X,V29Y) = A(Z)S(6X, ¢Y). (16)
In view of (3), (4), (8), (10), (12) and (14), it can be easily seen that

(VzS)(X,Y) — a[S(8Y, Z)n(X) + S(¢X, Z)n(Y)] (17)
+(n = D[2ap — Bn(X)n(Y)n(Z)
+a(e? = p){g(Y, Z)n(X) + g(X, Z)n(Y) + 2n(X)n(Y)n(2)}]

= A2)[S(X,Y) + (n—1)(® = p)n(X)n(Y)].
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It follows that

(VzS)(X,Y) = «a[S(oY, Z)n(X) + S(¢X, Z)n(Y)] (18)
—(n = 1)[(2ap = B)n(X)n(Y)n(Z)
+a(a® — p){g(Y, Z)n(X) + g(X, Z)n(Y)
+2n(X)n(Y) (2)} + A2)[S ( Y)
+(n—1)(® = p)n(X)n(Y)].

Hence we can state the following:

—

Theorem 1. In a (LCS),-manifold M™, the Ricci tensor is n-recurrent if and
only if (18) holds.

Let {e;,i = 1,2,...,n} be an orthonormal frame field at any point of the manifold.
then by contracting over Y and Z in (18) we get

dr(X) = (n - 1)(2ap - B)n(X) + A(X)[r — (n — 1)(a” — p)]. (19)

If the manifold has constant scalar curvature r, then from (19) we have

(n —1)(2ap = B)n(X) = AX)[(n — 1)(a® — p) — 1. (20)

For X = ¢, the relation (20) yields
(n—1)2ap = B) = n(p1)[r — (n = 1)(a® — p)]. (21)

In view of (20) and (21) we obtain
A(X) =n(X)n(p1)- (22)

This leads to the following:

Theorem 2. In a Riccin-recurrent (LCS),,-manifold M™ if the scalar curvature
r is constant, then the characteristic vector field & and the vector field p1 associated
to the 1-form A are co-directional and the 1-form A is given by (22).

Again contracting over X and Z in (18) we obtain

Sdr(X) = apn(¥) + (n — D[(20p — A)n(¥) (23
~(n (e~ pa(¥)] + (0~ (0 = pn(¥ In(p1) + S(V, pr),
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where p = Tr.(Q¢) = > i, €.S(¢ei, ;). By comparing (19) and (23) we have

50— 1)(2ap— B)n(Y) + SAXV)lr — (0~ 1(a® — p)] (24)
= am(¥) + (0~ 1)(2ap — On(¥) — (n— (e - pn(¥)]

+(n = 1)(® = p)u(Y)n(pr) + S(Y, p1).

)
Taking Y = ¢ in (24) and using(8(a)), we get

51— 1)(2ap— §) + ap — (n—1)%a(062 — p) (25)

= %[(n —1)(a® = p) —r]n(p1).

Considering (25) in (24) we have

SWip) = gl (n=1)(e® - plg(Y,p1) (26)
3l =30 = (e = poln(Y (o).

Thus we have the following result:

Theorem 3. If the Ricci tensor of an (LCS),-manifold (M™, g)(n > 3) is n-
recurrent, then its Ricci tensor along the associated vector field of the 1-form is given

by (26).

Substituting Y by ¢Y in (26) we obtain by virtue of (8) that

S(6Y, ) = 5lr — (n = D(a? ~ p)lg(8Y: p1) (27)
By virtue of Q¢ = ¢Q and the symmetry of ¢ we get from (27) that
S(Y,L) =kg(Y, L), (28)

where L = ¢p; and k = 3[r — (n — 1)(a® — p)].
From (28) we can state the following:

Theorem 4.If the Ricci tensor of an (LCS) — n-manifold (M™,g)(n > 3) is
n-recurrent, then k = 3[r — (n — 1)(a? — p)] is an Eigen value of the Ricci tensor
corresponding to the Eigen vector ¢py defined by g(X,L) = D(X) = g(X, ¢p1).
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4.EXISTENCE OF RICCI 7-RECURRENT (LC'S),,~-MANIFOLDS

In this section, first we construct an example of (LCS),-manifold with global
vector fields whose Ricci tensor is n-parallel.

Example 1: We consider a 3-dimensional manifold M = {(z,y,2) € R3},
where (1,7, z) are the standard coordinates in R3. Let {Ey, Ey, E3, E4} be linearly
independent global frame on M given by

El—z<xai+y;y>, Eg—zaay, Eg—;z.
Let g be the Lorentzian metric defined by g(E1, E3) = g(E2, E3) = g(E1,E2) =0
and g(Er, Ev) = g(E2, Ep) =1, g(Es, E3) = —1.

Let 1 be the 1-form defined by n(U) = g(U, E3) for any U € x(M). Let ¢ be
the (1,1) tensor field defined by ¢E; = Ey, ¢pEs = Ea, ¢E3 = 0. Then using the
linearity of ¢ and g we have n(E3) = —1, ¢?U = U + n(U)E3 and g(¢U, ¢W) =
g(U, W) +nU)n(W) for any U, W € x(M). Thus for E3 =&, (¢,£,n,9) defines a
Lorentzian paracontact structure on M.

Let V be the Levi-Civita connection with respect to the Lorentzian metric g and
R be the curvature tensor of g. Then we have

1 1
[E17E2] = _ZE27 [E17E3] = _;E17 [E27E3] = _;EQ
Taking F3 = ¢ and using Koszula formula for the Lorentzian metric g, we can easily
calculate
1 1

Vp E3s = _;Eh Vp,E3=0, Vg, FE3= —;E%
1
VElEl = _;E37 VElEQ = O) VEzEl = ZE27
1
VE2E2 = *;Eg*ZEl, VE3E2 :0, VE3E1 =0.

From the above it can be easily seen that (¢,£,n,¢) is a (LCS)s structure on M.
Consequently M3(¢,&,7,g) is a (LCS)s-manifold with a = —1 # 0 and p = —z%.

Using the above relations, we can easily calculate the non-vanishing components
of the curvature tensor as follows:

2 2
R(E\, E3)E1 = — s, R(E,,E3)E3 = ~ B
1 1
R(E\,E)E; = —Ei—2"Ei, R(E|E)E =2"E;~ 5B,
z z
2 2
R(En, E3)B2 = ——Es, R(Ep E3)E3=—-—E

114



D.G. Prakasha - On Ricci n-recurrent (LC'S),-manifolds

and the components which can be obtained from these by the symmetry properties
from which, we can easily calculate the non-vanishing components of the Ricci tensor
S as follows:

1 1 4

Since {E1, Ea, E3} forms a basis, any vector field X,Y € x(M) can be written as
X=aE1+bFEy+c1E3 and Y = asEy + boFs + coE3,

where a;, b;,c; € Rt (the set of all positive real numbers), i = 1,2. This implies that

¢X =a1F1 +b1FEy and @Y = agFq + baFEo.
Hence

S(¢pX,¢Y) = (a1az + bibs) <22 + ;) # 0.
By the virtue of the above we have the following:
(Vg S)(¢X,¢Y) = 0 for i=1,2,3.

This implies that the manifold under consideration is an (LC'S)s-manifold with 7-

parallel Ricci tensor. This leads to the following:

Theorem 5. There exists a (LCS)s-manifold (M3, g) with n-parallel Ricci ten-
sor.

Now we construct an example of (LCS),-manifolds with n-recurrent but not
n-parallel Ricci tensor.
Example 2: We consider a 3-dimensional manifold M = {(z,y, z) € R?}, where

(z,y, z) are the standard coordinates in R3. Let {E1, Eo, E3} be linearly independent
global frame on M given by

0 0
E1 = ez— E2 = ez—ami’ E3 =€

: 0
ox’ Oy 2’

where a is non-zero constant.
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Let g be the Lorentzian metric defined by g(E1, E3) = g(E2, E3) = g(E1, E2) =0,
9(FE1, E1) = g(E2, E9) =1, g(Es3, E3) = —1. Let n be the 1-form defined by n(U) =
g(U, E3) for any U € x(M). let ¢ be the (1,1) tensor field defined by ¢E; = —Ejy,
¢pEy = —F5, ¢FE3 = 0. then using the linearity of ¢ and g we have n(E3) = —1,
$*U = U +n(U)E;3 and g(¢U, pW) = g(U, W) + n(U)n(W) for any U, W € x(M).
Thus for F5 =&, (¢,£,n,9) defines a Lorentzian paracontact structure on M.

Let V be the Levi-Civita connection with respect to the Lorentzian metric g and
R be the curvature tensor of g. Then we have

[El, EQ] = —anEQ, [El, Eg] = —ezEl, [Eg, Eg] = —CZEQ.

Taking E3 = £ and using Koszula formula for the Lorentzian metric g, we can easily
calculate

VElEg = —eZEl, VElEl = CZE?,, VElEQ = 0,
VE2E3 = —€ZE2, VE3E2 = 0, VEQEl = CLBZEQ,
VE3E3 =0, VEIEQ = —ae* B + €ZE3, VE3E1 =0.

From the above it can be easily seen that (¢,&,n,¢) is a (LCS)s structure on M.
Consequently M3(¢,€,n,g) is a (LCS)s-manifold with a = e* # 0 such that (Xa) =
pn(X), where p = 2¢%*. Using the above relations, we can easily calculate the non-
vanishing components of the curvature tensor as follows:

R(Es, E3)E3 = —**E,  R(E), E3)E3 = —e* B},
R(El,EQ)EQ = —(1 + a2)€2ZE1, R(E2, E3)E2 = 622E3,
R(Ey,E3)Ey = ¢**F3, R(Ey,E)E; = (1+ a?)e** Es.

and the components which can be obtained from these by the symmetry properties
from which, we can easily calculate the non-vanishing components of the Ricci tensor
S as follows:

S(Ey, By) = —(2+d®)e*, S(E3, Fy) = —(2+a?)e*, S(Es3, F3) = —2¢*.
Since {E1, Ea, E5} forms a basis, any vector field X,Y € x(M) can be written as
X=aE1+bEy+c1lE3 and Y = asEy + boEs + coE3,
where a;, b;,c; € Rt (the set of all positive real numbers), i = 1,2. This implies that
0X = —a1 By — by By and @Y = —agFEy — by F.
Hence

S(¢X,¢Y) = —(araz + biba)(2 + a®)e** # 0.
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By the virtue of the above we have the following:
(Vg S)(¢X,0Y) = —aiba(2a + a®)e*

(VE,5) (90X, ¢Y) (a1by + aghy)(2 + a®)e*
(VES)(6X,0Y) = 0.

Let us now consider the 1-forms

(a1b2)
AB) = —— 20
( 1> (a1a2 + blbg)a’
(albg + ale)
AEy) = ———— =~
( 2> (a1a2 +b1b2),
A(Es3) = 0,

at any point p € M. In our M3, (15) reduces with these 1-forms to the following
equation:

This implies that the manifold under consideration is an (LC'S)s-manifold with 7-
recurrent but not n-parallel Ricci tensor. This leads to the following:

Theorem 6. There exists a (LCS)s-manifold (M3, g) with n-recurrent but not
n-parallel Ricci tensor.
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