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LITTLEWOOD-PALEY OPERATOR ON HARDY AND
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ABSTRACT. In this paper, the (Hp LP) and (HKq P KgP) type boundedness

for the multilinear commutator assomated with the Littlewood-Paley operator are
obtained.
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1. INTRODUCTION AND DEFINITION

Let 0 < ¢ < oo and L] (R") = {f? is locally integrable on R"}. Suppose
f € L..(R"), B = B(zg,r) = {x € R" : |z — x| < 1} denotes a ball of R"
centered at zo and having radius r, write fg = |B|™! [5 f(z)dz and f#(z) =
sup,ep | Bl [5|f(x) — fpldz < co. f is said to belong to BMO(R”), if f# ¢
L(R") and define ||f||paro = ||f#]|1<.

Let T be the Calder6n-Zygmund singular integral operator and b € BMO(R"™).
The commutator [b, T'] generated by b and T is defined by

[b, T1(f) (@) = b(z)T(f)(x) = T(bf)(x)-

A classical result of Coifman, Rochberg and Weiss (see[2]) proved that the commu-
tator [b,T] is bounded on L"(R") for any 1 < r < oo. However, it was observed
that the [b, T is not bounded, in general, from HP(R") to LP(R™) when 0 < p < 1.
But if HP(R") is replaced by a suitable atomic space Hg(R”)(see [1][7][12]), then
[b, T] maps continuously Hg (R™) into LP(R™), and a similar results holds for Herz-
type spaces. In addition we have easily known that Hg (R") C HP(R™). The main
purpose of this paper is to consider the continuity of the multilinear commutators
related to the Littlewood-Paley operators and BMO(R™) functions on certain Hardy
and Herz-Hardy spaces. Let us first introduce some definitions(see [1][3-10][12][13]).

Definition 1. Let € > 0, n > § > 0 and v be a fized function which satisfies the
following properties:
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(1) fR" x)dr =0,

(2) |o(x)| < C(L+ |af)~(n+1=9), S

(3) |¥(x+y) =) <Clyf (1 + |z|) =) when 2y| < ||
The Littlewood-Paley multilinear commutator is defined by

ST
t tn+1 ’
where
FiDe) = [ |10 = ()| ity - 2)s ()
j=1

T(z) = {(y,t) € BRI ¢ |z —y| <t} and P(x) = t"OY(x/t) for t > 0. Set
Fi(f)() = [pn ¥e(y — ) f(x)dz. We also define that

/2
dydt
(//Fa:’Ft xy|2tn+1> )

which is the Littlewood-Paley operator with 6 = 0(see [15]).
Given a positive integer m and 1 < j < m, we denote by C7" the family of all
finite subsets o = {o(1),---,0(j)} of {1,---,m} of j different elements. For o € Cm,

set 0¢ = {1,---,m}\ 0. For b = (by,- - -,bp) and o = {o(1),- - -,0(j)} € C™,

bo = (bo(1)s " bo(j))s bo = bs(1)*+ be(j) and |[bs|[ B0 = ||bo1) | BMO | [bs ])HBMO-

Definition 2. Let b; (i =1,--- ,m) be a locally integrable functions and 0 < p <
1. A bounded measurable function a on R™ is called a (p, l_;) atom, if

(1) supp a C B = B(xzg,r)

@) el < 15(zo r>|—1/p

(3)  Jgaly)dy = [za(y)[lic, bily)dy =0 for any e € C7* ;1< j<m.

A temperate d1str1but10n(see [14][15]) f is said to belong to Hg(R”), if, in the
Schwartz distribution sense, it can be written as

z) = Naj(x)
j=1

where d/s are (p,b) atoms, \; € C and > 51 |AIP < oo. Moreover, ||f||gz =~
b

J
(2520 )P

Definition 3. Let 0 < p,q < oo, a € R. Fork € Z, set By = {x € R" : |z| < 2F}
and Cy, = By \ Bi—1,andxy, = xc,, for k € Z,where xc, is the characteristic function
of set Cy. Denote the characteristic function of By by xo.
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(1) The homogeneous Herz space is defined by

KgP(R") = {f € L (R \ {0}) : [|f]| g < o0}
where
[e] 1/p
£l = [ > Qkaplleklliq] .
k=—o00

(2) The nonhomogeneous Herz space is defined by

KgP(R") = {f € Lipo(R") | fllor < OO}-
where

[e'e) 1/17
k
/1] o = [Z2 || fxnllhe + |rf><or|iq] :

k=1

Definition 4. Let a € R", 1 <¢q < o0, a2 n(l —1/q), b; € BMO(R"), 1<
i <m. A function a(z) is called a central (a,q,b) -atom (or a central (e, q,b)-atom
of restrict type ), if

(1) supp a C B = B(xg,r)(or for somer > 1),

(2) ||a\|Lq < [B(zo, T)l_a/"

(3)  [ga(z)zPdz = [5a( Hleab()dm—()foranyaecm 1 <j<m,
0 < 8| < «, where 5 = (S, .. ,5n) is the multi-indices with 3; € N for 1 <i <mn
and |B] =377, Bi.

A temperate distribution f is said to belong to HKa’p(R")(or HKO"p(R")) if it
can be written as f =37 Aja; (or f = Z; 0N a]) in the S’(R") sense, where

a; is a central (a, g, b) atom(or a central (a, g, b) atom of restrict type ) supported
on B(0,27) and > |);|P < oo(or 2720 |Aj] < 00). Moreover,

. 1
Il gcep Cor 1 reenr) = inf()_ |)7,
q, ) .
J
where the infimum are taken over all the decompositions of f as above.
2. THEOREMS AND PROOFS

To prove the theorems, we need the following lemmas.

Lemma 1.(see [12]) Let 1 <p < g <n/a, 1/¢=1/p—a/n. Then Ss is bounded
from LP(R™) to L1(R").

Lemma 2.(see [12]) Let 1 <p < g <n/a, 1/g=1/p—a/n. Then S% is bounded
from LP(R™) to LY(R"™).
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Theorem 1. Lete >0, n/(n+ec—0)<p<1,1/¢=1/p—d/n, b € BMO, 1<

i < m, b = (b1, ,bm). Then the multilinear commutator Sf;’ is bounded from
Hg(R”) to LY(R™).

Proof. 1t suffices to show that there exist a constant C' > 0, such that for every
(p,b) atom a,

185(a)l|ze < C.

Let a be a (p,b) atom supported on a ball B = B(xg,d). When m = 1 see [7], and
now we prove m > 1. Write

| s @) = /| o ISH@@r /| St =1

For I, taking r,s > 1 with ¢ < s < n/d and 1/r = 1/s — §/n, by Holder’s
inequality and the (L?®, L")-boundedness of S%, we have

a/r
(/ |5§(a)($)|rd$> | B(xo, 2d)|' ="
|x—x0]|<2d

ClIS3(a) (@)1, - |B(wo, d)|' =97
Cllallg.|B|'~9/"
C.

~
IN

IAN A A

For I1, denoting A = (Ay,--- , \p,) with \; = (b;)p, 1 < i < m, where (b;))p =
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| B(xo,7)] ™1 fB(xw) bi(z)dz, by the vanishing moment of a, we get

oo
m-y/ 1S3(a) (@) da
=1 Y 28 r>|z—xo|>2%d

s q
< C) |B(w, 2" )| / 152 (a) (z)|dz
k=1 2k+1d> |z —x0|>2kd
< O |B(wo, 2 a) 1

k=1

1/2
) /2k+1d>|x zo|>2kd (//r(x /H 2)ely — z)alz )dzi%ff) dx

CZ\B (w0, 25 )|~ Q[/

2kt1d>|r—z0|>2%d

q

IN

(// )(/ Ve (y — 2) — i (y —:UO)\H\(b() bi(z ))a(z)dz) fgff) dz)?;

noting that z € B, z € B(xo,28"1d) \ B(xo,2%d), then

X

S5(a)(x)

2 -
dydt
/ /rm (/BWZ ~ Rl ”O'Hlb 2)lla(z )dz> o

1/2

1/2

To — 2|/t 2d dt
<elf] ( f, et [Tt -t ngm ]
$l-n 12
= C(//r(x) (t—l—|x0—y|)2(”+1+€—5)dydt> /HV’ 2)llzo — 2IF[a()|dz
t1-n92(n+1+e—0)
: C</ /Fm (2t + 2|z — y[)20F1+e0) 5dydt> / H‘b ) = bi(2)lla0 = 2la(2)ldz;

Notice that 2t + |zg — y| > 2t + |xo — x| — |x — y| > ¢t + |zo — x| when |z — y| < ¢,
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and it is easy to calculate that

°° tdt B Csies),
/0 (t + |z — xo)2(n+1+e=0) Clz — o

then, we deduce

S§(a)(x)
tl—n 1/2
s ¢ (/ F (2t + |o — y|)2(n+1+e=0) dydt> / H |bj(x 2)||xo — 2||a(z)|dz
tlfn
= C / t+|x_$0|)2(n+1+5 é) dydt / H|b _b ’|3§'0—Z| |CL( )|dZ
tdt 1/2
= C(/O (t + [a — ao|)2(n+1+e- 5)> / H\b 2o — z[%|a(2)|dz
< C’B|s/n71/P‘x _ xo‘*(nJrsfé) /B H |bj(l’) _ bj(z)\dz.
j=1
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So
I < C|B|(e/n—1/p)qz|B(m0,2k+17“)|1_q
k=1
q
- (n+e—9) / b
X x — T z)|dz | dx
/2k+1d2|w—$0|>2kd | | H ‘
< C’B|(E/n_1/p)qz|B($0,2k+17“)|1_q
k=1
Z Z / |z — @o|~ (nte— 5)’ |dl’/ |(b — Age|dz
j=0 gecm 2k+1d>|z—z0|>2kd
q
< ||/ Z T </| _ Uc|dz>
j= OUEC’"
q
XDB kg [ / Im—wol‘("+€_5)l(b(w)—A)a!dfﬁ]
2k+1d>|z—x0|>2%d
< O lillhuro - Wollpaso 3 1B(an, 2 ==y 142/

j=0 geC k=1

< || % o Z k4 . 9k(n—a—an+qd)
k=1
< C

This finishes the proof of Theorem 1.

Theorem 2. Let e > 0, 0 < p < 00, 1 < q1,42 < 0, 1/Q1_._ /g2 = 6/n,
n(l—1/q) <a<n(l-1/q)+e andb; € BMO(R"),1 <i<m, b= (b, - ,bm).
Then S¢ is bounded from HK DmA(R”) to KgP(R™).

Proof. Let f € Hqu’%(R”) and f(z) =372 Ajaj(z) be the atomic decom-
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position for f as in Definition 4, we write

Z 2kap| ’Sb

1/p
Xk| ’?ﬂz)

1S5CF) @) g = (

k=—oc0

i [e.e] o0 T 1/p
< | S 23 InlISEa) el )

_k):—OO j:—oo i

i e’} k—3 T 1/10
< | 3 2 IllISEag) el )

_k}:—OO j:—oo i

+O [ S 22 ST 1188 ag) Xl
k=—o00 j=k—2

= I[+1II.

For II, by the (L%, L%)-boundedness of Sg and the Holder’s inequality, we have

[~ o p71/p
o< | > 2R ST IS el
| k=—00 j=k—2
[ o o py1/p
< o> ST lllagllen
—o0 j=k—2
[~ ) p71/p
< oy 2y Iyl
| k=—00 j=k—2
i 1
9 ) >V > L L R PV
<
- . 1/
[ g2t 1< p <o
oo 1/p
< C Z I\ [P
j=—00
< Cllfllgge.
q1,
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For I, when m=1, let b} = |B;|~ lfB by (x)dz. We have

_ 1/2
@@ = |[[ 1] .<b1<x>—b1<z>>wt<y—z)aj<z>dz|2f3ff]

- 9 1/2
dydt
< /] (/ |wt<y—z>—¢t<y>||b1<y>—b1<z>||aj<z>|dz> tm]
I(z) \/B;
i Jon 1/2
8 . —
< c( = Q(W%_é)dydt) [, s~
< (//( (R 5)dydt> /z| Ja(2) by () — b1 (=) dz
tdt 1/2
< C(/o (t + |z|)2(n+1+e=5) 5) (/ |2[%[a; (2)[b1(z) — b1 (= )|dz)
< Clal 5 [ aflay(a) (o) - ba(a)ld:
B,
< Clal ) [ (sl (a) o) ~ b
B;
+Clal ) [ oyl ha(2) - Blds
B,
< C‘$|7(n+675) (’bl(x)_bjllzj(8+n(171/q1) )+2j(5+n(1 1/q1)— HblHBMO>
So
152 ()Xl oo
1/q2
- C2j(e+n(1—1/q1>—a)[< / by () — b1.||x|—q2<n+e—6)d$>
< A !
1/Q2
# ([ talr =) oo
By
< Cpen=tm)=e) [pmklnesd) | gy /by | g + 27049 | By Ve by a0
< C||by||ppo2b et/ a)=e)=k(nte=0)+kn/q],
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thus

pq1/p

oo k-3
I =¢C Z okap Z !AjIHS?(%)kaLqQ

j=—o00 J=—00
0 k-3 P /e
< C||b1|lsmo Z gkap Z |)\j‘2[j(€+n(1*1/q1)*a)*k(n+€*5)+kn/qzl
k=—o00 j=—00
< Cllbil[Bmo
Z;O:_OO 2kap Z?;ioo |>\j‘p2[j(6+n(1—1/q1)—a)—k(n-‘r&—é)-{—kn/(m]p} 1/p ’ 0< » <1
« S0 2kar (Z;ﬂ;ix) |\, |P2pli(etn(=1/q)—a)—k(nte=d)+kn/q:]/2
k—3 s p/p’ 1/p
x (Sh22 , 2 UlE A=Y =)kt o)) 2) ] Cl<p<oo
4 1/p
[29‘1 PVILD Srs 2<a—k>(s+n(171/q1>fa>p} C0<p<l
< Clibullsmo ” 7 1p
|:Z]?.;—oo AP 220:#3 Q(j_k)(5+”(1_1/‘11)_G)P/Q} , l<p<oo
~ 1/p
< Clibllsao | D Ajp)
j=—00
< Clfllggon.-
q1,b
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Whenm>1,Leth |Bj|~ lfB x)dzx, 1<z<mb’—(b},"-,b?l).Wehave

_ 1/2
e = [ [ 1] [T(bie) — Bt _z>a]<z>dz|2§lgff]

So

IN

IN

le

_ 2 1/2
/ /m) (/ [T 1bi(2) = biCe) ety — 2) = ()l (= >rdz> jfff]

J'Ll

|~ (te=0) z|fla;i(z 1 (1) — bi(2)|dz
Clel /B]_|||J<>|iH1|b<> bi(2)ld
Clal~ 93" S () — B)o| /B J2Flas ()| Bw) — Dol

=0 ceC"

IN

IN

IN

IN

C‘x’—(n+€—5) Z Z ,(5(36) _ 5)0‘215 .9—Ja gjn(l—l/ql)HgacHBMo
=0 ocC}™

(0470 00 S 5 (5a) Dl

=0 ocC}"

IN

155 (a;) x| s

q 1/q
e[ (s £ 60 5o

=0 ceC"
CH’;\|BM02j(€+"(1_1/q1)_0‘) .9 k(nte=0)+kn/qz,
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then
o0 k—3 p71/p
o= | 2 [ 3 eyl e
j=—00 j=—00
% k—3 p1/p
< C’HEHBMO Z okap Z |)\j,2[]’(€+n(1*1/m)*a)fk(n+sfé)+kn/qz}
k=—o0 j=—o0
< C|bllmo
s ke yThd | )\j‘pg[j(a-%n(l—1/q1)—a)—k(n+€—5)+kn/qzlp} P p<t
» S0 gkap (Zfioo I\ ,pgp[j<e+n<1—1/q1)—a)—k(n+e—6>+kn/q21/2)
X (Z?;ioo 2P’[J'(E+n(1—1/<n)—a)—k(n+a—5)+kn/q2])p/p/} l/p, l<p<oo
< Cliliswo [Z}?’;_w DY LD 2(j—k)(€+n(1—1/q1)—a)p} 1/’1’/7 0<p<1
[E;"; INPVIED S g(jfm<s+n<171/q1>fa>p/2} ! l<p<oo
o 1/p
< Clibllsmo | D, NP
P

< Cllfllggen -
q1,b

Remark. Theorem 2 also hold for nonhomogeneous Herz-type spaces, we omit
the details.
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