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ON CERTAIN CLASSES OF ANALYTIC FUNCTIONS DEFINED
BY MEANS OF A LINEAR OPERATOR
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ABSTRACT. In this paper, we introduce certain classes of analytic functions in
the unit disk. The object of the present paper is to derive some interesting properties
of functions belonging to these classes.
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1.INTRODUTION

Let A denote the class of functions of the form

[e.e]
2)=z+ Zan 2", (1.1)
n=2

which are analytic in the unit disc E = {z: z € C, |z| < 1}.Let the functions f; bqe
defined for ¢ = 1, 2,by

o0
2)=z+ Zan:i 2", (1.2)
n=2

The modified Hadamard product(convolution) of f; and fa is defined here by
(fix f2)(2 —z—i—Zanlangz

Let Py(p) be the class of functions h(z) analytic in E satisfying the properties

h(0) =1 and
/‘Reh ‘ o < kr, (1.3)
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where z = rew,k > 2 and 0 < p < 1. This class has been introduced in
[10]. We note, for p = 0, we obtain the class Py defined and studied in [11], and
for p = 0,k = 2, we have the well-known class P of functions with positive real
part. The case k = 2 gives the class P(p) of functions with positive real part greater
than p. From (1.3) we can easily deduce that h € Py(p) if and only if, there exists
hi,ha € P(p) such that for z € E,

h(z) = <Z + ;) b (2) — (Z - ;) ha(2). (1.4)

where h;(z) € P(p),i=1,2 and z € E.
We have the following classes

Ri(a) = {f:fGAand () GPk(a),zeE,O§a<l},

f(z)
we note that Ro(a) = S*(«) is the class of starlike functions of order «.
! /
Vk(a):{f:feAand(ZJJ;é;))EPk(a),zeE,()<a<1}.

Note that Va(a) = C(«) is the class of convex functions of order a.

i) = {f:feagem@ad T8 enpzepozap<if,
Ti(p,a) = {f:fEA,geVg(a)and(z?((;)))/EPk(p),zEE,Ogoz,p<1}.

In particular, the class T5(p,a) = C(p,a) was introduced by Noor [8] and for
T5(0,0) = C* is the class of quasi-convex univalent functions which was first in-
troduced and studied in [7].
It is obvious from the above definition that
f(z) € Vi(a) <= 2f'(2) € Ri(), (1.5)
(2) € Tipa) <= 2f'(2) € Tu(p,).

Let f € A.Denote D* : A — A the operator defined by

D f(z) = ﬁ «f(z),  (A>-—1).
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It is obvious that DUf(z) = f(z), D'f(z) = zf'(2) and

2 f ()W

DMf(2) = =7

ke Ny = {0, 1,2, }
The operator D¥f(z) is called the kth order Ruscheweyh derivative of f.Recently
Noor [6] and Noor [9] defined and studied an integral operator I,, : A — A analo-
gous to D¥ f as follows.

Let fn(z) = W, n € Ny and let fr(fl) be defined such that

% £(=1) —
e« S0 =
Then

z

(-1
L= fiy ()« f = [(1_2)”4_1} * f.

We note that Iy f(z) = z2f/(z) and I f(2) = f(z).The operator I, is called the Noor
integral operator of nth order, see [2,5].
For any complex numbers a, b, ¢ other than 0, —1, —2... the hypergeometric series
is defined by
ab ala+1)b(b+1) 4
z

Filabez)=1+2
ebi(e,biciz) =1+ Tz 4 =

(1.7)

We note that the series (1.7) converges absolutely for all z so that it represents an
analytic function in E.Also an incomplete beta function ¢(a,c, z) is related to the
Gauss hypergeometric function 9 F} (a, b; c; 2) as

2F1<17 ba (6 Z) = ¢(a7 ¢, Z)7

and we note that ¢(2,1,z) = ﬁ7 where ¢(2,1, z) is the Koebe function. Using
¢(a,c,z) a convolution operator, see [1] was defined by Carlson and Shaffer.We

introduce a function (z oF (a, b; ¢; 2))(=1) given by

z

e . -1) _
(Z 2F1(a’ ba G Z)) * (Z2F1(avba G Z))( ) - mv

(>‘ > _1)7

and obtain the following linear operator:
In(a,b,0)f(2) = (z 2Fi(a, by ¢;2)) TV % f(2), (1.8)

where a, b, ¢ are real numbers other 0, —1,—2,-3,...., A > —1, z € E and f € A. The
operator I is known as the generalized Noor integral operator. In particular, with
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b = 1, the operator was studied in [3] for p-valent functions.By some computation
we note that
>\ —I— 1)k =
I(a,b,c) +Z NOR ak+1zk L (1.9)
where (x); is the Pochhammer symbol defined by (z)x = z(z + 1)...(x + k — 1),
k=1,2,...and (z)ry =1, k=0.
From (1.8), we note that

I)\(CL, A+ a)f(z) = f(Z), I)x(a7 17a)f(z) = Zf,(Z).

Also it can easily be verified that

Z(I)\(a’ b, c)f(z))/ = ()‘ + 1)1)\4—1(@’ b, C)f(Z) - )‘IA(G’ b, C)f(z) (1'10)
2(I(a+1,b,0)f(2)) = alx(a,b,c)f(z) — (a—1)Ix(a+1,b,¢)f(z). (1.11)

We define the following subclasses.

Definition 1.1. Let f € A.Then f € Ri(a,b,c, \, ) if and only if I\(a,b,c)f(z) €
Ry(w), for z € E.

Definition 1.2. Let f € A.Then f € Vi(a,b,c, \, &) if and only if I\(a,b,c) f(z) €
Vi(a), for z € E.

Definition 1.4. Let f € A.Then f € Ti(a,b,c, A, p, @) if and only if I(a,b,c) f(2)
€ Ti(p, ), for z € E.

Definition 1.5. Let f € A.Then f € T} (a,b,c, A, p, ) if and only if Ix(a,b,c) f(2)
€ T¥(p, ), for z € E.

We shall .need the following result.

Lemma 1.1 [4].Let u = uj + iug, v = v +ivy and ¥ (u,v) be a complex valued
function satisfying the conditions: (7). W (u,v) is continuous in a domain D C C?,
(73). (1,0) € D and Re ¥ (1,0) > 0, (i77) . Re ¥ (iug,v1) < 0, whenever (iug,v1) € D
and v < —% (1 +u§)

If h(z) =14 ciz+ -+ is a function analytic in E such that (h(z),zh/(z)) € D and
Re{¥ (h(2),zh'(z))} > 0 for z € E, then Reh(z) > 0 in FE.

2.MAIN RESULTS
Theorem 2.1. Let f € A. Then
Ri(a,b,e, A+ 1,a) C Ri(a,b,c, A\, a),

where « s given by
2

T @D /A 218

(2.1)
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Proof. Let f € Ri(a,b,c,\+ 1,«) and let

Z(;;és;g;;{;;)’ =p(z) = <§ + 1)1"1(2) - (g - 1)pQ(Z)- (2.2)

2 2
Then p(z) is analytic in E with p(0) = 1. Some computation and use of (1.10) yields

2(Iry1(a,b,0) f(2)) _ {p(z) + pr,(Z)} e b, z€ k.

Iiti(a, b, ) f(2) (z) +A
Let
A+ A z 1 z
P = J = .
2) F4A+1Z A F1(—2) A¥i(1=27
Then
zp'(2)
o - R AGI iy
p(Z) * )\(Z) p(Z) + p(Z) A
ko1 ko1

and implies that
/
2p;(2) } :
()4 LiE) |l ep =12 zcE.
[pz( ) pi(z) + A

We want to show that p;(z) € P(«a), where « is given by (2.1) and this will show
that p € P, for z € E. Let

pi(z) = (1 —a)hi(z) + o, i=1,2.

Then a o (2)
hi(Z)+Oéz—|-)\:| P

We form the functional ¥(u,v) by choosing u = h;(z), v = zh(z).

[(1 — a)hi(z) +a +

W(u,0) = {(1—a)u+oz+ (1(014);?;1“}'

The first two conditions of Lemma 1.1 are clearly satisfied. We verify the condition
(1i1) as follows.

Re{W(iu2,v1)} = a + { (1= o)+ Mo . } :

(@+X)?+ (1 —a)u;
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2
By putting v < _(1+72uQ)7 we obtain

, 1 ((1—a)(a+ )1+ u
Re{W(iu3,v)} a-g { ((a n )?)(2 _:_(1)5 032“2%) } .
20(a +A)? +2a(l — a)?u3 — (1 —a)(a+ ) — (1 — a)(a+ Nul

IN

2{(a+N)?+ (1 — a)2u3}

A+ Bu3
2C 7
where
A = 2a(a+ N2 —(1—-a)a+)N),
B = 2a(1—a) = (1-a)la+N),
C = (a+2)*+(1—a)*u}>o0.

We notic that Re{\Il(iug,vl)} < 0ifand only if A < 0, B < 0. From 4 < 0, we
obtain « as given by (2.1) and B < 0 gives us 0 < p < 1. Therefore applying Lemma
1.1, h; € P, i = 1,2 and consequently h € Py(p) for z € E.This completes the proof.

Theorem 2.2. For A > —1,
Vi(a,b,e, A+ 1,0) C Vi(a,b,c, \, «),

where a is given by (2.1).

Proof. Let f € Vi(a,b,c,\ + 1,0).Then Iyyi(a,b,c)f(z) € Vi(0) = V} and
by (1.5), z(Iny1(a,b,¢)f(2)) € Rk(0) = Ry.This implies that Ix11(a,b,c)(zf'(z) €
Ry = zf'(2) € Ri(a,b,c,\+1,0) C Ri(a,b,c, A\, ). Consequently f € Vi(a,b,c,\, ),
where « is given by (2.1).

Theorem 2.3. Let A\ > —1. Then

Tk<a7 b7 C7A+ 17p70) C Tk(a7 b7 c? A”V? a)?

where « is given by (2.1) and v < p is defined in the proof.
Proof. Let f € Ti(a,b,c, A+ 1,p,0).Then there exist g € Ra(a,b,c, A+ 1,p,0)

such that
Z(IA+1 (aa bv C)f(Z)),
Iyi1(a,b,c)g(2)

€ Py(p), forze B, 0<p<1.

= (1 =)p(z) +~

k1 k

= (M=) 9= (= SH =)+,
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where p(0) = 1, and p(z) is analytic in E.Making use of (1.10) and Theorem 2.1
with k = 2, we have

Z(I)\+1(av b7 C)f(z))/ _
{ Ini1(a, b, 0)g(z) ”}

(2.3)

L) Y,

_ {(1—w)p(z)+(v—p>+ (1= a)az) +a+ 2

and ¢ € P, where

(1—-a)q(z)+a= 2 (a,b, c)g(z))’7 z€E.

I)\(a7 bv C)g(z)

Using (1.4) we form the functional ¢(u,v) by taking u = wu; + tug = pi(2), v =
vy +ive = 2pl(z) in (2.3) as

(1=

1—a)g(z)+a+ X\ (24)

@(u7v):(1—v)u+(v—p)+(

It can be easily seen that the function ¢(u, v) defined by (2.4) satisfies the conditions
(i) and (i7) of Lemma 1.1.To verify the condition (iii), we proceed with ¢(z) =
q1 + iqo, as follows;

Re {p(iug,v1)} = (’y—p)+Re{ (1=7)u }

(1—a)(q+ig2) + o+ A
(1 -7 =-a)oig + 1 —y)(a+ N

[(1—a)g + o+ AP+ (1 —a)2¢
1(1=79)(1—a)(14ud)q + (1 —7)(a+ A)(1+u3)

( ) 2 [(1—a)q1+a—|—)\]2+(1—a)2q%

= (y=p+

Therefore applying Lemma 1.1, p; € P, i = 1,2 and consequently p € Pi and thus
f € Tk(a,b,c, N\, vy, ).

Using the same technique and relation (1.6) with Theorem 2.3, we have the
following result.

Theorem 2.4. For A > —1,

T (a,b,e A+ 1,p,a) C T3 (a,b,¢, M, p, ),

where v and o are given in Theorem 2.3.
We note that for different choices of parameters a, b, ¢, k and A we obtain several
intersting special cases for the result proved in this paper.

21



A. Muhammad - On certain classes of analytic functions defined ...

Acknowledgement: The author would like to express gratitude to Director
Finance Sarwar Khan for his support and providing excellent research facilities.

REFRENCES

[1] B. C. Carlson and B. D. Shaffer, Starlike and prestarlike hypergeometric
functions, STAM J. Math. Anal. 15 (1984), 737-745.

[2] N. E. Cho, The Noor integral operator and strongly close-to-convex functions,
J. Math. Anal. Appl., 238 (2003), 202-212.

[3] N. E. Cho, O.H. Kown and H. M. Srivastava, Inclusion relationships and
argument properties for certain subclasses of multivalent functions associated with
a family of linear operators J. Math. Anal. Appl., 292 (2004), 470-483.

[4] S. S. Miller, Differential inequalities and Caratheodary functions, Bull. Amer.
Math. Soc., 81 (1975), 79-81.

[5] J. Liu, The Noor integral operator and strongly starlike functions, J. Math.
Anal. Appl. 261 (2001), 441-447.

[6] K. I. Noor, On new classes of integral operator, J. Natur. Geo, 16 (1999),
71-81.

[7] K. I. Noor, On close-to-convex and related functions, PhD. Thesis, University
of Wales, U. K., 1972.

[8] K. I. Noor, On quasi-convex functions and related topics, Int. J. Math. Math
Sci 10 (1987), 241-258.

[9] K. I. Noor and M. A. Noor, On integral operators, J, Math. Anal. App. 238
(1999), 341-352.

[10] K.Padmanabhan and R. Parvatham, Properties of a class of functions with
bounded boundary rotation, Anal. Polan. Math., 31 (1975), 311-323.

[11] B. Pinchuk, Functions with bounded boundary rotation, Isr. J. Math., 10
(1971), 7-16.

Ali Muhammad, Ph.D.
Department of Basic Sciences
University of Engineering and Technology .
Peshawar, Pakistan.
mail: E-mail: ali7887Qgmail.com

22



