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SOME RESULTS REGARDING THE BERNSTEIN POLYNOMIALS

Ovipiu T. Pop, DAN BARBOSU AND PETRU I. BRAICA

ABSTRACT. The images of the test functions e, : [0,1] — [0,1], e,(x) = 2P,
p € N by the Bernstein’s operators B, : C([0,1]) — C([0,1]), (Bmep)(x), m € N
are established and some applications are given.
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1. PRELIMINARIES

Let N be the set of positive integers and Nyg = NU {0}. If m € Ny and k €

Z\{0,1,...,m}, then
m 0
<k> 0’ <0> , " 0, 0

For m € N, let By, : C([0,1]) — C(]0,1]) be the Bernstein operator, defined for
any function f € C([0,1] by

(Bu)a) = () (Z) , (11)

k=0

where py, () are the fundamental Bernstein’s polynomials defined for any « € [0, 1]
and any k € {0,1,...,m} by

pae) = (1 )eha o (12)
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2. MAIN RESULTS

Theorem 2.1.If k,m € Ny and p € N, the following identities

p—1 .

m ; _(m—p+1
kP - (i) gp—i 2.1
() - Sk (2 )50) e
agJ)rl =(p—i+ 1)(1;_1 + az(f), (2.2)
al’) >0 (2.3)

hold, where 1 <1 <p—1 and
0) _ (p—1) _

al())—al()p ) =1 (2.4)

Proof. Using the mathematical induction with respect p, we suppose that (2.1)
holds. Next, we get successively:

p—1 .
") ke (™) = & (i) gp—i (M P T
<k D Zap " \k—p+i

bl . fm—p+1
=St -pr i+ -z ()
=0

k—p+i

m—p—1 _(m—p
=(m —p)a](,O)Aﬁl<k_p_1> + {paz(,O)Afn + (m—p+1)a§)1)A£n ! (k—p)

_ m—p+1
+{(p—1)a;1>Afnl (m—p+2)al? Ap; 2} (k—;fﬂ) Yo

—1
+{2a§p72)A%L+( p 1)A1 7: 2>+a(p 1)A11n<72 1>

1(m—p—1 0
)b

. +1
+{(p— Da! +a§3)}Agl 1<m b > +

k—p+1
(p—2) . (-1 42 (M~ 2 (p—1) g1 (M1
{20y 4+ }Am<k—2>+% Am(k—l’

i.e. the conclusions follow.
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Theorem 2.2.For any m,p € N and any x € [0, 1], the following

I
—

110

np
7

(Buney) (@) = — S al) A ig?~ (2.5)

Il
o

holds.

Proof. Taking the identity (2.1) into account, we get
a- o) (5
k m
" 1 m
m k
kP

-y mp{ ()}
z’”: kL pei(m—pti
= mP " \k—p+i

-1
1 P l) m—p—i—z
- p—ip—i k—p+i(q _ . \m—k
- an APty kg x (1—-=x) k—pi
1=

=p—i

mep

and because

3" arrsa oyt o
k—p+1
fe—p—i
the identity (2.5) yields.
From Theorem 2.2 it is immediately the following

Corollary 2.1.Ifn € N, p € Ny and d,,;, denotes the degree of the polynomial
(Bmep)(x), then
s psmy
<mp={p e 2:6)
m, if p>m.

Considering m € N and z € [0, 1] we shall present some applications of the Theorem
2.2.

Application 2.1. For p =1, we get

L o
(Bme1)(x) = —a A, x = .
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Application 2.2. For p = 2, it follows

1
1 ; , , 1
(Buea)(@) = —7 > al? A2ig?—1 = = {agO)AfnxQ + ag”A}nx}
1=0
and taking (2.3) into account one obtains

z(1—x) .

(Bmes)(z) = 2% +
Application 2.3.For p = 3, it follows

2
1 §) 43—i, 3—i
(Bmes)(x) = E a:(,) )A73n 237t

m
1=0

But ago) = aéz) =1, aél) = 2a§0) + a$? = 3 and we get

2
(Bmes)(z) = (m = 1731(2771 ) z® + 3(777; D z? + %x

Corollary 2.2.Ifp e N andi € {1,2,...,p— 1}, then

) p—i ki ks ko
ag) = E ]fi Z ki—l e Z /62 Z kl. (2.7)
k

=1 ki—1=1 ko=1 ki1=1

Proof. We use the mathematical induction with respect i. For ¢ = 1, from (2.2)
follows a;i)l = paéo) + aM and because a;(,o) =1, we get a](JIle =p+ ag). In the
above equality, we put successively p € {2,3,...,p — 1} and summing the obtained
identities one arrives to

p—1
M =p-D+p-2+ - +2+a) =142+ +(p-1) = k.
ki1=1

l—s ks ko
Suppose that al(s) = > ks> ks1-- >, ki for s € {1,2,...,01 — 2} and | €
ks=1  ks_1 ki=1
{1,2,...,p}.
Using the identity (2.2), we get

af ™) = (p—s—1)ay’, + (p—s—2)af’y + (p—s=3)ay s + - + 20y + a7},
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(s+1)

But, from (2.4) it follows a,,, ' = 1 and next, using the induction hypothesis, one
arrives to
p—s—1 p—s—1 kst1 ko
agt = 30 kenal = D0 Rer1 D ke ok,
ks+1=1 ksy1=1 ks=1 k1=1

which ends the proof.
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