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MORSE-SMALE CHARACTERISTIC IN CIRCLE-VALUED MORSE
THEORY

DORIN ANDRICA AND DANA MANGRA

ABSTRACT. In this paper we consider the ¢z - category associated to the family
of circle - valued Morse functions defined on a closed manifold M. This number
will be called the Morse-Smale characteristic of manifold M for circle-valued Morse
functions and and it will be denoted by v, (M). We present some basic notions and
results concerning circle-valued Morse functions and we prove some properties for
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1. INTRODUCTION

Consider M™, N™ two smooth manifolds without boundary. For a mapping
f € C°(M, N) denote by u(f) = |C(f)|, the cardinal number of critical set C(f)
of f. Let § C C*°(M, N) be a family of smooth mappings M — N. The pz(M,N)
category of the pair (M, N) is defined by

p3(M, N) = min{u(f) : f € T}

This notion was introduced by D. Andrica in the paper [1] (see also the monograph
[2, pp. 144]). It is clear that 0 < z(M, N) < 400 and pz(M, N) =0 if and only if
the family § contains immersions, submersions or local diffeomorphisms according to
the cases m < n,m > n, or m = n, respectively. Under some hypotheses pz(M, N)
is a differential invariant of pair (M, N).

In the monograph [2, pp.146-147] some important particular cases for the family
§ are presented. The main purpose of this note is to define and study the ¢z -
category of the pair (M, S1), where § is the family of all smooth circle-valued Morse
mappings f: M — St
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2. CIRCLE - VALUED MORSE FUNCTIONS

Let M™ be a manifold without boundary, and let f : M — S! be a smooth
mapping. The circle
St ={(z,y) eR?: 2’ +¢* =1}

is a 1—dimensional submanifold of R? and it is endowed with the induced corre-
sponding smooth structure. Also, the circle S' can be identified to the subset of
the complex plane consisting in all numbers of the absolute value equal to 1. This
identification is useful when we want to prove that the product of two circle-valued
functions is also a circle-valued function.

For a point 2 € M choose a neighbourhood V' of f(z) in S which is diffeomorphic
to an open interval of R, and let U = f~1(V'). The map f|y is then identified with a
smooth map from U to R. Thus all the local notions of the real-valued Morse theory
(see for instance [2], [5] and [8]), in particular the notions of non - degenerate critical
point, and the index of a critical point, are carried over. Therefore, a smooth function
f: M — S'is called Morse function, if all its critical points are non - degenerated.
For a Morse function f : M — S we denote by C(f) the set of all its critical points,
and by Ci(f) the set of all critical points of index k, where k = 0,...,m. It is clear
that, if M is compact, then the critical set C'(f) is finite; in this case we denote by
p(f) the cardinality of C'(f) and by ux(f) the cardinality of Cy(f), for k =0, ..., m.
It is obvious that u(f) = po(f) + ... + pm(f)-

The systematic study of circle-valued Morse functions was initiated by S.P.Novikov
in 1980. The motivation came from a problem in hydrodinamics, where the applica-
tion of the variational approach led to a multi-valued Lagrangian. The formulation
of the circle-valued Morse theory as a new branch of topology with its own prob-
lems and goals was outlined also by S.P.Novikov (see the survey paper [6] for the
connection to the theory of closed one-differential forms, [8] and [9]).

The circle S' can be also identified with the quotient R/Z, and circle-valued
Morse functions can be considered as multi-valued real functions, so that the value
of the function at a point is defined only modulo the subgroup of integers. The
natural way to work with the multi-valued functions is to consider a covering space
of the domain of definition such that the function becomes single-valued on the
covering. Recall the universal covering of the circle

exp: R — St — 2™,

The structure group of this covering is the subgroup Z C R acting on R by trans-
lations and it is very useful in the circle-valued Morse theory.
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3. MORSE-SMALE CHARACTERISTIC OF A MANIFOLD FOR CIRCLE-VALUED
MORSE FUNCTIONS

The Morse-Smale characteristic of a compact smooth manifold M™ is an im-
portant invariant. It is given by v(M) = min{u(f) : f € (M)}, where F,, (M)
denotes the set of all real-valued Morse functions defined on M. For details, ex-
amples and properties we refer to monograph [2, pp.106-129] (see also the papers
[3] and [4]). The number (M) corresponds to the minimal number of cells in the
CW-decomposition of M up to a homotopy. This just an important reason why the
computation of this invariant is a hard problem in differential topology.

Using the notations from the first section, we consider N = S! and the family
T = Fm(M,S') C C®(M,S'), given by the set of all circle-valued Morse functions
defined on M. In this case we denote pgz(M, S1) by yg1 (M), and we call it the Morse-
Smale characteristic of manifold M for circle-valued Morse functions f : M — S*.
So, we have

ver (M) = min{u(f) : f € Fm(M,S")}. (3.1)

In an analogous way we define the numbers WSB(M), for i =0,...,m, by

V(Sil)(M) = min{p;(f) : f € Fm (M, SH)}. (3.2)

From the relation p(f) = po(f) + ... + pm(f), it follows that for any f € F.. (M, St)
we have u(f) > fyél)(M )+ .+ 'ygl )(M ). Therefore the following inequality holds:

Yo (M) 2 44 (33)

=0

Now we will show that g1 (M) and 'y(l)( M) are differential invariants of manifold
M for i =0, ...,m. For this purpose ﬁrst of all let us consider a smooth manifold IV,
¢ : M — N a diffeomorphism and f: M — S', g: M — S' two smooth mappings
such that ¢ = f o ¢. Then we have the relation C(f) = ¢(C(g)) (see [2, pp.107]
for the case of real mappings). With a similar proof as in [2, Lemma 4.1.3, pp.107]
we obtain the following property : If f € Fn(M,S'), then g € Fn(M,S') and the
corresponding critical points via the diffeomorphism ¢ are of the same Morse index.

Theorem 3.1. If the manifolds M, N are diffeomorphic, then g1 (M) = g1 (N)
and 'ygl)(M) = vél( ), for i = 0,....m. That is, these numbers are differential
mvariants of the manifold.

Proof. Let ¢ : M — N be a diffeomophism between M and N, and let T" :
Fm (M, SY) — Fn(N,SY) be the function defined by I'(f) = f o ¢. Taking into the
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account the comments given before the theorem, it follows that I' is well-defined.
Consider the function A : §n(N,SY) — Fm(M,S'), where A(g) = go o' and
observe that I'o A = 15 (v g1y and Aol =15 (a7 ¢1), thus I' is a natural bijection.
We can write

Ysi (M) = min{u(f) : f € Fun(M, ")} = min{u(f 0 ) : f € Fu(M, ")}
— min{u(T(f)) : | € §m(M, ")} = minfu(g) : g € Fn(N, 5"} = 751 (N).

In an analogous way we can prove the equalities ygl) (M) = 7;11) (N), for i =

0,...,m. g

Theorem 3.2. The following relations hold:
(1) (Symmetry)For any i =0, ...,m, we have

v () = A5 (), (3.4)
(2) (Submultiplicity) For any two manifolds M and N, we have:
V51 (M x N) < 51 (N) X 751 (N); (3.5)

(8) For any i =0,...,m + n, we have:

(M x Ny < ST A9 () A8 (V). (3.6)
jt+k=i

Proof. (1) For a circle-valued Morse function f € §,,,(M, S') the mapping h =
— f satisfies the relations h € §,, (M, S'), and for any i = 0,...,m, () = ptm—i(h).
We get that for any circle-valued Morse function f on manifold M, we have p;(f) >

(m—i)

Yg1 (M) and consequently fy(i)(M) > 7(m Z)( M). Replacing i by m — ¢, from the

Sl . .
above inequalities it follows vgln_z) (M) > 75921) (M), and we are done.

(2) Consider the circle-valued Morse functions f € F,, (M, S!) and g € (N, S?)
and let h : M x N — S! be the mapping defined by h(z,y) = f(x)g(y). It is easy
to see that C'(h) = C(f) x C(g), thus we have p(h) = u(f)u(g). On the other hand,
after an elementary computation, it follows that the Hessian matrix H(h)(p,q) of
the locally representation of h around a critical point (p, ¢) is of the form

where H(f)(p) and H(g)(q) are the Hessian matrices of the locally representations of
f and g, respectively. We can assume that f(p) # 0 and g(q) # 0, hence H(h)(p, q)
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is non-singular since both H(f)(p) and H(g)(gq) are non-singular. It follows that h
is a circle-valued Morse function on M x N. From the relation pu(h) = p(f)u(g)
one obtains yg1 (M x N) < u(f)u(g) for any circle-valued Morse functions f €
Fm(M,SY), and g € T (N, SY). That is yg1 (M x N) < yg1(M) x vg1(N).

(3) With the above notations, we can assume that the locally representations of
f and g satisfy f > 0 and g > 0. Therefore, if p is critical point of index j of f and
q is a critical point of index k of g, then (p, q) is a critical point of index j + k of h.
That is, we have the following relation

pilh) = Y i (Hk(g),

k=i

for an circle-valued Morse functions f € §nm(M,S'), and g € Fm (N, S1). According
(i)

i, the desired relations follow. O

to the definition of the numbers ~
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