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INTEGRAL OPERATORS ON A CERTAIN CLASS OF UNIVALENT
FUNCTIONS

VIRGIL PESCAR

ABSTRACT. In this work is considered the class 75 of univalent functions defined

Z;JES) — 1’ < 1for |z| < 1, where f (2) = z+a32z®+... is analytic in
the open unit disk & = {z € C : |z| < 1}. The integral operators G, Jy, Jy, 7o, ...yns
Dug, Lag, Ky o,y and Hy oo o 35, for the functions f € 7 are considered.

In the present paper we obtain univalence conditions of these integral operators.

by the condition
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1. INTRODUCTION

Let A be the class of the functions f which are analitic in the open unit disk
U={z€C:|z| <1} and f(0)= f'(0)—1=0.

We denote by S the class of the functions f € A which are univalent in U.

We consider the integral operators
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G, (z) = du, (1.1)
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oo (2) = z;;j/u—lnl(f] ()7 du| =7 (1.3)
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z

Dag (2) = ﬁ/u5_1<f(u)>;du : (1.4)
0

@l

u

ﬁ/zuﬂ—l H <ffiu)>i du| (1.5)
0

J=1

Ko e (2 /H ( ) du, (1.6)
J=1

for f € A, o, 3,y complex numbers, o # 0, 8 # 0, v # 0 and f; € A, ; complex
numbers, v; # 0, j = 1,n.

In [1], [2], [4], [7], [8], [9], [10], [11] we have certain the univalence conditions of
these integral operators.
We define a general integral operator

H

Y1 2oy B,6 (2) = ﬁﬁs/uﬁé_l H <’fjiu)> v du , (1.7)
j=1

0
for f; € A, 3,6,~; complex numbers, 36 # 0, v; # 0, j = 1,n, n € N—{0}.

For 3, 4, v;, n € N— {0}, j = 1,n, in the particular cases, from (1.7) we obtain

the integral operators G, Jy, Jy yo,...vns Dags La,gs Ky yo,eoo v

2. PRELIMINARY RESULTS
We need the following theorems.
Theorem 2.1. [6].Let o be a complex number, Reaw > 0 and f € A. If

L— |2 2" (2)
Rea f'(2)
for all z € U, then for any complex number 3, Ref > Rea, the function

<1, (2.1)

@l

Fy(2) = |8 [l (w)du (2:2)
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18 in the class S.

Theorem 2.2. (Schwarz [3]). Let f be the function regular in the disk Ur =
{z€C:|z| <R} with |f(2)]| < M, M fized. If f(z) has in z = 0 one zero with
multiply > m, then

£ Q) € o lal™, (= € Un) (2.3

the equality (in the inequality (2.3) for z #0) can hold only if

where 0 is constant.
Theorem 2.3. [5]. Assume that the function f € A satisfies the condition

21 ()
f?(2)

then the function f is univalent in U.

- 1‘ <1, (zel), (2.4)

3. MAIN RESULTS

Theorem 3.1. Let v;,a complex numbers, v; # 0, j = 1,n, Rea > 0, M;
o0

positive real numbers and f; € Tz, fj(2) =2+ ) akak, j=1,n,neN-{0}.
k=3
If

i () <My, (j=1,n; z€U) (3.1)
and
" oM +1
> D < Rea, (3.2)
= il

then for any complex numbers B and §, ReBd > Rea, the function

s

z

Hypoooo 55(2) = 4 85 / W1 <fl(“>> o <f"<“)> ™ (3.3)

u u
0
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18 in the class S.

Proof. We consider the function

z

h(z) = / (fll(bu)> v

0

The function h is regular in U.

()" g,

We have
- S e
We obtain
fa- s
S z;?‘(g) . f]i,;z)' n |fj’£|z)| +1, j=T,m z€l)

Since fj € T and by Theorem 2.2, from (3.6) we get

2f; (2)
J —1|<2M;+1(5=1,n; z€U).
fj (Z) J ( )
From (3.5) and (3.7) we obtain
| »|2Rea " _ |,|2Rea n .
1— |z zh" (z) P |2 ZQMJ—I_l,(zGU)
Rea h (2) Rea = 151
and hence, by (3.2) we have
1— |z|% | 2n” (2) <1
Rea R(z) |~
for all z € U.
So, by Theorem 2.1, the integral operator H,, ., .. -, s is in the class S.
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n
Corollary 3.2. Let yj, a complex numbers, Revy; # 0, j = 1,n, > Re% >
=1 "

Rea > 0, M; positive real numbers and f; € Tz, fj (z) = z +asjz> + ..., 5 = L,n,
n € N—{0}.
If
1fi () = M;, (j=1,mn 2€U) (3.10)
and
n
2M; + 1
it < Rea, (3.11)
= il

then the integral operator Jy, ... ~, given by (1.3) is in the class S.

n
Proof. For 0 = ). % from Theorem 3.1 we obtain Corollary 3.2.
j=1"

Remark 3.3. From Corollary 3.2, for n = 1, 4 = v, fi = f, we obtain the
integral operator J, defined by (1.2) is in the class S.

Corollary 3.4. Let v;, a complex numbers, v; #0, j =1,n, 0 < Reaw < 1, M;

positive real numbers and f; € Tz, f; (2) = z +az;2* + ..., j=1,n, n € N-{0}.
If
[fi () < Mj, j=1,n, (z €U) (3.12)
and
" 2M; + 1
S 2T < Rea, (3.13)
‘=l

then the function

Koy e (2) = O/ (ﬁiu)) g (f"u(“)) g du (3.14)

1s in the class S.

Proof. For 3§ = 1, from Theorem 3.1, we obtain Corollary 3.4.
Remark 3.5. If we take n =1, v1 = v, f1 = f, from Corollary 3.4 we have the
integral operator G given by (1.1) is in the class S.

211



V. Pescar - Integral operators on a certain class of univalent functions

Corollary 3.6. Let o, v complex numbers, o # 0, Rey > 0, M; positive real
numbers and fj € Tz, f; (2) = z + a3;2> + ..., j=1,n, n € N— {0}.
If

Ifi ()| < M;, (j=1,n, z€U), (3.15)
and
" oM +1
Z‘Jar < Rey, (3.16)
j=1

then for any complex number 3, Re8 > Revy, the function

Log(2) = 5/Zu51 (fl(“)f‘ (fn(u)>;du (3.17)

u u
0

wl=

s in the class S.

Proof. For 6 = 1, from Theorem 3.1, we have Corollary 3.6.
Remark 3.7. If take n = 1, f; = f in Corollary 3.6, we obtain that the integral
operator D, g defined by (1.4) is in the class S.
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