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PUISEUX SERIES SOLUTIONS OF ORDINARY POLYNOMIAL
DIFFERENTIAL EQUATIONS : COMPLEXITY STUDY

ALI AYAD

ABSTRACT. We prove that the binary complexity of solving ordinary polynomial
differential equations in terms of Puiseux series is single exponential in the number
of terms in the series. Such a bound was given in 1990 by Grigoriev for Riccatti
differential polynomials associated to ordinary linear differential operators. In this
paper, we get the same bound for arbitrary differential polynomials. The algorithm
is based on a differential version of the Newton-Puiseux procedure for algebraic
equations.
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1. INTRODUCTION

In this paper we are interested in solving ordinary polynomial differential equa-
tions. For such equations we are looking to compute solutions in the set of formal
power series and more generality in the set of Puiseux series. There is no algorithm
which decide whether a polynomial differential equation has Puiseux series as solu-
tions. We get an algorithm which computes a finite extension of the ground field
which generates the coefficients of the solutions. Algorithms which estimate the
coefficients of the solutions are given in [12, 13].

In order to analyse the binary complexity of factoring ordinary linear differential
operators, Grigoriev [10] describes an algorithm which computes a fundamental sys-
tem of solutions of the Riccatti equation associated to an ordinary linear differential
operator. The binary complexity of this algorithm is single exponential in the order
n of the linear differential operator. There are also algorithms for computing series
solutions with real exponents [11, 1, 8, 2] and complex exponents [8].
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Let K = Q(T1,...,T;)[n] be a finite extension of a finitely generated field over Q.
The variables T, . . ., T; are algebraically independent over Q and 7 is an algebraic el-
ement over the field Q(71, ..., 7T;) with the minimal polynomial ¢ € Z[T1,...,T;][Z].
Let K be an algebraic closure of K and consider the two fields:

L=Upen-E((@¥)), £=Upen-K((z}))

which are the fields of fraction-power series of z over K (respectively K), i.e., the
fields of Puiseux series of z with coefficients in K (respectively K). Each element
Y € L (respectively ¢ € L) can be represented in the form ¢ = Zz’e@ crl, ¢ €K
(respectively ¢; € K). The order of 1 is defined by ord(¢) := min{i € Q, ¢; # 0}.
The fields L and L are differential fields with the differential operator

%(1/)) = Zicixi_l.

i€Q
Let F(yo,.-.,yn) be a polynomial in the variables yo,...,y, with coefficients
in L and consider the associated ordinary differential equation F'(y, %, ey %) =

0 which will be denoted by F(y) = 0. We will describe all the solutions of the
differential equation F'(y) = 0 in £ by a differential version of the Newton polygon
process. First write F' in the form:

F= Z fi,axiygo t ygna fi,a e K
1€Q,a€A

where a = (ag, . . ., @, ) belongs to a finite subset A of N**1. The order of F is defined
by ord(F') := min{i € Q; fj o # 0 for a certain a}. Without loss of generality we
can suppose that each coefficient f; o € Z[T1,...,T;][n] and so it can be written in
the form ' '
fia= > big..gT T, bij. 5 €L

o1 eeesdi
We define the degree of F' w.r.t. z by deg, (F) = max {i € Q; f;o # 0 for a certain a}
(it can be equal to +oo), the degree of F' w.r.t. Ti,...,T; by degp, 5,(F) =
max {degr, 7(fia); i € Q,a € A}. We denote by /(b) the binary length of an inte-
ger b. The binary length of F'is defined by I[(F) = max {l(fi»); ¢ € Q,a € A} where
(fi,a) is the maximum of the binary lengths of its coeflicients in Z. We can define in
the same manner the degrees and the binary length of ¢. To estimate the binary com-
plexity of the algorithm of this paper we suppose that deg,(¢) < do, degr,  71,(¢) <
di, (@) < My, deg,, ., (F) < d, degy, 1, (F) < dg, deg,(F) < ds (d3 can be
equal to +00) and [(F) < Ms.
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In the sequel, we will use the following quantities: for each i € Q, let
R(i) = da(ddod,)°™
and ' ' | |
S(i) = n'dy(ddody)° ™ (My M2)°D logh (dds).

We can now describe the main theorem of this paper:

Theorem 1 Let F(y) = 0 be a polynomial differential equation with the above
bounds. There is an algorithm which computes all Puiseuz series solutions of F(y) =
0 with coefficients in K, i.e., all solutions of F(y) = 0 in L. Namely, for each solu-
tion ¢ = Zie(@ ciwt € L of F(y) = 0, the algorithm computes an integer v € N* such
that for each i € Q, it computes a finite extension K1 = K[0] of K where 0 is an
algebraic element over K computed with its minimal polynomial ® € K[Z] such that

Zj<i,j€Q cjzl € Kl((:v%)) Moreover, for any j < i, j € Q, we have the following
bounds:

o deg,(®) < d'.

o degp,  7(®), degr,  py(cj) < R(4).

o (D), I(c;) < S(3).

e The binary complexity of this computation is S(i).
Remark 2

e By the corollary of Lemma 3.1 of [11], the integer v of Theorem 1 is constant,
i.e., independent of i. This constant depends only on the solution 1.

e In general, we cannot compute a finite extension K1 of K which contains all
the coefficients of all the solutions of F(y) = 0 in L either an integer v € N*

such that all the solutions of F(y) =0 (in L) are in Kl((xﬁ)) Namely, if we
consider the polynomial

F(y0,y1,92) = TYoy2 — TY3 + Yoy
then v = czt is a solution of F(y) =0 in L for all c € C and all p € Q.

In a forthcoming paper we try to get polynomial binary complexity for computing

Puiseux series solutions of polynomial differential equations as in the algebraic case
[5, 7].
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The paper is organized as follow. In section 2, we give a description of the Newton
polygon associated to polynomial differential equations. Operations on these Newton
polygons will be discussed in section 3. The algorithm with its binary complexity
analysis are described in section 4.

2. NEWTON POLYGONS OF POLYNOMIAL DIFFERENTIAL EQUATIONS

Let F' be a differential polynomial as in the introduction. We now define the
Newton polygon of F. For every couple (i,a) € Q x A such that f; o # 0 (i.e., every
existing term in F'), we mark the point

Pio=(0—a1—2a2 —--—nap,ap+a;+---+a,) € QxN.

We denote by P(F') the set of all the points P; . The convex hull of these points and
(+00,0) in the plane R? is denoted by N(F') and is called the Newton polygon of the
differential equation F'(y) = 0 in the neighborhood of x = 0. If deg,, . (F)=m,
then NV (F) is located between the two lines y = 0 and y = m. For each (a,b) €
Q2 \ {(0,0)}, we define the set

N(F,a,b) = {(u,v) € P(F), ¥Y(u',v") € P(F), au'+ b > au+ bv}.

A point P; o € P(F) is a vertex of the Newton polygon N (F) if there exist (a,b) €
Q% \ {(0,0)} such that N(F,a,b) = {Pi,}. We remark that N(F) has a finite
number of vertices. A pair of different vertices e = (P, Py o) forms an edge of
N (F) if there exist (a,b) € Q2 \ {(0,0)} such that e C N(F,a,b). We denote by
E(F) (respectively V(F')) the set of all the edges e (respectively all the vertices
p) of N(F) for which @ > 0 and b > 0 in the previous definitions. It is easy to
prove that if e € E(F), then there exists a unique pair (a(e),b(e)) € Z? such that
GCD(a(e),b(e)) =1, a(e) > 0, b(e) > 0 and e C N(F,a(e),b(e)) where GCD is
an abbreviation of ”Greatest Common Divisor”. By the inclination of a line we
mean the negative inverse of its geometric slope. If e € F(F'), we can prove that
the fraction pe = Z((‘Z)) € Q is the inclination of the straight line passing through
the edge e. If p € V(F) and N(F,a,b) = {p} for a certain (a,b), then the fraction
= g € Q is the inclination of a straight line which intersects N (F') exactly in the
vertex p.

For each e € E(F), we define the univariate polynomial (in a new variable C')

Hp)(C) := > fiaCooterttan o ()0 e K[C),
PiyaeN(Fva(e)vb(e))
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where (pie)r := pre(pte —1) - (te —k+1) for any positive integer k. We call H () (C)
the characteristic polynomial of F' associated to the edge e € E(F'). Its degree is at
most m = deg, . (F) <d.

If ¢ € L is a solution of the differential equation F(y) = 0 such that ord(y)) = pe,
i.e., ¥ has the form ¢ = Zie@,izue Gty ¢ € K, then we have Hp)(c.,) = 0,
L.e. ¢, is a root of the polynomial Hp,) in K. This condition is called a necessary
initial condition to have a solution of F'(y) = 0 in the form of ¢ (see Lemma 1 of [2]).
In fact, H(p)(cy.) is equal to the coefficient of the lowest term in the expansion of
F(¢(x)) with indeterminates i, and ¢,,. Let A(pe) = {c € K,c # 0, Hp e (c) = 0}.

For each p = (u,v) € V(F), let p; < po be the inclinations of the adjacent edges at
p in N(F), it is easy to prove that for all rational number p = g, a €N, beN
such that N(F,a,b) = {p}, we have pu; < p < uy. We associate to p the polynomial

() = > fial) - ()3 € K,

Pi,a:p

which is called the indicial polynomial of F' associated to the vertex p (here pu is
considered as an indeterminate). Let H(p,)(C) = C'h(pp) (1) defined as above for

edges e € E(F). Let A(pp) :={p € Q, p1 < p < pz2; hipp) () =0}.

Remark 3 Let p = (u,v) € V(F) and e be the edge of N(F) descending from
p, then h(pp(pe) is the coefficient of the monomial C* in the erpansion of the
characteristic polynomial of F' associated to e.

3. SOME OPERATIONS ON NEWTON POLYGONS OF DIFFERENTIAL POLYNOMIALS

Relation between Newton polygons of a differential polynomial and
its partial derivatives :
Let F be a differential polynomial as in the introduction. Write F' in the form

where Fy = Zie(@,|a\:s fiaz'ys® -+ -y is the homogeneous part of F of degree s
with respect to the indeterminates yo,...,yn, @ = (ag,...,ap) € A and |a| =
ag + - -+ + ap is the norm of a. Then the ordinate of any point of P(F}) is equal to
s and

P(F) = Up<s<alP (Fs).
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Let 0 < j < n. If there exists an integer k£ > 1 such that for all 1 < s <d (such that
Fy #0), Dy j = deg, (Fs) > k then we can prove that P(2 59 k) is a translation of

P(F) defined by the point (kj, —k), i.e.,

P(ayj) P(F) + {(kj, - )}andthen/\/(ayj) N(F) + {(kj, k).

For any (a,b) € Q?\ {(0,0)}, we have

O F :
N(ayj a,b) = N(F,a,b) + {(kj,~k)}.

Thus the edges of N ( Ev3 ) are exactly the translation of those of N(F'). For each

ec E< ) its chamctemstzc polynomial is

ao+o1+- o — (e} Oé'*k Qn
H(a’;ﬂe) (C) = Z fiaCooTortt k(aj)k(:“e)ll T (Me)j] - (He)n™-
Bv; P; o €N(F,a(e),b(e))

For each p € V(%%,j), its indicial polynomial is
j

—k

h(akF Z fza oz] Ne '(:U“e)?]

za_p

- (pe)n™ € Klpl.

Let 0 < j1 # jo < n. If there exist integers ki, k2 > 1 such that for all 1 < s < d,
Dy j, 2 k2 and deg, (8;2155) > k1 then
Yja

oF1tke p ‘ .
P(ki> = P(F) + {(kij1 + kojo, —k1 — k2)}
dy; 1y
J2
and then
8k1+k2F ' -
(W) = N(F) + {(k1j1 + kaja, —k1 — k2)}.
a Al '2
y]l yJ2

For any (a,b) € Q%\ {(0,0)}, we have

( akl +k2 p

) = NOF a,b) + (ki + kajo, k1 — ko))
oYyl
J2
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For each e € E(%kl,:;kif), its characteristic polynomial is H( oh1+ho g )(C) =

Y51 Yia ayfllyfj
ke — o, —k
> fiaCooForttan=hke () (0, )k ()T -+ (ne)3

Pi,aeN(Fva(e)’b(e))

a,—k
e (Me)jgjz e (F‘e)%n'

Lemma 4 Let k > 1 be an integer such that for all 1 < s < d (such that Fs # 0)
and for all 0 < j < n we have Dy j > k. For any e € E(F), the k-th derivative of
Hpey € K[C] is given by the formula

HEG(@) = 3 (o ol H ke (©).

k kn ’
0<ko,....kn<n dyg” ++-Oyn™

where the sum ranges over all the partitions (ko, ..., kn) of k, i.e., ko+---+kn = k.

Proof. By induction on k. O

Newton polygons of sums of differential polynomials :

Let F and G be two differential polynomials of degree less or equal than d. Write
F=F+ -4+ F;and G =Gy + -+ Gq where Fy (respectively G;) is the homo-
geneous part of F' (respectively G) of degree s with respect to the indeterminates
Yo, -+, Yn. For each 0 < s < d such that Fs; + G5 # 0, let P; = (s1,s) be the point
of the plane defined by s; := min{u; (u,s) € P(Fs+ Gs)}. Then it is easy to prove
that the convex hull of all the points P for all 0 < s < d and (+00,0) in the plane
R? is the Newton polygon of the differential polynomial F + G.

Newton polygons of evaluations of differential polynomials :

Let F be a differential polynomial as in the introduction, 0 # c € K, u € Q and
G(y) = F(cx* + y). We will discuss the construction of the Newton polygon of the
differential equation G(y) = 0 for different values of ¢ and pu.

For each differential monomial m(y) = fiaz'ys® -y of F with corresponding
point p, compute

m(cxt +y) = fwxi(cx“ + 90) 2 (cpx ™t 4 y1) - (e(p)n ™+ yn)Om.

Remark that the corresponding points of the differential monomials of m(cz* + y)
have ordinate less or equal than s = ag + a1 + - -+ + «;, and lie in the line passing
through p with inclination p. There are two possibilities for u:
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Lemma 5 If yu = p. is the inclination of an edge e € E(F). For any 0 < s < d,
the vertex of N'(G) of ordinate s corresponds to the differential monomial of G with
coefficient equals to

1
asene) = > e (@)
0<ko<-+<kn<n kol -+« k! (ay§0~~ay§n <)

where the sum ranges over all the partitions (ko, ..., ky) of s. Its x-coordinate is the
minimum of the quantities i + p(ag + -+ ap —8) —ag — 23 — -+ - —nay, fori € Q
and o € A.

If p1 < p < pg where uy and pg are the inclinations of the two adjacent edges of a
vertex p = (u,v) € V(F), then for any 0 < s < d, the vertex of N(G) of ordinate s
corresponds to the differential monomial of G with coefficient equals to

v—s 1
c Z Wh( SF kn?p)(ﬂ)‘

. . k
0<ko<-<kn<n O oyr0 ..ok

where the sum ranges over all the partitions (ko, ..., kn) of s.

Proof. Let p = e for e € E(F) and compute

Gy)= D fiar' (ca® +yo)* (cua™ "+ y1)™ -+ (c()na ™" + yn)™.
1€Q,a€A

For each 0 < s < d, compute G4 the homogeneous part of G of degree s in yg, ..., Yn.
We remark that for fixed ¢ and «, all the differential monomials of G have the same
corresponding point which is

(i4+plap+ - +ap—8) —ar —2ay — -+ — nay, S).

The x-coordinate of the vertex of N(G) of ordinate s is the minimum of the x-
coordinates i + u(ag+- - +an —s) —a; —2as — - - —nay, for t € Q and a € A. This
minimum is realized by the points P;, € N(F,a(e),b(e)). This proves the lemma
taking into account the formula for the characteristic polynomial of the derivatives
of F' in the previous subsections. O

The following lemma is a generalization of Lemma 2.2 of [10] which deals with the
Newton polygon of the Riccatti equation associated to a linear ordinary differential
equation.

Corollary 6 Let 1 = pe be the inclination of an edge e € E(F). The edges of
N(G), situated above the edge e are the same as in N (F). Let an integer s; > 0 be
such that qs(c, pe) =0 for all 0 < s < s1 and gs, (¢, pre) # 0 then N(G) has a vertex
of ordinate s1 and it has at least s1 edges with inclination greater than pie.
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Proof. Let ps, be the vertex of N(G) of ordinate s; and z-coordinate x,, the
minimum of the values i + p(ag + -+ + ap — 81) — a1 — 2a9 — -+ — nay, for i € Q
and o € A (by Lemma 5). We have ¢5,—1(c, te) = 0, then the z-coordinate of
the vertex ps,—1 of ordinate s; — 1 is strictly less than the minimum of the values
i+ulag+ - +tap—s1+1)—a1 —2a9 — - —nay, for i € Q and o € A. Thus the
inclination of the edge joining ps, and ps,—1 is greater than p. O

Corollary 7 Let = pe be the inclination of an edge e € E(F). If Hpey(c) =0
then the intersection point of the straight line passing through e with the x-axis is
not a vertex of N(G) and N'(G) has an edge with inclination greater than ..

Proof. We have qq(c, pte) = H(p,)(c) = 0, then s > 1. This proves the corollary by
applying Corollary 6. O

4. DIFFERENTIAL VERSION OF THE NEWTON-PUISEUX ALGORITHM

We describe now a differential version of the Newton-Puiseux algorithm to give
formal Puiseux series solutions of the differential equation F(y) = 0. The input
of the algorithm is a differential polynomial equation F(y) = 0 with the bounds
described in the introduction. The algorithm will construct a tree 7 which depends
only on F' and on the field K. The root of 7 is denoted by 7. For each node 7 of
T, it constructs the following elements:

e The field K, which is a finite extension of K.

e The primitive element 6, of the extension K of K with its minimal polynomial
¢ € K[Z].

e An element ¢, € K;, a number p, € QU {—o00,+0o0} and an element y, =

1
crabm + yr € K ((z¥™)) where 7 is a descendant of 71 (here p; > ur ) and
v(T) € N*.

e The differential polynomial F(y) = F(y+y,) with coefficients in KT(($ﬁ))

We define the degree of 7 by deg(7) = pr € Q, we have deg(7) = deg,(y.) if ¢, # 0.
The level of the node 7, denoted by lev(T), is the distance from 7y to 7.

For the root 79 we have K;y = K, 0y =1, ¢y = Z — 1, ¢qy = yg, = 0, deg(mo) =
Hryg = —O0, V(TO) =1 and FTo(y) = F(y)

A node 7 of the tree 7 is a leaf of 7 if for each e € E(F;) and for each p € V(F;)
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we have . < deg(7) and p2 < deg(7) and y = 0 is a solution of F;(y) = 0, where
i1 < pg are the inclinations of the adjacent edges at p in N(F).

The algorithm constructs the tree 7 by induction on the level of its nodes. We
suppose by induction on ¢ that all the nodes of 7 of level < i are constructed. De-
note by 7; the set of these nodes. At the (i + 1)-th step of the induction, for each
node 7 of level ¢ which is not a leaf of 7 we consider the following two sets:

o F'(F;) ={e€ E(F;), u.> deg(r)} and
o VI(F;)={p e V(F:), uz > deg(r)}.

For each e € E'(F;), compute a factorization of the polynomial Hp, . (C) € K;[C]
into irreducible factors over the field K, = K[0;] in the form

k.
Hp, o(C) = A ][ Hy
J

where 0 # A\c € K, kj € N* and H; € K.[C] are monic and irreducibles over K.
We can do this factorization by the algorithm of [3,4,6,9]. The elements of the set
A(F, ) correspond to the roots of the factors H; # C. We consider a root ¢; € K
for each factor H; # C and we compute a primitive element 6; . of the finite ex-
tension K;|[¢;] = K[0-,¢;] of K with its minimal polynomial ¢;. . € K[Z] using the
algorithm of [3, 6, 9].

For each root ¢; of H; # C we correspond a son o of 7 such that 6, = 0, . -, the field
K, = K[ -] and the minimal polynomial of 6, over K is ¢y = ¢ r. Moreover,
Co = Cjy fo = fle, Yo = Cox'” + yr and Fi(y) = F(y + y,). For v(o), we take
v(oc) = LCM (v(7),a(e)) for example.

For each p € V'(F;), we consider the indicial polynomial hp ) (1) € Kr[u] of
F; associated to p. To each u € A(p, p) such that p > deg(7) and 0 # ¢ € K (where
¢ is given by its minimal polynomial over K'), we correspond a son o of 7 such that
0, = ¢, co =c, e = p. This completes the description of all the sons of the node
T of the tree 7.

Remark 8 i) If (E'(F;) #0 or V/(F;) #0) and y = 0 is a solution of Fr(y) =0
then one of the sons of T is a leaf o for which Fy = Fr, pu, = +00 and ¢, = 0.

i1) For any node T of T such that deg(1) # oo, if y = 0 is not a solution of F(y) =0
then E'(F;) # 0 by Corollary 7.

Determination of the solutions of F(y) =0 in £ by the leaves of 7 :
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Let U be the set of all the vertices 7 of 7 such that either deg(7) = +o00 and for
the ancestor 71 of 7 it holds deg(7) < 400 or deg(7) < +o0 and 7 is a leaf of 7. For
each 7 € U, there exists a sequence (7;(7))i>0 of vertices of 7 such that (1) = 79
and 7;41(7) is a son of 7;(7) for all i« > 0. For each 7 € U, the element

1
Yr = Zcﬂ'i(T)qui(T) € K- ((z7@))
>0

is a solution of F(y) = 0. In fact, there are two possibilities to 7: if deg(7) = 400
then y = 0 is a solution of Fr, (y) = 0 where 7 is a son of 71 and so y,, is a solution
of F(y) = 0. If deg(7) < +oo and 7 is a leaf of 7 then y = 0 is a solution of
F.(y) = F(y+y,) = 0 and so y, is a solution of F(y) = 0. This defines a bijection
between U and the set of the solutions of F(y) =0 in L.

Binary complexity analysis of the Newton-Puiseux algorithm :

We begin by estimating the binary complexity of computing all the sons of the
root 1o of 7. For each e € E(F), we consider the polynomial Hp)(C) € K[C],
its degree w.r.t. C (respectively T1,...,T;) is bounded by d (respectively dz). We
have pe < %3 and its binary length is I(p.) < O(logy(dds)) (using the fact that .
is the inclination of the straight line passing through e). Then the binary length of
H(pe)(C) is bounded by Mz + ndO(logy(dds)). By the algorithm of [3, 4, 6, 9] the
binary complexity of factoring H(r)(C) into irreducible polynomials over K is

(dd )" (ndo M, My logy (dds)) ).

Moreover, each factor H; € K[C] of H(f,)(C) satisfies the following bounds (see
Lemma 1.3 of [6]): dege(H;) < d, degy, . 1,(H;) < do(ddpd1)°™M) and

1(H;) < nldy(ddody)®M) My My logy (dds).

By the induction we suppose that the following bounds hold at the i-th step of the
algorithm for each node 7 of 7 of level i:

b degZ(QbT) < di'
b deng,...,Tl(qST)’ deng,...,Tl(cT) S R(/L)
o l(¢7), l(cr) < S(i) where R(i) and S(i) are as in the introduction.
o fir <i(%) and then I(u;) < O(logy(idds)).
Then we have the following bounds for the differential polynomial F;(y) = F(y +

yr) € K ((@7)) o, - Yl
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o deg,, ., () <d.
o degy, .1 (Fr) < dy+ddegy,  g(cr) < R(3).
o deg,(Fr) < d3+dpur < (i+1)ds.

o [(F;) < My +dl(cr;) < S(5).

We compute a primitive element 7; of the finite extension K over the field Q(71,...,T;),
ie., K; = KI[0;] =Q(T1,...,T1)[n][0-] = Q(T1, ..., T;)[m] by the corollary of Propo-
sition 1.4 of [10] (see also section 3 of chapter 1 of [6]). Moreover, 1 = n+~6, where
0<~vy<[K;:QTh,...,T))] = degy(¢)degy(¢,) < d'dy and we can compute the
monic minimal polynomial ¢; € Q(T4,...,T;)[Z] of 1 which satisfies the following
bounds:

o degy(¢1) < didy

o degy,  7(d1) < (didg)©™

o l(p1) < S().

e This computation can be done with binary complexity S(7).

For each e € E'(F;), we consider the polynomial Hp .(C) € K;[C], its degree
w.r.t. C (respectively T7,...,T;) is bounded by d (respectively R(i)). We have

pre < (i +1)(%) and its blnary length is I(pe) < O(logg( i+ 1)dds)). Then the
binary length of Hf, )(C) is bounded by

W(Fr) + ndl(pe) < S(i).

By the algorithm of [3, 4, 6, 9] the binary complexity of factoring Hp, ) (C) into
irreducible polynomials over K, = Q(T1,...,T;)[m] is S(i). Moreover, each factor
Hj € K;[C] of H(f, .)(C) satisfies the following bounds:

o dego(Hj) <d
o degy, 1, (Hj) < R(3).
o I(H;) < S(i).

Let ¢; € K be a root of H;. We can compute by the corollary of Proposition 1.4
of [10] a primitive element ;. , of the finite extension K;[c;] = K[0;,¢;j] of K
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with its minimal polynomial ¢;., € K[Z]. We can express 6, = 0., in the form
0y = 0 + vjc; where 0 < ~; < degy(¢,) dego(H;) < d'! and ¢, = ¢; in the form

o= Y bbl
0<t<dit+l
where b; € K. Moreover, the following bounds hold:
o deg,(¢,) < ditl.
o degp,  1,(95), degr,  7y(be) < R(i).
1(60), 1(br) < S(3).

o o = fte < (i +1)(%) and then I(u,) < O<log2((i + l)ddg)).

This computation can be done with binary complexity S(i) and thus the total binary
complexity of computing all the sons o of 7 is S(4).
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