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THE CUBIC CONGRUENCE X3 + AX2 + BX + C ≡ 0(MOD P ) AND
BINARY QUADRATIC FORMS F (X, Y ) = AX2 + BXY + CY 2 II

Ahmet Tekcan

Abstract. Let F (x, y) = ax2 + bxy + cy2 be an integral binary quadratic form
of discriminant ∆ = b2 − 4ac, let p ≥ 5 be a prime number and let Fp be a finite
field. In the first section, we give some preliminaries from cubic congruence and
binary quadratic forms. In the second section, we consider the number of integer
solutions of quadratic congruence x2 ≡ ±k(mod p), where k is an integer such that
1 ≤ k ≤ 10. In the third section, we consider the number of integer solutions of cubic
congruences x3 + ax2 + bx + c ≡ 0(mod p) over Fp for two specific binary quadratic
forms F k

1 (x, y) = 2kx2 + kxy + 2k2y2 and F k
2 (x, y) = −3kx2 − kxy + 3k2y2. In the

last section, we consider representation of primes by F k
1 and F k

2 .
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1. Introduction

In 1896, Voronoi [15] presented his algorithm for computing a system of funda-
mental units of a cubic number field. His technique, described in terms of binary
quadratic forms. Recall that a real binary quadratic form F (or just a form) is a
polynomial in two variables x and y of the type

F = F (x, y) = ax2 + bxy + cy2 (1)

with real coefficients a, b, c. The discriminant of F is defined by the formula b2−4ac
and is denoted by ∆ = ∆(F ). If a, b, c ∈ Z, then F is called integral, and if
gcd(a, b, c) = 1, then F is called primitive (for further details on binary quadratic
forms see [2,4,8]). Later Voronoi’s technique was restarted in the language of multi-
plicative lattices by Delone and Faddeev [5]. In 1985, Buchmann [3] generalized the
Voronoi’s algorithm.
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Let p ≥ 5 be a prime number. Then a cubic congruence over a finite field Fp is
given by

x3 + ax2 + bx + c ≡ 0(mod p), (2)

where a, b, c ∈ Fp. Solutions of cubic congruence (including cubic residues) were con-
sidered by many authors. Dietmann [6] considered the small solutions of additive
cubic congruences, Manin [10] considered the cubic congruence on prime modules,
Mordell [11,12] considered the cubic congruence in three variables and also the con-
gruence ax3 + by3 + cz3 + dxyz ≡ n(mod p), Williams and Zarnke [16] gave some
algorithms for solving the cubic congruence on prime modules.

Let H(∆) denote the group of classes of primitive integral binary quadratic
forms F of discriminant ∆, let K be a quadratic field Q(

√
∆), let L be the splitting

field of x3 + ax2 + bx + c, let f0 = f0(L/K) be the part of the conductor of the
extension L/K and let f be a positive integer with f0|f . In [13], Spearman and
Williams considered the cubic congruence x3 + ax2 + bx + c ≡ 0(mod p) and binary
quadratic forms F (x, y) = ax2 + bxy + cy2. They proved that the cubic congruence
x3 + ax2 + bx + c ≡ 0(mod p) has three solutions if and only if p is represented
by a quadratic form F in J , where J = J(L,K, F ) is a subgroup of index 3 in
H(∆(K)f2). Now we can give the following two Lemmas.

Lemma 1.1. Let a ∈ Fp. Then

a(p−1)/2 =

{
1 if a ∈ Qp

−1 if a /∈ Qp.

In other words (a
p ) = a(p−1)/2, where ( .

p) denotes the Legendre symbol and Qp denotes
the set of quadratic residues in Fp.

Lemma 1.2. Let a ∈ F∗p = Fp − {0} and let
{
a, 2a, 3a, · · · , p−1

2 a
}

be the set
of multiplies of a. Represent each of these elements of Fp by an integer in the
range

(
−p
2 , p

2

)
, and let v denote the number of negative integers in this set. Then

(a
p ) = (−1)v.

2. The Quadratic Congruence x2 ≡ ±k(mod p).

In this section, we will consider the quadratic congruence x2 ≡ ±k(mod p) over
finite fields, where k is an integer such that 1 ≤ k ≤ 10. We want to determine when
this congruence has two solutions or not, that is, when (±k

p ) = 1 or (±k
p ) = −1.

First we start with x2 ≡ k(mod p).
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Theorem 2.1. Let Fp be a finite field. Then(
1
p

)
= 1 for every prime p ≥ 5(

2
p

)
=

{
1 if p ≡ 1, 7(mod 8)

−1 if p ≡ 3, 5(mod 8)(
3
p

)
=

{
1 if p ≡ 1, 11(mod 12)

−1 if p ≡ 5, 7(mod 12)(
4
p

)
= 1 for every prime p ≥ 5(

5
p

)
=

{
1 if p ≡ 1, 9(mod 10)

−1 if p ≡ 3, 7(mod 10)(
6
p

)
=

{
1 if p ≡ 1, 5, 19, 23(mod 24)

−1 ifp ≡ 7, 11, 13, 17(mod 24)(
7
p

)
=

{
1 ifp ≡ 1, 3, 9, 19, 25, 27(mod 28)

−1 if p ≡ 5, 11, 13, 15, 17, 23(mod 28)(
8
p

)
=

{
1 if p ≡ 1, 7, 17, 23(mod 24)

−1 if p ≡ 5, 11, 13, 19(mod 24)(
9
p

)
= 1 for every prime p ≥ 11(

10
p

)
=

{
1 if p ≡ 1, 3, 9, 13, 27, 31, 37, 39(mod 40)

−1 if p ≡ 7, 11, 17, 19, 21, 23, 29, 33, 37(mod 40).

Proof. Let p ≥ 5 be any prime number. Then p − 1 is always even. Hence the
first assertion is clear by Lemma 1.1 since 1(p−1)/2 = 1 for all prime p ≥ 5.

Now we consider the second case, that is, the case (2
p). Let us consider the

set {2, 4, 6, · · · , p − 1}. We know that 2 is an quadratic residue mod p if and only
if v lie in the interval (−p

2 , 0) is even by Lemma 1.2. Note that v is the number
of even integers in the interval

[
p+1
2 , p− 1

]
. Let p+1

2 is even. Then p ≡ 3(mod 4)

and hence v = (p−1)− p+1
2

2 + 1 = p+1
4 . So

(
2
p

)
= (−1)(p+1)/4 = 1 if p ≡ 7(mod 8)

or −1 if p ≡ 3(mod 8). Similarly let p+1
2 is odd. Then p ≡ 1(mod 4), and hence

v = (p−1)− p+3
2

2 + 1 = p−1
4 . Therefore

(
2
p

)
= (−1)(p−1)/4 = 1 if p ≡ 1(mod 8) or −1 if

p ≡ 5(mod 8). Consequently,(
2
p

)
=

{
1 if p ≡ 1, 7(mod 8)

−1 if p ≡ 3, 5(mod 8).
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The others can be proved in the same way that (2
p) was proved.

Now we consider the quadratic congruence x2 ≡ −k(mod p) for 1 ≤ k ≤ 10.

Theorem 2.2. Let Fp be a finite field. Then(−1
p

)
=

{
1 if p ≡ 1(mod 4)

−1 ifp ≡ 3(mod 4)(−2
p

)
=

{
1 if p ≡ 1, 3(mod 8)

−1 if p ≡ 5, 7(mod 8)(−3
p

)
=

{
1 if p ≡ 1, 7(mod 12)

−1 if p ≡ 5, 11(mod 12)(−4
p

)
=

{
1 if p ≡ 1, 5(mod 12)

−1 if p ≡ 7, 11(mod 12)(−5
p

)
=

{
1 ifp ≡ 1, 3, 7, 9(mod 20)

−1 if p ≡ 11, 13, 17, 19(mod 20)(−6
p

)
=

{
1 if p ≡ 1, 5, 7, 11, 25, 29, 31, 35(mod 48)

−1 if p ≡ 13, 17, 19, 23, 37, 41, 43, 47(mod 48)(−7
p

)
=

{
1 if p ≡ 1, 9, 11, 15, 23, 25(mod 28)

−1 if p ≡ 3, 5, 13, 17, 19, 27(mod 28)(−8
p

)
=

{
1 if p ≡ 1, 11, 17, 19, 25, 35, 41, 43(mod 48)

−1 if p ≡ 5, 7, 13, 23, 29, 31, 37, 47(mod 48)(−9
p

)
=

{
1 if p ≡ 1, 5, 13, 17(mod 24)

−1 if p ≡ 7, 11, 19, 23(mod 24)(−10
p

)
=

{
1 if p ≡ 1, 7, 9, 11, 13, 19, 23, 37(mod 40)

−1 if p ≡ 3, 17, 21, 27, 29, 31, 33, 39(mod 40).

Proof. Let p ≡ 1(mod 4), say p = 1 + 4t for an integer t ≥ 1. Then by Lemma
1.1, we get

(
−1
p

)
= (−1)(p−1)/2 = (−1)2t = 1. Similarly it can be shown that when

p ≡ 3(mod 4), then (−1
p ) = −1.

Let us consider the set {2, 4, 6, · · · , p− 1}. We know by Theorem 2.1 that 2 is a
quadratic residue mod p if and only if v lie in the interval (−p

2 , 0) is even. We also
proved in above theorem that

(
2
p

)
= 1 if p ≡ 1, 7(mod 8) or −1 if p ≡ 3, 5(mod 8).

Further we see as above that
(
−1
p

)
= 1 if p ≡ 1(mod 4) or −1 if p ≡ 3(mod 4).
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Combining these two results we conclude that
(
−2
p

)
= 1 if p ≡ 1, 3(mod 8) or −1 if

p ≡ 5, 7(mod 8). The others are similar.

3. Cubic Congruence x3 + ax2 + bx + c ≡ 0(mod p).

In [14], we consider the number of integer solutions of cubic congruences x3 +
ax2 + bx + c ≡ 0(mod p) for two specific binary quadratic forms. In this section, we
will consider the same problem for quadratic forms F k

1 (x, y) = 2kx2 + kxy + 2k2y2

and F k
2 (x, y) = −3kx2 − kxy + 3k2y2, where k is an integer such that 1 ≤ k ≤ 10.

Here we choice these forms be able to use the results we obtained in the previous
chapter. Because, the cubic congruences corresponding to these forms are

Ck
1 : x3 + 2kx2 + kx + 2k2 ≡ 0(mod p) ⇔ (x2 + k)(x + 2k) ≡ 0(mod p)

Ck
2 : x3 − 3kx2 − kx + 3k2 ≡ 0(mod p) ⇔ (x2 − k)(x− 3k) ≡ 0(mod p), (3)

respectively, that is, we come face to face with the quadratic congruences x2 ≡ −k
(mod p) and x2 ≡ k(mod p), respectively. For Ck

1 , we set #Ck
1 (Fp) = {x ∈ Fp : x3+

2kx2 + kx + 2k2 ≡ 0(mod p)}. Then we have the following theorem.

Theorem 3.1. For the cubic congruence Ck
1 , we have

#C1
1 (Fp) =


3 if p ≡ 1(mod 4)
1 if p ≡ 3(mod 4)
2 if p = 5

#C2
1 (Fp) =

{
3 if p ≡ 1, 3(mod 8)
1 if p ≡ 5, 7(mod 8)

#C3
1 (Fp) =


3 if p ≡ 1, 7(mod 12)
1 if p ≡ 5, 11(mod 12)
2 if p = 13

#C4
1 (Fp) =


3 if p ≡ 1, 5(mod 12)
1 if p ≡ 7, 11(mod 4)
2 if p = 17

#C5
1 (Fp) =


3 if p ≡ 1, 3, 7, 9(mod 20)
1 if p ≡ 11, 13, 17, 19(mod 20)
2 if p = 7

#C6
1 (Fp) =


3 if p ≡ 1, 5, 7, 11, 25, 29, 31, 35(mod 48)
1 if p ≡ 13, 17, 19, 23, 37, 41, 43, 47(mod 48)
2 if p = 5
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#C7
1 (Fp) =


3 if p ≡ 1, 9, 11, 15, 23, 25(mod 28)
1 if p ≡ 3, 5, 13, 17, 19, 27(mod 28)
2 if p = 29

#C8
1 (Fp) =


3 if p ≡ 1, 11, 17, 19, 25, 35, 41, 43(mod 48)
1 if p ≡ 5, 7, 13, 23, 29, 31, 37, 47(mod 48)
2 if p = 11

#C9
1 (Fp) =


3 if p ≡ 1, 5, 13, 17(mod 24)
1 if p ≡ 7, 11, 19, 23(mod 24)
2 if p = 37

#C10
1 (Fp) =


3 if p ≡ 1, 7, 9, 11, 13, 19, 23, 37(mod 40)
1 if p ≡ 3, 17, 21, 27, 29, 31, 33, 39(mod 40)
2 if p = 41.

Proof. For the cubic congruence Ck
1 , we have

x3 + 2kx2 + kx + 2k2 ≡ 0(mod p) ⇔ (x2 + k)(x + 2k) ≡ 0(mod p).

If k = 1, then C1
1 : (x2 + 1)(x + 2) ≡ 0(mod p). Hence x = p− 2 is a solution of

C1
1 . If p ≡ 1(mod 4), then we know from Theorem 2.2 that the quadratic congruence

x2 + 1 ≡ 0(mod p) has two solutions since −1 ∈ Qp. Hence there are three solutions
of C1

1 . If p ≡ 3(mod 4), then the quadratic congruence x2 + 1 ≡ 0(mod p) has
no solution since −1 /∈ Qp. Hence there are one solution of C1

1 . If p = 5, then
C1

1 : (x2 +1)(x+2) ≡ 0(mod 5). Hence we have x = 2, 3 from x2 +1 ≡ 0(mod 5) and
x = 3 from x + 2 ≡ 0(mod 5). Therefore there are two solutions x = 2, 3 of C1

1 over
F5.

Let k = 2. Then C2
1 : (x2 + 2)(x + 4) ≡ 0(mod p). Hence x = p− 4 is a solution

of C2
1 . If p ≡ 1, 3(mod 8), then x2 + 2 ≡ 0(mod p) has two solutions since −2 ∈ Qp.

Hence there are three solutions of C2
1 . If p ≡ 5, 7(mod 8), then x2 + 2 ≡ 0(mod p)

has no solution since −2 /∈ Qp. Hence there are one solution of C2
1 .

Now we only prove the special case, that is, the case #Ck(Fp) = 2, since the
others can be proved in the same way that #C1

1 (Fp) and #C2
1 (Fp) were proved.

Let k = 3 and p = 13. Then C3
1 : (x2 + 3)(x + 6) ≡ 0(mod 13). Hence we get

x = 6, 7 from x2 + 3 ≡ 0(mod 13) and x = 7 from x + 6 ≡ 0(mod 13). Therefore
there are two integer solutions x = 6, 7 of C3

1 over F13, that is, #C3
1 (F13) = 2.

Let k = 4 and p = 17. Then C4
1 : (x2 + 4)(x + 8) ≡ 0(mod 17). Hence we get

x = 8, 9 from x2 + 4 ≡ 0(mod 17) and x = 9 from x + 8 ≡ 0(mod 17). Therefore
there are two integer solutions x = 8, 9 of C4

1 over F17.
Let k = 5 and p = 7. Then C5

1 : (x2 + 5)(x + 10) ≡ 0(mod 7). Hence we get
x = 3, 4 from x2 + 5 ≡ 0(mod 7) and x = 4 from x + 10 ≡ 0(mod 7). Therefore there
are two integer solutions x = 3, 4 of C5

1 over F7.
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Let k = 6 and p = 5. Then C6
1 : (x2 + 6)(x + 12) ≡ 0(mod 5). Hence we get

x = 2, 3 from x2 + 6 ≡ 0(mod 5) and x = 3 from x + 12 ≡ 0(mod 5). Therefore there
are two integer solutions x = 2, 3 of C6

1 over F5.
Let k = 7 and p = 29. Then C7

1 : (x2 + 7)(x + 14) ≡ 0(mod 29). Hence we get
x = 14, 15 from x2 +7 ≡ 0(mod 29) and x = 15 from x+14 ≡ 0((mod 29). Therefore
there are two integer solutions x = 14, 15 of C7

1 over F29.
Let k = 8 and p = 11. Then C8

1 : (x2 + 8)(x + 16) ≡ 0(mod 11). Hence we get
x = 5, 6 from x2 + 8 ≡ 0(mod 11) and x = 6 from x + 16 ≡ 0(mod 11). Therefore
there are two integer solutions x = 5, 6 of C8

1 over F11.
Let k = 9 and p = 37. Then C9

1 : (x2 + 9)(x + 18) ≡ 0(mod 37). Hence we get
x = 18, 19 from x2 + 9 ≡ 0(mod 37) and x = 19 from x + 18 ≡ 0(mod 37). Therefore
there are two integer solutions x = 18, 19 of C9

1 over F37.
Finally let k = 10 and p = 41. Then C10

1 : (x2 + 10)(x + 20) ≡ 0(mod 41). Hence
we get x = 20, 21 from x2 + 10 ≡ 0(mod 41) and x = 21 from x + 20 ≡ 0(mod 41).
Therefore there are two integer solutions x = 20, 21 of C10

1 over F41.

For Ck
2 , we set #Ck

2 (Fp) =
{
x ∈ Fp : x3 − 3kx2 − kx + 3k2 ≡ 0(mod p)

}
. Then

we have the following theorem.

Theorem 3.2. For the cubic congruence Ck
2 , we have

#C1
2 (Fp) = 3 for every prime p

#C2
2 (Fp) =


3 if p ≡ 1, 7(mod 8)
1 if p ≡ 3, 5(mod 8)
2 if p = 17

#C3
2 (Fp) =


3 if p ≡ 1, 11(mod 12)
1 if p ≡ 5, 7(mod 12)
2 if p = 13

#C4
2 (Fp) =

{
2 if p = 5, 7
3 otherwise

#C5
2 (Fp) =


3 if p ≡ 1, 9(mod 10)
1 if p ≡ 3, 7(mod 10)
2 if p = 11

#C6
2 (Fp) =


3 if p ≡ 1, 5, 19, 23(mod 24)
1 if p ≡ 7, 11, 13, 17(mod 24)
2 if p = 53

#C7
2 (Fp) =


3 if p ≡ 1, 3, 9, 19, 25, 27(mod 28)
1 if p ≡ 5, 11, 13, 15, 17, 23(mod 28)
2 if p = 31
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#C8
2 (Fp) =


3 if p ≡ 1, 7, 17, 23(mod 24)
1 if p ≡ 5, 11, 13, 19(mod 24)
2 if p = 71

#C9
2 (Fp) =

{
2 if p = 5
3 otherwise

#C10
2 (Fp) =


3 if p ≡ 1, 3, 9, 13, 27, 31, 37, 39(mod 40)
1 if p ≡ 7, 11, 17, 19, 21, 23, 29, 33, 37(mod 40)
2 if p = 89.

Proof. For the cubic congruence Ck
2 , we have

x3 − 3kx2 − kx + 3k2 ≡ 0(mod p) ⇔ (x2 − k)(x− 3k) ≡ 0(mod p).

If k = 1, then C1
2 : (x2 − 1)(x− 3) ≡ 0(mod p). Hence x = 3 is a solution of C1

2 .
Further the congruence x2 ≡ 1(mod p) has always two solutions by Theorem 2.1.
Therefore there are three integer solutions of C1

2 over Fp for every prime p.
Let k = 2. Then C2

2 : (x2 − 2)(x − 6) ≡ 0(mod p). Hence x = 6 is a solution
of C2

2 . Further by Theorem 2.1, the congruence x2 ≡ 2(mod p) has two solutions
if p ≡ 1, 7(mod 8), and has no solution if p ≡ 3, 5(mod 8). Therefore the cubic
congruence C2

2 : x3− 6x2− 2x+12 ≡ 0(mod p) has three solutions if p ≡ 1, 7(mod 8)
and has one solution if p ≡ 3, 5(mod 8). Now let p = 17. Then the cubic congruence
C2

2 : (x2 − 2)(x − 6) ≡ 0(mod 17) has two solutions x = 6, 11 since 62 ≡ 2(mod 17),
112 ≡ 2(mod 17) and also 6 ≡ 6(mod 17). The others can be proved in the same way
that #C1

2 (Fp) and #C2
2 (Fp) were proved.

4. Representation of Primes by Binary Quadratic Forms.

Representation of integers (or primes) by binary quadratic forms has an impor-
tant role on the theory of numbers and many authors considered this problem. In
fact, this problem intimately connected to reciprocity laws. The major problem of
the theory of quadratic forms was: Given a form F , find all integers n that can be
represented by F , that is, for which

F (x, y) = ax2 + bxy + cy2 = n. (4)

This problem was studied for specific quadratic forms by Fermat, and intensively
investigated by Euler. Fermat considered the representation of integers as sums
of two squares. It was, however, Gauss [9] in the Disquisitiones who made the
fundamental breakthrough and developed a comprehensive and beautiful theory of
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binary quadratic forms. Most important was his definition of the composition of two
forms and his proof that the (equivalence classes of) forms with a given discriminant
∆ form a commutative group under this composition. The idea behind composition
of forms is simple. If forms F and G represent integers n and m, respectively, then
their composition F ∗ G should represent n.m. The implementation of this idea is
subtle and extremely difficult to describe [7]. Attempts to gain conceptual insight
into Gauss theory of composition of forms inspired the efforts of some of the best
mathematicians of the time, among them Dirichlet, Kummer and Dedekind. The
main ideal here was to extend the domain of higher arithmetic and view the problem
in a broader context. Note that we can rewrite (4) as

F (x, y) =
1
a

(
ax +

b +
√

∆
2

y

)(
ax +

b−
√

∆
2

y

)
= n. (5)

Therefore we have thus expressed the problem of representation of integers by binary
quadratic forms in terms of domain R =

{
u+v

√
∆

2 : u, v ∈ Z, u ≡ v(mod 2)
}

. So if

we take α = a and β = b+
√

∆
2 , then (5) becomes

F (x, y) =
1
a
(αx + βy)(αx + βy) =

1
a
N(αx + βy), (6)

where N denotes the norm. Thus to solve F (x, y) = n is to find x, y ∈ Z such that
N(αx + βy) = n. Kummer noted in 1840 that the entire theory of binary quadratic
forms can be regarded as the theory of complex numbers of the form x + y

√
∆ (see

[1]).

In this chapter, we shall deal with the representation of prime numbers by
quadratic forms F k

1 and F k
2 for 1 ≤ k ≤ 10.

Theorem 4.1. For the quadratic form F k
1 , we have

1. Every prime number p ≡ 5, 17, 23(mod 30) can be represented by F 1
1 .

2. There is no prime number can be represented by F 2
1 , F 3

1 , F 4
1 , F 5

1 , F 6
1 , F 7

1 , F 8
1 ,

F 9
1 and F 10

1 .

Proof. 1. Let p ≡ 5, 17, 23(mod 30) be a prime number. The principal binary
quadratic form of discriminant −15 is the form F (x, y) = x2 + xy + 4y2. Further
the class number of forms with discriminant −15 is 2. If we check that F (x, y) =
x2 + xy + 4y2 represents the square classes, then we see that p can be represented
by F 1

1 (x, y) = 2x2 + xy + 2y2.
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2. Note that F k
1 is primitive (since there is a factor k) for k ≥ 2. So there is no

prime p can be represented by F k
1 .

Now we consider F k
2 . Then we can give the following theorem without giving its

proof since it can be proved in the same way that Theorem 4.1 was proved.

Theorem 4.2. For the quadratic form F k
2 , we have

1. Every prime number p ≡ 1, 3, 7, 9, 11, 25, 27, 33, 37, 41, 47, 49, 53, 63, 65, 67, 71,
73(mod 74) can be represented by F 1

2 .

2. There is no prime number can be represented by F 2
2 , F 3

2 , F 4
2 , F 5

2 , F 6
2 , F 7

2 , F 8
2 ,

F 9
2 and F 10

2 .
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