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ABSTRACT. In this paper we derive several subordination results for certain
class of analytic functions defined by an extended multiplier transformation.
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1. INTRODUCTION

Let A denote the class of functions of the form:
o

flz)=z+ Zakzk
k=2

which are analytic in the open unit disc U = {z : |2| < 1}. We also denote by K the
class of functions f(z) € A that are convex in U.

Many essentially equivalent definitions of multiplier transformation have been
given in literature(see [5], [6], and [10]). In [4] Catas defined the operator I (A, ¢)
as follows:

Definition 1 . [4] Let the function f(z) € A. For m € N, = NU {0}, where
N=1{1,2,3,...}, A >0, £ > 0. The extended multiplier transformation I"™(\,{) on
A is defined by the following infinite series:

Im()\,f)f(z):z+z [1+)\(1k_i__€1)+£ apz®. (1)
k=2

It follows form(1.1) that I°(\, ) f(2) = f(2),
AI™ (NOF(2) = A+ 0TI N OF(2) — (L= A+ 0TI\ OF(z)  (A>0) (2)
and

"X O™ (X 0)f(2)) = I™T™2 (N0 f(2) = ™ (A O™ (A0 f(2). (3)

for all integers m1 and ms.

23



M. K. Aouf, M. M. Hidan - Subordination properties for certain class of...

We note that:
(i) I"(1,0) f (=
(i) I™ (A, 0) £ (
(iti) I ( O f(
(iv) I™ 1)f(
Also if f(z) €A

) = D" (2) (seels));

2) = D f(2) (see [1]);

2) = I"(0) (=) (see [5] and [6]);
) = 1" (2) (see[10])..

then we can write

I\ O f(2) = (f*X) (),

wﬁ”fe(Z):erZ [1+A(1k+—£1)+£} - (4)
k=2

Let G™ (A, ¢, ui,b) denote the subclass of A consisting of functions f(z) which satisfy:

where

Re {1 + % {(1 — u)w + (IO f(2)) — 1] } >0 (5)

z
or which satisfy the following inequality:

(1= ) 2HE 4 (1m0, 0 () 1
(1= )DL oy (1m(X, 0) f(2)) — 1+ 2b

where z € U; > 0; A > 0;4 > 0;m € Ny; b € C* = C\{0}.
We note that:
(1)G™(1,0, pt,b) = G (1, b) (see Aouf [2]);

_{feA:Re{Hi[(1—M)Dm§(z)+M(Dmf(z))’—1”>o; zeU} (7)

(2) G™(A,0,p,b) = G™(A, i, b)
:{feA Re{ [(1M)DTZ(Z>+M(D;W(Z))/1”>0;26U}; 8)

(3) G™(1,4, 1, b) = G™ (4, i, b)

<1 (6)

—{feA:m{l+Zkl—mpwaﬂ@+MUW@ﬂ@y—q}>&Z€U}

(9)
(4) G™(1, 1, 1, 0) = G™(p, )

:{feA:Re{Hi[(1—u)lm‘§(z)+u(Imf(z))’—1”>0; ZEU}; (10)
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(5) G™(A, £,0,b) = G™(A, £,b)
lreameip (MOAD ) ooenl oy

z

(6) G™(X, £,1,b) = R™(\, 4, b)
— {f cA: Re{l + % [(I™ (N0 f(2)) — 1}} >0; 2z € U} : (12)

Definition 2 (Hadamard Product or Convolution). Given two functions f and g
in the class A, where f(z) is given by (1.1) and g(z) is given by

g(z) =z + Z brzF (13)
k=2
the Hadamard product (or Convolution) f * g is defined (as usual)by
(fx9)(2) =2+ arbpz = (g% f) (2) (z € V).
k=2

Definition 3 (Subordination Principal). For two functions f and g, analytic in
U, we say that the function f(z) is subordinate to g(z) in U, and write f(z) <
g(z) (z €U), if there exists a Schwarz function w(z), which (by definition) is ana-
lytic in U with w(0) = 0 and |w(2)| < 1, such that f(z) = g (w(z)) (z € U). Indeed
it s known that

f(2) <9(2) (z € U) = f(0) = g(0)and f(U) C g(U).

Furthermore, if the function g is univalent in U, then we have the following equiva-
lence [7,p.4]

f(2) <9(2) (z € U) & f(0) = g(0)and f(U) C g(U).
Definition 4 (Subordinatiry Factor Sequence). A sequence {by}r, of complex num-

bers is said to be a subordinating factor sequence if, wherever f(z) of the form (1.1)
1s analytic, univalent and convex in U, we have the subordination given by

D apbps® < f(2) (z€Usar =1). (14)
k=1
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2.MAIN RESULT
To prove our main result we need the following lemmas.

Lemma 1 [11]. The sequence {by}r—, is a subordinating factor sequence if

[ee}
Re{l+22bkzk} >0(zel).
k=1

Now, we prove the following lemma which gives a sufficient condition for functions
belonging to the class G™ (A, £, i, b).

Lemma 2 Let the function f(z) which is defined by (1.1) satisfies the following
condition:

[e.9]

14 uk = 1] | adl B (200> 002 0:m € Nosh € C).

1+ Ak—=1)+01™
1474

- (15)
then f(z) € G™(\, ¢, u,b).

Proof. Suppose that the inequality (2.1) holds. Then we have for z € U,

1"\ 0 f(2)

- a0 OFE) -1

fa-peare

o

(I (N 0) f(2)) +2b — 1’

1+7¢

1tk —1)] {H—)\(k— 1)+£]makzk1

k=2

2b+§:[1+u(k— 1)]
k=2

<> Mt - 1] | EAEEDE pa
k=2

—{2161—2[1+u<k—1)] e \ak\z\k—l}
k=2

gz{ 1L+ k- 1) [”“’“””]mm—rm} <o,

LAk =1+ 00" s
1+/¢ F

1474
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which shows that f(z) belongs to the class G™ (A, ¢, i1, b).

Let G7*(A, ¢, p, b) denote the class of functions f(z) € A whose coefficients satisfy
the condition(2.1). We note that G*(\, 4, u,b) C G™(\, 4, 11, b).

Employing the technique used earlier by Attiya [3] and Srivastava and Attiya
[9], we prove

Theorem 3 Let f(z) € GJ*(\, ¢, p,b). Then
oo ()"
2 [(1 + 1) (“{?jf) + |b|}

for every function g in K, and

(f+9)(2) <g(2) (z€U) (16)

[+ ) (B2 + o
(a+m (4244)"

) m

(+m) (55 1 . . .
o) (2E ) ] in the subordination result (2.2) cannot be

replaced by a larger one.

Re (f(2)) > —

(ze€U). (17)

The constant factor

Proof. Let f(z) € GI*(\, 4, 1, b) and let g(z) = z + chzk € K. Then we have

k=2
m
(1+ ) (H25) (1) (25" o
LAl (fx9)(2) = e z—i—Zakckzk .
21+ ) (B28)" + bl 2+ (BB8)" | =
(18)
Thus, by Definition 3, the subordination result (2.2) will hold true if the sequence
m o
(1+m) (452F)
1™ h (19)
2l (S55) 0] )
is a subordinating factor sequence with a; = 1.
In view of Lemma 1, this is equivalent to the following inequality:
m
0o (1 +M) <1TA?£)
Re 1+Z - apz® 3 >0 (2 €U). (20)

= () (S254) T + ol
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Now, since

1+A(k1)+er

‘P(k)=[1+u(k—1)][ Eo

is an increasing function of k(k > 2), we have

o (L) ()" (1+p) (250)"
Re 1—|—Z 1(/\ z_g) akzk =Red 1+ 1()\ Ze) z
L) (245" + o (14 ) (S252)" + o
1 > LA+
b Y0 () e
(1+N)< 1+e> +|b‘ k=2
>1-— <1+M)< 11#) r
T (B2
= L+ ME=1)+2]1"
S 11+ st - 1 [FEAEEE g
1+u< ) + |b] k=2
b
>1-— E Sk ) r— i r=1-r>0(z=r<1),

<1+u>( D)™ b (1) (S2) "+

where we have also made use of the assertion (2.1) of Lemma 2. Thus (2.6) holds
true in U. This proves the inequality (2.2). The inequality (2.3) follows from (2.2)
o0

by taking the convex function g(z) = & = 2z + > zF. To prove the sharpness
k=2

4
(L) (2F)™

[ ()] we consider the function f,(z) € G7*(\, £, 1, b)

of the constant

given by
14 2
folz) =2 — =z (21)
@+ m (4527

Thus from (2.2), we have

1o ()"

2 [+ ) (H2)" + 1ol

fo(2) <
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Morover, it can easily be verified for the function f,(z) given by (2.7) that

14 1420\
min { Re ( M)( 1“2 £o(2) :—%. (23)
A 2| (B2 + 1ol

(L) (H5)™

This shows that the constant [ (2]

is the best possible.

Putting ¢ = 0 in Theorem 1, we have

Corollary 4 Let the function f(z) defined by (1.1) be in the class GT* (X, 1, b) and
suppose that g(z) € K. Then

(L+p) (LN
2[(L+ w)(L+ 0™ + o]

(fxg)(2) <g(2) (z€U) (24)

and
[(1+ p)(1T+ )™+ [b]]
Re(f(z)) > — IS (z€U). (25)

The constant factor 2[(1(i:§?)1(i§5\3‘1\b\]

replaced by a larger one.

in the subordination result (2.10) cannot be

Putting A = 1 in Theorem 1, we have

Corollary 5 Let the function f(z) defined by (1.1) be in the class GT* (¢, u,b) and
suppose that g(z) € K.Then

(f*xg)(2) =g(2) (2 €U) (26)
2[(1+u) (f—iﬁ ! !

for every function g in K, and

N—

"ol

(zeU). (27)

() (3™
() (£5) ™ +lbl]
replaced by a larger one.

The constsnt factor o in the subordination result (2.12) cannot be

Putting A = £ =1 in Theorem 1, we have
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Corollary 6 Let the function f(z) defined by (1.1) be in the class G7*(p,b) and
suppose that g(z) € K. Then

1+p)(3)"
2[(1+p) (3)™ +10l]

for every function g in K and

(fx9)(2) <g(2) (z € U) (28)

(1+p) (3)" + o
R - U). 29
e(f(2)) > IOk (=€ U) (29)
The constant factor [(% in the subordination result (2.14) cannot be re-

placed by a larger one.
Putting 4 = 0 in Theorem 1, we have

Corollary 7 Let the function f(z) defined by (1.1) be in the class GI*(X, ¢,b) and
suppose that g(z) € K. Then

(1+A+£)m
1+

m
2[(42#) " + o

for every function g in K, and

] (fxg)(2) <g(2) (z€U) (30)

m
24)" 4 Jo

Re (f(2)) > - [(

. 1
(1+/\+z>m (z€0) (31)
1+4
(1+A+4)m
The constant factor Wﬁ’)mﬂbu in the subordination result (2.16) cannot be re-
I

placed by a larger one.
Putting 4 =1 in Theorem 1, we have
Corollary 8 Let f(z) € RJ*(\, ¢,b). Then

14a+0 )"
T+¢

m
2(4344)" + o

(f+9)(2) <9(2) (z € U) (32)
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for every function g in K, and

Re (f(2)) > - [2 (Hliilﬂ)m . ‘bq

N (zeU). (33)
2 (45)
(l+)\+£)m
The constant factor Q(IJ&I*W in the subordination result (2.18) cannot be re-
e

placed by a larger one.

Remark 1 Putting A = 1 and £ = 0 in the above results we obtain the results
obtained by Aouf [2].
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