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ABSTRACT. In this paper, we consider some sufficient conditions for two integral
operators to be close-to-convex function defined in the open unit disk.
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1. INTRODUCTION

Let Y = {z € C:|z| <1} be the open unit disk and A denotes the class of
functions normalized by

f(z)= z—i—Zakzk (1)
k=2

which are analytic in the open unit disk &/ and satisfy the condition f(0) = f/(0)—1 =
0. We also denote by S the subclass of A consisting of functions which are also
univalent in U.

A function f € A is the convex function of order p, 0 < p < 1, if f satisfies the

following inequality
zf"(2) >
Re +1|>p, z€eU
< ) g

and we denote this class by K(p).
Similarly, if f € A satisfies the following inequality

Re <Z;£S)> >p, z€U

for some p, 0 < p < 1, then f is said to be starlike of order p and we denote this
class by S*(p). We note that f € K & zf'(z) € 8*, 2 € U. In particular case, the
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classes K£(0) = K and §* = §* are familiar classes of starlike and convex functions
in .

A function f € A is called close-to-convex if there exist a convex function g such
that

/
Ref,(z) >0, z€U. (2)
9'(2)
Since f € K & zf'(2) € 8*, z € U, we can replace (2) by the requirement that
zf'(z)
Re h2) >0, z€el,

where h is a starlike function on . Furthermore, f is closed-to-convex if and only
if
0>

/ Re <1 + ZJ{,Z?) do > —,

01

where 0 < 07 < 0y < 2w, z = ret? and r < 1.
Let C denote the set of normalized close-to-convex functions on U it is clear that

KcsS*ccCcS.

A function f € A is called close-to-star in U if there exist a starlike g such that

f(z)

Reg(Z)

>0, z€U.

Also f is close-to-star in U if and only if

02
)
(/Re ) do > ,

where 0 < 0; < 6y < 27, z = re'? and r < 1. Let CS* denote the class of close-to-
star functions in U, it is known that the close-to-star functions are not necessarily
univalent in U.

Shukla and Kumar [5] introduced the following subclasses of C and CS*.

A function f € S belongs to the class C(3, p) of close-to-convex functions of order
B and type p if for some g € S*(p),
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{8 <.

where € [0,1].
A function f € S belongs to the class CS* (3, p) of close-to-star functions of order
B and type p if for some g € S*(p),

'arg{f@}‘ﬁ”,zeu,

g(2) ]~ 2

where € [0,1].
It is clear that C(0, p) = K(p) and CS*(0, p) = S*(p).
Also C(B,p) C C(1,0) =C and CS*(B, p) C CS*(1,0) =CS*.
Now, we consider the following integral operators

z

Fo(z) = 0/ (fllft)fl e <f”t(t)>an dt, (3)

and

Foy.o () = / (FLO)™ - - (fo(6) " dt, (4)
0

where f; € Aand a; >0, for all j € {1,2,...,n}.

These operators are introduced by D.Breaz and N.Breaz [1] and studied by many
authors (see [2], [3], [4]).

In the present paper, we obtain some sufficient conditions for the above integral
operators to be in the class of close-to-convex function C.

Before embarking on the proof of our results, we need the following Lemmas
introduced by Shukla and Kumar [5].

Lemma 1. If f € §*(p), then

02
P62 — 01) < JReZJ{(ij)dG < 21(1 = p) + p(62 — 6)

where z = re? and 0 < 0; < 0y < 2.

Lemma 2. If f € C(3,p) then
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0>
B+ plBs — 61) §9/Re (1 n Zﬁé?) 9 < B+ 2m(1 — p) + p(6s — 01)

where z = re? and 0 < 6; < 0y < 2.

Lemma 3. If f € CS*(f, p) then

02
—Br + p(6s — 61) g(/ReZ;(S)dG < Br+21(1 = p) + p(6s — 61)

where z = re? and 0 < 61 < 0y < 2.

2.MAIN RESULTS

n
Theorem 1. Let f; € S*(p;), fori € {1,2,...,n}. If > a; <1, then F,(z) € C,
i=1

z € U, where F,, is defined as in (3), and C is the class of close to convex functions.

Proof. Tt is clear that F) (z) # 0 for z € U. We calculate for F,, the derivatives
of the first and second order. Since

z

Fu(z) = 0/ (flt“)) . (fnf))“" .

Fl(z) = (fliz))a <f”z(z))a

Differentiating the above expression logarithmically, we have

Ro -y (i6-2)

then

)

By multiplying the above expression with z we obtain

e o (G )

=1
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That is equivalent to

n

ZF// Z fl +1_Zai. (5)

=1

Taking real parts in (5 ) and integrating with respect to 6 we get

jRe< 2C )de /Z <

1

>d6+ (1—20@) (62— 61).

Since f; € §*(p;) then by applying Lemma 1, we obtain

jRe <1+ 2 n(2))>d92 (gazﬂi_gai—Fl) (0, — ).

1

n n
Since (Z aipi — >, a; + 1) > 0 so, minimum is for 9 = 0; we obtain that
i=1 i=1

?Re <1 + ;,,N(( ))> df > —m,

01

then F,(z) € C.
n
Corollary 2. Let f; € S*(p), fori € {1,2,...,n}. If > a; <1, then F,(2) €C,
i=1
z € U, where F,, is defined as in (3), and C is the class of close to convex functions.

Proof. We consider in Theorem 1, p1 = po = ... = py,.

n

Theorem 3. Let f; € CS*, i = {1,2,....,n}. If > a; < 1, then F,(z) € C,
i=1

z € U, where F,, is defined as in (3), and C is the class of close to convex functions.

Proof. Following the same steps as in Theorem 1, we obtain that

/OZRe< 2diC >d9 /Z < )d@—i—(l—ZaZ) (62— 1)

01

Since f; € CS*, then
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/R <1+ZF” >d6> TrZaZ <1—Za,> (02— 01).

n
Since 1 — > a; > 0 so, minimum is for #; = f2 we obtain that

=1
[re(1+ Y

01

Then F,, € C.

n
Theorem 4. Let f; € C (i, pi), 1 ={1,2,...,n}. If > a;f3; <1, then Fy, ay....an(2) €

C, z €U, where Fy, as,....a, 5 defined as in (4), and C z_s the class of close to convex
functions.

Proof. 1t is clear that I}, , (2) # 0 for z € U. Since

Fayean ) = [ (FL0)" o (f200) "
0

Following the same steps as in Theorem 1, we obtain that

2F3 o (2) - 2fi(2)
Floon?) Ea i)

That is equivalent to

Pl N (2C) ),
LR T (f’() )“ ZZ (©)

[CAPRRIe2))

Taking real parts in (6) and integrating with respect to 6 we get

02
/Re<1 Zéala >d9—/2 <f —|—1>d9+(1—2a1> (63— 61).

1=1
1

Since f; € C(5;, p;) then by applying Lemma 2, we obtain
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a17 QO n(z) =1

/Re( al’ ’a"( )>d9>zaz ﬂZT('—i-pZ(HQ_Hl <I—ZOAZ> 02_91

= (Zaipi - Zai + 1) (62 —61) — Wzazﬂi.
i—1 i—1 i—1

n

n
Since > a;p; — Y. a; + 1 > 0 so, minimum is for #; = 3 we obtain that

=1 =1
02 Jali ( )
z
/Re(l—i— /al """ on >d0>—7r
; Flan(2)
1

then Fi, . a,(2) €C.

Corollary 5. Let f; € C(08,p), i ={1,2,...,n}. Ifz a; <1, then Fo, as,...an(2) €

C, z €U, where Fy, a,,...a, 15 defined as in (4) and C is the class of close to conver
functions.

Proof. We considet in Theorem 4 81 = ... = 3, and p; = ... = py,.

n
Theorem 6. If f; € CS*(Bi,pi), i ={1,2,...,n} and > o;3; <1, then F,, € C,
i=1
where F,, is defined as in (3), and C is the class of close to convexr functions.

Proof. Since the proof is similar to the proof of theorems in (1), (3) and (4), it
will be omitted.

n
Corollary 7. If f; € CS*(B,p), i = {1,2,....,n} and >, a; < 1, then F, € C,
i=1
where F,, is defined as in (3), and C is the class of close to convex functions.

Proof. We consider in Theorem 6 81 = ... = 3, and p1 = ... = py,.
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