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1. INTRODUCTION

Let A be the class of the functions of the form
o0
fR) =2+ an2" (1.1)
n=2

which are analytic in the open unit disk 4 = {z € C: |z| < 1}. Let S denote the
subclass of A consisting of all univalent functions f in Y.

2. PRELIMINARY RESULTS

We need the following theorems.
Theorem 2.1.[1.If f(2) = 2z + a2% + ... is analytic in U and

2f"(2)
f'(2)

for all z € U, then the function f(z) is univalent in U.

(1= 12%)

<1 (2.1)
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Theorem 2.2.[4]. Let « be a complex number, Re a > 0 and f € A. If

2f"(2)
f'(2)

1— |Z|2Rea
Re a

<1 (2.2)

for all z € U, then the function

/z ua_lf'(u)du] : (2.3)

R = a [

18 in the class S.

Theorem 2.3.[5|Let o be a complex number, Re o > 0 and f € A. If

2f"(2)
f'(2)

for all z € U, then for any complex number B, Re B > Re «, the function

1— |Z’2Rea

<1
Re o

=

Fylz) = pajfzuﬁ-lf%u>du] (2.4)

0

s reqular and univalent in U.
Theorem 2.4.(Schwarz)[2].Let f(z) the function regular in the disk

Ur={2€ C:|z| < R}

with | f(2)| < M, M fized. If f(z) has in z =0 one zero with multiply > m, then

£ < mglel™s = € Un (25

the equality (in the inequality (2.5) for z #0) can hold only if

where 6 is constant.
Theorem 2.5.[3]If the function g(z) is reqular in U and |g(2)| < 1 in U, then
for all € €U and z € U the following inequalities hold:

9(8) — 9()
1—g(2)g(¢)

< -2
=11z

(2.6)
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" o(2)1
1—|g(z
"(2)] < —L 55 2.7
o) < T (2.7
the equalities hold only in the case g(z) = gl(fgzt), where |E| =1 and |u| < 1.
Remark.[3|For z = 0, from inequality (2.6) we have
—g(0
9(§) —g(0) < €| (2.8)
1—9(0)g(¢)
and, hence
€1+ 19(0)]
19(§)] < (2.9)
1+ 1g(0)[[¢]
Considering ¢(0) = a and & = z,
2] + |al
< 2.10
for all z € U.
3. MAIN RESULTS
Theorem 3.1.Let the function f € A. If
"
G| 3V (3.1)
f'(2) 2

for all z € U, then the function f is in the class S.

Proof. We consider the function g(z) = ZJJ:,/;(S), z € U. We have g(0) = 0 and
from (3.1) by Theorem 2.4 (Schwarz) we obtain

for all z € U. From (3.2) we get
0= [ < 20— ey 33)

for all z € U.
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Because

max((1 - [22)[2]] = —=,

|2|<1 3v3

from (3.3) we obtain

2f"(2)
f'(z)
for all z € Y and by Theorem 2.1 we obtain that f is in the class S.

(1— 2% (3.4)

Theorem 3.2.Let o be a complex number, Re o > 0 and the function f € A. If

2Re a+1

(2Re v+ 1) rea

2f"(2)
f'(2)
for all z € U, then the function

(3.5)

is reqular and univalent in U.

Proof. Let’s consider the function p(z) = ZJ{’IES)’ z € U. We have p(0) = 0 and
from (3.5) by Theorem 2.4 (Schwarz) we get

2Re a+1
2f"(2)| _ (2Re a4+ 1) Rea . (3.7)
f'(2) 2 '
for all z € Y. From (3.7) we obtain
L= [PRee | 2f"(2)| _ 2Rea+1)Fe 1- \z|2Rea|z| 33)
Re a 1(z) 2 Re a '
for all z € U.
Since
- <1 _ ’z2Rea‘z‘> 2
X - =
|2|<1 Re « (2Re a + 1)213567“;’1
from (3.8) we have
1—|Z’2Rea zf”(z) (3 9)
Re o fl(z) | — '
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for all z € U and by Theorem 2.2 we obtain that the function Fi,(z) is regular and
univalent in U.

Remark 3.3.From Theorem 3.2 for « = 1 we obtain Theorem 3.1.

Theorem 3.4.Let o be a complex number, Re o > 0 and the function f € A. If

2Re a+1

zf"(2) (2Re o+ 1) Rea
f'(z) 2

for all z € U, then for any complex number 3, Re 8 > Re «, the function

(3.10)

=

Fy(z) = [5 / ! f’(u)du] (3.11)
0
s reqular and univalent in U.
Proof. We consider the function v : (0,00) — R, ¢(x) = l_gh, 0 <a<1. The

function v (z) is the function decreasing for z € (0,1). If 1 = Re a < 29 = Re 3
and a = |z|, z € U then

1_|z’2Reﬁ 1_|Z|2Rea

12
Re - Re « (3.12)
for all z € Y. From (3.12) we obtain
1— |Z’2Reﬂ zf”(z) 1— ‘Z|2R€a Zf"(z) (3 13)
Re 3 f'(z) Re a f'(2) '
for all z e Y.
From (3.10) and Theorem 2.4 (Schwarz) we get
2Re a+1
z2f"(2) (2Re a+ 1) Rea
14
f/(Z) 2 |Z|7 < E Z/{ (3 )
and, hence, we have
Lo foPfen | 26)|  @Reat DI 1- PR
Re « f(2) 2 Re « '
for all z € U.
Because 2R
1—|z]7ee 2
max ————|z| = 3.16
|Z‘<1 Re Q ‘ ‘ (2R€ a + 1)2RReeaoj—l ( )

by (3.15) and (3.13) we obtain
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1— ‘Z‘QReﬁ
Re 3

2f"(z)
f'(2)

<1 (3.17)

for all z € U.
From (3.17) and Theorem 2.2 we obtain that the function Fj(z) is regular and
univalent in U.

Theorem 3.5.Let o, 5 complex numbers Re 8 > Re o > 0, the function f €
A f(z)=2z+a2® +... If

f"(2)
7o) <1 (3.18)
for all z €U and
1—[e2fee 2] + 2]as|
<1 3.19
|nza|i)1([ Re o |Z|1+2]a2|]z\ - (3:19)

then the function Fg(z) define by (2.4) is regular and univalent in U.

Proof. Let’s consider the regular function p(z) = %, z € U. We have |p(0)| =

2|az| and from (3.18) we obtain [p(z)| < 1 for all z € Y.
By Remark 2.6 we obtain

f//(z) |Z| +2|a2| (320)
f'(2) | 7 1+ 2lag|lz]
for all z € Y. From (3.20) we get
1_|Z’2R€a Zf”(Z) 1_|Z|2Rea|2’ |Z‘+2‘a2| (3 21)
Re « 1(z) Re « 1+ 2|asg]|z| )
for all z € U.
We consider the function @ : [0,1] — R
1 —ax2Fee g4 2ay|
Q) = Re « x1+2\a2]:1:’ = Izl
Because @ (%) > 0 it results that
> 0.
Jmax Q)
Using this result and from (3.21) we conclude
1— |22 e 12" () L—[z2fee 2] + 2las|
< 3.22
Re o f'(2) _\I?f?l( Re a |Z|1+2\a2|\z| (3:22)
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and hence, by (3.19) we obtain
1— ’Z’2Rea zf”(z)
Re « f(2)

for all z € Y. From (3.23) and by Theorem 2.3 we obtain that the function Fj(z) is
in the class S.

<1 (3.23)
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