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ABSTRACT. In this paper, we consider the subclasses 7;,7; , and S;(p) ( = 2,3,...),
and generalize univalence conditions for integral operator F, ,... o, of the ana-
Iytic function f belonging to the classes 73,73, and S(p).
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1. INTRODUCTION

Let A be the class of all functions of the form
f(z)=z+ Zakzk
k=2

which are analytic in the open unit disk
U:={ze€C:|z|] <1}.

Consider
S ={f € A: fareunivalent functionsinU} .

Let A; be the subclass of A consisting of functions f given by

fR)=z+ > wz®  (jeNT:=N\{0,1} ={2,3,...}). (1)
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Let 7 be the univalent subclass of A consisting of functions f which satisfy

22f(z
(f{z())g_l‘<1 (z € ).

Let 7; be the subclass of 7 for which f*)(0) = 0 (k = 2,3,...,5). Let T}, be
the subclass of 7; consisting of functions f of the form (1) which satisfy
2f'(2)
7))

for some p (0 < o < 1), and let us denote 7; 1 = 7;.
For some real p with 0 < p < 2, we define the subclass S(p) of A consisting of
all functions f which satisfy

(75)

In [7], Singh has shown that if f € S(p), then f satisfies
21(2)
(f(2))?
Let Sj(p) be the subclass of A consisting of functions f € A; which satisfy (3)
and
21(2)
(f(2))?
and let us denote by Sa2(p) = S(p).

The subclasses 7, 7;,, and S;(p) are introduced by Seenivasagan [5].
The following results will be required in our investigation.

—1‘<u (z€U) (2)

<p (2€l). (3)

—4Spvﬁ (z € V). (4)

—4gpwj (z€U, jeND, (5)

General Schwarz Lemma. [3] Let the function f be regular in the disk Ug =
{z € C: |z| < R}, with |f(z)| < M for firzed M. If f has one zero with multiplicity
order bigger than m for z = 0, then

M
1) < 2

The equality can hold only if f(z) = e (M/R™) 2™, where 0 is constant.

|z|™ (2 € Ug).

Theorem A. [4] Let a € C, Re(a) > 0 and f € A. If f satisfies

2f"(2)
f'(2)

1— ’Z|2Re(a)
Re(a)

<1 (z € U),
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then, for any complex number 3 with Re(S) > Re(«a), the integral operator

m) = {6 [0} (6)
s in the class S.

Theorem B. [1] Let f; € T3 and

filz) =2+ ap2" (7)
k=3

forYi=1,n, ne N* If |fi(z)] <1 (z € U), then

1

Fop(z) = {ﬁ/gz tﬁ—lg <fi§t)>édt}ﬁ €S, (8)

where a, 8 € C, Re(a) > %, and Re(B) > Re(a).
Theorem C. [1] Let f; defined by (7) be in the class Tz, for Vi =1,n, n €
N* := N\ {0}. If
1fi(z)] <1 (2 €U,

then, for B € C, the integral operator F, g defined by (8) is in the class S, where
a, e C,
(L+2)n

Re(a) > ol

9

and Re(5) > Re(a).

Theorem D. [1] Let f; defined by (7) be in the class S(p) for Vi =1,n, n € N*.
If
lfi(z)| <1 (2 € 1),

then, for B € C, the integral operator Fo g defined by (8) is in the class S, where

a, B e C,

(p+2)n
|af

Re(a) > ,

and Re() > Re(a).

Breaz and Owa [2]| gave the extensions of Theorems B, C and D as follows.
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Theorem B'. [2] Let f; defined by (7) be in the class Ty for Vi =1,n, n € N*.

If
[fi) <M (M >21; z€ ),

then, for B € C, the integral operator F, g defined by (8) is in the class S, where
a,p € C,
2M+1)n

|

Re(a) >

)

and Re(f) > Re(a).

Theorem C'. [2] Let f; defined by (7) be in the class To, for Vi=1,n,n € N*.

If
[fi(z)| <M (M = 1; z € U),

then, for B € C, the integral operator F, g defined by (8) is in the class S, where
o, feC,
(p+1)M+1)n

Re(a) > ol

)

and Re() > Re(a).

Theorem D'. [2] Let f; defined by (7) be in the class S(p) for Vi =1,n,n € N*.

If
[fi(z)| <M (M = 1; z € U),

then, for B € C, the integral operator F, g defined by (8) is in the class S, where
a, B e C,
(p+ )M +1)n

|

Re(a) >

and Re() > Re(a).

In [6], Seenivasagan and Breaz considered the integral operator

Foyoncn(2) = {g/ﬂz tﬁ_lzﬁl (@) g dt}é )

for fi e A2 (i=1,2,...,n) and a1,qa9,...,a,,3 € C.

For a1 = az = ... = ay = «, Fy as,..a,,8 Decomes the integral operator F, g
defined in (8).

Seenivasagan and Breaz [6] gave the extensions Theorems C’ and D’ as follows.
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Theorem C”. [6] Let M > 1, f; € To,, defined by (7), a;, 3 € C, Re(8) > v
and

n

1+ )M +1
ZE:( 14i)

o] (0 < p; <1,foralli=1,2,...,n,n € N¥).
(]

=1

If
lfi(z)| <M (€U, i=12,...,n),

then the integral operator Fy, as.. . a3 defined by (9) is in S.

Theorem D”. [6] Let M > 1, f; € S(p) defined by (7), a;, 3 € C, Re(8) > m

and
n

1+p)M+1 . *
'yl::Z(iii’ (for alli =1,2,...,n, n € N*).
i=1

If
[fi(z)| <M (€U, i=12,...,n),

then the integral operator Fy, o, o, defined by (9) is in S.

In this paper, we obtain some generalizations of the results given by [1], [2], [5]
and [6].

2. MAIN RESULTS
Theorem 1. Let f; defined by
filz) =z + i a2 (10)
k=j+1
be in the class T; for Vi=1,n,n € N*, j e N, If
|fi(2)| < M; (M; > 15 z € U),

then the integral operator Fy, o, ... an.p defined by (9) is in the class S, where o, f €
C,

and Re() > Re(a).
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Proof. Define a function

h(z) = /0 inl (f"it)> “ dt.

e - 1] <f()> |

Then we obtain

i=1
It is clear that h(0) = A/(0) — 1 = 0. Also, a simple computation yields
zh"(2) "1 (zf’(z) )
=5 = (22 ). 11
h(z) ; a; \ fi(z) (11)

From (11), we get
1— |Z‘2Re(a)
Re(a)

zh'"(z)
h'(2)

2fi(2)
(fi(2))?

From the hypothesis, we have |f;(z)] < M; (i = 1,n; z € U), then by the general
Schwarz lemma, we obtain that

fi(2)

z

_ 1,12Re(a) M
~ Re(a) i

i=1

- 1) . (12)

Ifi(z)] < M;|z| (i=1,n;z€U).

We apply this result in inequality (12), then we find

(e il A I Sl <z2f;<z> M 1>
Re(@ | W(z) | =  Re(a) 2ol \|Gi(2)2| " "
1—|z2Rel@) T <22f.’(z) ’ >
—_— G — 1| M; + M; +1
Re(a) 2ol \|(7i(2))? il
1 =2M;+1
S Rl 2 o
< 1

since Re(a) > Y0, 2]‘%:{1. Applying Theorem A, we obtain that Fy, ay...a,.3 18
univalent.

Corollary 2. Let f; defined by (10) be in the class T; for Vi = 1,n, n € N¥,

jEeN: If
[fi()| <M (M >1; z€U),
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then the integral operator Fy, o, an.p defined by (9) is in the class S, where o, 3 €
C,

and Re() > Re(a).
Proof. In Theorem 1, we consider M1 = My =--- =M, = M.

Corollary 3. Let f; defined by (10) be in the class T; for Vi = 1,n, n € N,
jeNL If
|fi(z)| <M (M 2>1;z€0U),

then the integral operator Fy, g defined by (8) is in the class S, where o, € C,

2M +1
|al
and Re() > Re(a).
Proof. In Corollary 2, we consider a1 = ag = -+ = a, = .

Corollary 4. If we set j =2 in Corollary 3, then we have Theorem B’.

Corollary 5. If we set j =2 and M =1 in Corollary 3, then we have Theorem
B.

The proofs of Theorems 6 and 13 below are much akin to that of Theorem 1,
which we have detailed above fairly fully.

Theorem 6. Let f; defined by (10) be in the class T;,, for Vi =1,n, n € N*,
jeN]. If
|fi(z)| < M; (M; > 15 z € U),
then the integral operator Fy, o,... an.p defined by (9) is in the class S, where a, 3 €
C,

and Re() > Re(a).

Corollary 7. Let f; defined by (10) be in the class Tj,, for Vi =1,n, n € N¥,
jeNL If
|fi(z)| < M (M =1; 2 € ),
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then the integral operator Fy, o, an.p defined by (9) is in the class S, where o, 3 €
C,

Re(a) > Z”: (i + DM +1

and Re(f) > Re(a).

Proof. In Theorem 6, we consider M1 = My =--- = M, = M.

Corollary 8. Let f; defined by (10) be in the class Tj,, for Vi =1,n, n € N¥,
j e Nj. If
lfi(z)| <M (M >1;2z€U),

then the integral operator Fy, g defined by (8) is in the class S, where o, € C,

I

>Z Mz M+1

and Re() > Re(a).

Proof. In Corollary 7, we consider oy = ag = --- = a,, = a. This generalizes
Theorem 1 in [5].

Corollary 9. Let f; defined by (10) be in the class Tj,, for Vi =1,n, n € N¥,
jeNL If
|fi(z)| < M (M =1; 2 €),

then the integral operator F, g defined by (8) is in the class S, where o, 3 € C,

(p+ 1M +1)n

Re(a) > ol

)

and Re(B) > Re(a).
Proof. In Corollary 8, we consider p1 = ps = -+ = pp = i
Corollary 10. If we set j = 2 in Corollary 7, then we have Theorem C”.
Corollary 11. If we set j = 2 in Corollary 9, then we have Theorem C’.

Corollary 12. If we set j =2 and M =1 in Corollary 9, then we have Theorem
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Theorem 13. Let f; defined by (10) be in the class Sj(p;) for Vi =1,n,n € N*,
jeN]. If
|fi(2)] < M; (M; > 15 z € U),

then the integral operator Fy, os.. . a,p defined by (9) is in the class S, where a, 3 €
C,

n

Re(a) > Z (pi DM +1 1,

i=1 |

and Re() > Re(a).

Corollary 14. Let f; defined by (10) be in the class S;(p;) for Vi =1,n,n € N*,
jeN]. If
lfi(z)| <M (M >1;zel),

then the integral operator Fy, os.. . a,p defined by (9) is in the class S, where a, 3 €
C,

i+ )M 4+ 1
Re(a) > (pi +1)M + ’
=1 ’Oéz‘
and Re() > Re(a).
Proof. In Theorem 13, we consider M| = My =--- =M, = M.

Corollary 15. Let f; defined by (10) be in the class S;(p;) for Vi =1,n,n € N*,
jeN. If
|fi(z)| <M (M >1; z€U),

then the integral operator F, g defined by (8) is in the class S, where o, 3 € C,

" (pi4+1)M +1
Re(a)zz(’a)’,
=1

and Re() > Re(a).

Proof. In Corollary 14, we consider a; = ags =+ = a,, = .

Corollary 16. Let f; defined by (10) be in the class S;j(p) for Vi =1,n, n € N¥,
jeNL If
|fi(z)| <M (M >1; z€U),
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then the integral operator Fy, o, an.p defined by (9) is in the class S, where o, 3 €
C,

and Re(5) > Re(a).
Proof. In Corollary 14, we consider p; = py = -+ = p, = p.

Corollary 17. Let f; defined by (10) be in the class S;(p) for Vi =1,n, n € N*,
jeN: If
lfi(z)| <M (M >1; z€U),

then the integral operator F, g defined by (8) is in the class S, where «, 3 € C,

(p+1)M +1)n
|af

Re(a) >

)

and Re() > Re(a).

Proof. If we consider p; =ps =--- =p, =p in Corollary 15 or oy =g = --- =
an, = « in Corollary 16, then we get desired result. This generalizes Theorem 2 in

[5].
Corollary 18. If we set j = 2 in Corollary 16, then we have Theorem D”.
Corollary 19. If we set j = 2 in Corollary 17, then we have Theorem D’.

Corollary 20. If we set j = 2 and M = 1 in Corollary 17, then we have
Theorem D.
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