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ABSTRACT. We prove a related fixed point theorem for n mappings in n complete
metric spaces via implicit relations. Our result generalizes Theorem 1.1 of [1].
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1. INTRODUCTION
Recently, A. Aliouche and B. Fisher [1] proved the following related fixed point
theorem in two complete metric spaces.
Theorem 1.1 Let (X,d) and (Y, p) be complete metric spaces and let S, T be
mappings of Y into X and of X into Y respectively, satisfying the inequalities

f(p(Tz, TSy),d(z,Sy),p(y, Tx),p(y, TSy)) <0,
g(d(Sy,STz),p(y, Tx),d(x,Sy),d(x,STz)) <0

for all x in X and y in Y, where f,g € F. Then ST has a unique fixed point in
X and TS has a unique fixed point v in Y. Further, Tu = v and Sv = u.

We denote by R the set of non-negative reals and by ® the set of all functions
¢ : Ri — R such that

(i) ¢ is upper semi continuous in each coordinate variable,

(ii) if either ¢ (u,v,0,u) < 0 or ¢ (u,v,u,0) < 0 for all u,v € R, then there
exists a real constant ¢, with 0 < ¢ < 1, such that u < cv.

Example 1.2. ¢ (t1,t2,t3,t4) = t1 — cmax {ta,t3,t4},0 < c < 1.

Example 1.3. ¢ (t1,t2,13,t4) = t] — ¢ max {t3,13,t3} — comax {t1t3, tats} —
catsty, where c1,c9,c3 € Ry and ¢1 + ¢ < 1.

2. MAIN RESULTS
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Theorem 2.1. Let (X;,d;) be n complete metric spaces and let {A;}'=] be
n mappings such that A; : X; — Xj41 fori=1,....n—1 and A, : X,, — X1,
satisfying the inequalities

d1 (AnAn_l...Asz, AnAn_l...A1I1) X
b1 da (.7,‘2, AlAnAnfl...A2l‘2) , <0 (2.1)
dl (1?1, AnAn_l...Agxz) N d1 (xl, AnAn_l...All’l)

for all 1 € X1 and z9 € X9, in general

d; (Ai—lAi—Qu-AlAnAn—l~~Ai+1xz‘+1, Ai_lAi_Q...A1AnAn_1...Aixi) ,
4 div1 (i1, AiAi—1. AtARAn 1. Aip1xia)
’ di (x5, Ai—1Ai—2. A1 AR A 1. A1 Ti41)
di (:L’i, AiflAi,Q...AlAnAnfl...Aia?i)

forall z; € X;, ;41 € Xjy1andi=2,...,n—1, and

dp (An—lAn—Z---Alxla An—lAn—2-'-A1Anxn) >
" di (21, ApAn 14, 2.. A1) ,
" dp, (xna An—lAn—Q---Alwl) ) o
dp (xnv An—lAn—2-~A1Anxn)

for all x1 € X4, xp € Xy, where ¢; € @, for i =1,...,n. Then
AiflAi,Q...AlAnAnfl...Ai

has a unique fived point p; € X; for i =1,...,n. Further, A;p; = piy1 for i =
1,....,n—1 and A,p, = p1.

Proof. Let {xfnl)}reN , {9:,(?)}7“6]\7 e {%(j)}re]v e {xg)}reN be sequences

in X3, Xo,...,X;,..., X,, respectively.
Now let x(()l) be an arbitrary point in X;. We define the sequences {:m(f)} N for
re

i=1,...,n by
D = (A, Ay A)) ),
2O = Ay Ay Ay (ApAni. Ar) 2V

T

fori=2,...,n.
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For n =1,2,..., we assume that mg) # 93511421 Applying the inequality (2.1) for
2y = Ay (AnAp_1.. A1) 2l 2y = (A Ay Ay) 2V we get

((A A1 A 2V (A Ay A gw),
2( L (ApAn_1. A 2D AL (A Ay Ay <1>>,

” i (An A ) o), (Ag Ay 1. Ar) )

dy ((AnAn,l...Al)T oV, (A Ay Ap)H xg”)

M) L

Oa dl <x7("1)7 1'5«21
From the implicit relation we have
d1< M, ) < ch( (2)1’%@), (3.1)

forr=1,2,....
Applying the inequality (2.1) for ;41 = A;...A; (An...Al)r*1 a:(()l) and z; =
Ai1. Ay (A Ay) :1;8 ), we obtain

di (Aifl---Al (AnAl)r SU(()I), Ai,1 (An...Al)T+1 l’él)) 5
dit (A- Ay (Ao A 2D, Ay Ay (A Ay 2D

bi
d; <A AL (A A1) 28D, A Ay (A Ay 2D
dz' (Ai—l---Al (Ai—l---Al) .’L'(() )7Ai—1--'A1 (An...Al)r—i_l J,'(()l))
. d (xg‘))xfi)kl> di+1 <x£T11)7x£‘i+1)) ) <0
= ¢i 0 d ( (i+1) (i+1)) =
) i+1 | Tr 1 T
and so

d; (%Oa 521) < cdity < £H11)7 (Hl)), (3.)
fori=2,....n—landr=1,2,....
(1)

Now applying the inequality (2.n) for z, = Ap_1...A1 (Ap...A1) 25" and 21 =
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(Ap...A1)" xé ), we have

d, (A,L,I...A1 (Ap..Ay) 2V, Ay Ay (A, Al)’“xé”),
i ((Ane-Ar) 2, (A ) 21

) (An_l...Al (ApoAr) 2V, An 1. Ay (An...Al)’"g;g”),
d, (An_l...Al (Ao Ar) 2V, An1. Ay (An...Al)’”a;g”)
dp (2, 2™), dy (20,20,
%( <$ . +1> dln(égln)l?;@l)) ) “0
and so
dy (2, 2)) < edy (22,20, (3.)
forr=1,2,....

It now follows from (3.1), (3.i) and (3.n) that for large enough n

d; (%(«)a 521) cdiyy (fC(iH) xgﬂ))

r—1 >

VAN VAR VAN

= (a0 1)

Cn_H_l dl ('/L.Eigifnfl ’ 1‘5217”)

2n—i+1 1) (1)
c di <xr+i—2n—17 Lrii—on

(VAN VAN VANRN VANRR VAN

.C;r;nfiJrldl (a:(l)» + )

r+i—mn—1 Lrti—mn
™" max {d1 (xgl),xg )> v, dy <x§n), ZL‘g ))} .

Since ¢ < 1, it follows that {1:7@} is Cauchy sequences in X; with a limit p; in X;
fori=1,2,...,n

To prove that p; is a fixed point of A;_1...A1A,...A;p; for i = 2,...,n — 1,
suppose that A;_1...A1A,...A;p; # p;. Using the inequality (2.i) for z; = p; and

i+1 .
Tiyl = mﬁ” ), we obtain

IN

di (a:ffjl, Ai,l...AlAn...Aipi) ,
Pi | dip (ﬂfgﬂ)amﬁrll)) »d; (Pz,ﬂfq(})> , | =0
di (piy Ai—1... A1 An . Aip;)
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Letting » — oo, we have

" < d; (pi, Ai—1...A1An... Aip;) , 0,0, ) <0
‘ di (pis Ai—1... A1 A Aip;) '

It follows from (ii) that p; = A;—1...A1A,...A;p; fori=2,...,n— 1.
For the case i = 1, we use (2.1) with 1 = p; and zy = Al(An...Al)Tflx(()l),
giving
dy (:cﬁ”,An...Alpl) ,
o1 dy ($a(~2),93£~2421> ydy (p17$£1)> , | =0
d1 (p1, An-..A1p1)

Letting » — oo, we have

dl (pl,An'--Alpl) 7Oa0a >
; <0.
¢ < dy (p1, An...A1p1)

It follows from (ii) that p; = A,...A1p1.
Finally, if i = n, using the inequality (2.n) for x,, = p, and z; = ;17,(11) we get

d, (;pfffl, Ao AL Anpn )
| (0, ) o (pst). | <0
dp, (pn, Ap—1...A1Anpy)

Letting r — oo, we have

dn (pTwAn—lAlAnpn) 70707 >
\ <0
¢ < dn (P, An—1.--A1Anpn) N

and by (ii), pp = Ap—1... A1 Anpn.

To prove the uniqueness, suppose that A;_1...A1A,...A; has a second fixed point
zi # pi in X;.

Using the inequality (2.i) for 2,41 = A;z; and z; = p; we get

d1 (AZAlAnAZZ“ AzflAlAnAzpz) 5
¢1 dz'_|_1 (AZZZ, AzAlAnAz—f—lZz)
di (pi’ Ai_l...AlAn...Ai+1Z7;) y dl (pi; Az—lAlAnAzpz)
= ¢1(d; (2i,pi),0,d; (pi, z),0) <0

which implies that z; = p;, proving the uniqueness of p; for i = 2,...,n — 1. The
uniqueness of p; in X; and p, in X,, follow similarly.
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We finally note that
Aipi = Aj Ay A A (Aipi),

so that A;p; is a fixed point of A;...A1A,...A;+1. Since the fixed point is unique, it
follows that A;p; = p;y1 for i = 1,... ,n — 1. It follows similarly that A,p, = p1.
This completes the proof of the theorem.

Example 2.2. Let (X;,d) for i = 1,...,n be n complete metric spaces where
Xi={x; :i—1<uxz; <i}fori=1,...,n and d is the usual metric for the real
numbers. Define A; : X; — X;41 fori=1,...,n—1and 4, : X,, — X3 by

A _ [BAE0<z <12,

= /2 if 1/2< 21 < 1,

Np o LA i—1<@<i-3/4,
e i+1/2 ifi—-3/4<z; <i

fori=2,...,n—1,

Aw = 3/4 if n—1<uz, <n-—3/4,
e 1if n=-3/4<z,<n

and ¢1 = g2 = ...pp = ¢ € ® such that ¢ (t1,1e,t3,t4) = t1 — cmax {to, 3,14} and
0<ex1
Note that there exists p; in X; such that A;_1...A1A4,...A;p; = p; fori=1,...,n.
For example if we put

1
(a) i=mn, weget Ap_1...A1Apnpn = pn if wy, =n — 3 because

Anfl...AlAn (TL — 1/2) = Anfl...Al (1)
= A, 14,-2..A5(3/2)
= An_1...Ai+1 (l + 1/2)
= An—l (n - 5/2)
= Ap1(n—3/2)=n—1/2
and n <n-—3/2<n-3/4
(b) Note that fori =1,...,n—land i—3/4 <wx; <1, (i+1)—3/4 < Ajz; <i+1
and 1/2 < A,z, < 1 with n — 3/4 < x,, < n, there exists p; = i — 1/2 such that
A1 A1A, . Ai(i—1/2) =i —1/2 for i = 1,...,n — 1. Further,

d (Aifl---AlAn---Ai+1xi+1a Al,lAlAnAza?Z) =0
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fori=1,...,n and

d (Ai—l ...AlAn...AHlel, Ai—l AlAnAZCCZ) s
& d(wig1, A Ay Ap. A1)
! d(wi,Ai_l...AlAn...Ai+1Ii+1) y
d (.%Z', Al*lAlATLA’L'xl)
d(wip1, A At Ay A,

= —cmax d (xi, Ai—l-uAlAnmAi—&-lxi—f—l) s < 0
d(ZL‘l,AlflAlAnAlfL‘l)

which is true for all z; € X;, x;41 € Xiy1 and 0 < ¢ < 1. Thus all conditions of

Theorem 2.1 are satisfied.

If we take n = 5 in Theorem 2.1, we get the following Corollary.

Corollary 2.3. Let (X;,d;), i =1,...,5 be 5 complete metric spaces, A; : X; —

Xi11,1=1,2,3,4 and As : X5 — X1 be b mappings satisfying

d1 (A5A4A3A2.I’2, A5A4A3A2A11‘1) 5
¢1 d (12, A1 As A4 A3 Asxs) <0
di (21, As Ay A3 Aoxg) ,dy (21, As Ay Az As Ayy)

for all x1 € X1 and x9 € X o with o # Ajxq,

da (A1A5 Ay Aszs, Ay As Ay Az Asxs)
®2 ds (z3, Ag A1 As Ay Asxs) <0
dy (w9, A1 As Ay Azxs) , do (22, A1 As Ay A3 Arxs)

for all xo € Xo and x5 € X3 with x3 # Asxo,

Cl3 (AQAlAnAn_l...A4w4, AQAlAnAn_l...A3x3) ,
(Z)g d4 (1’4, AgAQAlAnAnfl..Azlmzl)
d3 (a}g, AgAlAnAn_l...A4x4) R -
d3 (133, A2A1AnAn,1...A3$3)

for all x5 € Xo and x4 € X3 with x4 # Asxs,
dy (A3AsA 1 Aszs, A3Ar A1 As Ayzy)
b4 ds (v5, AgAsAs A1 Asxs)
ds (x4, A3A2A 1 Ass) , -
dy (v4, A3 Ao A1 Asz5 Asy)
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for all x4 € X4 and x5 € X5 with x5 # Asxy.

ds (A4A3A Ay, AyAsAs Ay Ass)
di (21, As Ay Az As A1)
<0 7.5
¢s ds (x5, AgA3AsArx1) , - (75)
ds (v5, AgAsAs A1 Asxs)

f07" all x1 € X1 and x5 € X5 with x 7é Asxs. Then A;_1Ai_o..A1A,An_1..A; has
a unique fived point p; € X;, for alli=1,...,5
The following example illustrates our Corollary 2.3.

Example 2.4. Let (X;,d) for i = 1,...,5 be 5 metric spaces where X; = {z; :
i—1<i<i}fori=1,...,5 and d is the usual metric for the real numbers. Define
Ai:XZ‘—>Xi+1, fOI'iZl,...,4 and A5:X5—>X1 by

i < i <
o { 1 if 0<m <3/4, ’A22:{5/2 if 1 <xy < 3/2,

3/2 if 3/4 <@ <1 3if3/2<ay <2
A _ [ w/4if 2<ay <2, 17/4 if x4 §$<7/2
e 7/2 if 5/2<wy <3 0T Sifaielzal
A - 3/4 if 4<25<9/2

5T U 1if 9/2<a5<5

Let ¢1 (tl,tg,tg,t4) = tl — cmax{tg,tg,t4} and ¢1 = (Z)g = ¢3 = d)4 = ¢5. Then

AsAyAzAs A, (2) -
A1 As AgAsAs (3) =

Ay A AsAyAs <7> -

&L vlw

2

2
AjA3Ar A1 A5 (1) =

Az A A1 A5 Ay <9> =

= Nl © o) =T

The inequalities (7,1),(7.2),(7.3),(7.4) and (7.5) are satisfied for i = 1,...,5 since
the value of the left hand side of each inequality is 0. Hence, all the conditions of
Corollary 2.3 are satisfied.

We finally note that if we take n = 2 in Theorem 2.1, we obtain Theorem 2.3 of

[1].
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