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1. INTRODUCTION AND PRELIMINARIES

Let S denote the class of functions f that are analytic in the open unit disk
D ={z€C: |z| <1} of the form

f(z) :z+§:akzk, (1)
k=2

and consider the subclass 7 consisting of functions f which are univalent in D and
are of the form

f2)=2=) lawl2". (2)
k=2

Fora >0, 0<3<1, ¢>—1andd >0, we let S}(, () be the subclass of S
consisting of functions of the form (1) and satisfying the condition

Re {W} >a| D

BRI R A )

The operator K3(f) is the Komato operator [3] defined by

e+ 1)° . 1\~ f(t2)
/c:j(f)_/0 R <logt> Zlat.
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We also let
TS, 8) = S, B)N T, (4)
By applying a simple calculation for f € S(a, ) we get
Sipy — [+ 1>§ k
i =2-3 () ket o)

The family 782 (a, 3) is of special interest for contains many well-known as well as
new classes of analytic functions. For example 7S82(0, () is the family of starlike
functions of order at most %

In our present investigation, we need the following elementary Lemmas.

Lemma 1.1. Ifa>0, 0< <1 andy € R then Re w > ajw — 1|+ B if and
only if Re [w(1 + ae?) — ae?] > B where w be any complex number.

Lemma 1.2. With the same condition in Lemma 1.1, Re w > « if and only if
w—(1+a) < w+(1-a)l.

The main aim of this paper is to verify coefficient bounds and extreme points
of the general class ’TSS (c, B). Furthermore, we obtain neighborhood property for
functions in 782(a, ). Also partial sums of functions in the class S2(«, 3) are
obtained.

2.COEFFICIENT BOUNDS FOR S%(a, 3)

In this section we find a necessary and sufficient condition and extreme points
for functions in the class 7S?(a, ().
Theorem 2.1. If

X [(1+a)—k(a+8)] fe+1\°
,ZQ (1-8) <c+k> o<1 (6)

then f(z) € S2(a, B).
Proof. Let (6) hold, we will show that (3) is satisfied and so f(z) € S%(a, §). By
Lemma 1.2, it is enough to show that

w—(1+ajw—1+F) <o+ 1 -alw-1[=F)|,

%) 2 5 / . .
where w = %((J}))], By letting B = % and by using (5) we may write
R =ljw+1-0F-alw-1|
S S 2zfﬁzfi[1+(1fﬁ)k‘+a—aa ] <C+l>6a P
IR = R
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This implies that

7|Z| — —Oo a) — k(o ctl 6@
= L F B 2 [kt (140 = ko +01 () ’ﬂ]

Similarly, if L = |w — 1 — a|w — 1| — 8| we get

2]

b < L)

— c+1\? ]
Ié; —k+(1+a)—kla+p3 a| .
# Yk (e ka0 ()

It is easy to verify that R — L > 0 if (6) holds and so the proof is complete.
Theorem 2.2. Let f € T. Then f is in TKS(«, B) if and only if

X (14 a)—k(a+8)] fc+1\°
];2 1_5 (C+k> ak<1.

Proof. Since T is the subclass of S and 7S8%(a, 8) = S2(, 3) N T, and using
Theorem 2.1, we need only to prove the necessity of theorem. Suppose that f €

TK%(a, B). By Lemma 1.1, and letting w = z[%((]}))], in (3) we obtain

Re (w(l + ae) —ae) >

or
Z— >, (i)é a2k
=2 \ctk MY _ et —
Re ~ o (14 ae) —ae” — 3| >0,
z|(1— Zk:Z k (m) apz
then
é . é
" 1—-06—>70201—pk) (gi—}g) apz’ — e Y opeo(l —k) (gi}c) apzh1 0
e .

(1- Sk () aust )

The above inequality must hold for all z in D. Letting z = re~% where 0 < r < 1
we obtain

4 . é
1—0-=>70,(01—pk) (%) apr® — ae 20 (1 — k) ((C:Ills) aprF—1

(1 — ko k (%)6 akrk_l)

Re > 0.
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By letting r — 1 through half line z = re™® (0 < r < 1) and the mean value
theorem we have

> c+1 9
Re |(1-p)— 1-p8k)—a(l -k a 0f.
(1-9) = 30098~ a1 =R (g ) il >
Therefore - N
Z[@-ﬂk)m@-k)](iik) ah<1-p

k=2
This implies that

i (1+a) —k(a+pB) (c+ 1)5a -
k ;
= (1-0) c+k
and the proof is complete.
Theorem 2.3. Let fi(z) = z and

L 1-3 c+k 6zk
fulz) =2 [(1+a)—k(a+ﬁ)](c+1) k22 (7)

Then f € TSS(a, B) if and only if it can be expressed in the form f(z) = S22 M fr(2)

where M > 0 and Y52, = 1. In particular, the extreme points of TS (a, 3) are

the functions defined by (7).
Proof. Let f be expressed as in the above theorem. This means that we can

write

fz) =D mefuz) =mhflz +Z77kfk
k=1

B 00 00 (1_/8) c+k J
=mEt D mE), [(1+ ) — k(a+ B)] <C+1> et

k=2 k=2

—zan—Ztkz
k=1

where t;, = m (ii—]f) k. Therefore f € TS%(a, 3) since

i[(1+a)—k(a+6)]t <c+1> an_1_ S

k=2 1-p

Conversely, suppose that f € TS%(a, 3). Then by (6), we have

1-p3 c+k\°
ak<[(1+a)—k(a+ﬂ)] (c—i—l) » k22
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So

S 1-3 L AR
fz) == lg[(l—i-a)—k(a—i-ﬂ)] (c+1) Tk

oS e = f(2)
k=2
= <1 - i 77k> z— i M fr(2)
k=2 k=2

=mz— > mfr(z) =D mfr(z).
k=2 k=1

This completes the proof.
3.NEIGHBORHOOD PROPERTY

In this section we study neighborhood property for functions in the class 7S8?(a, ).
This concept was introduced by Goodman [2] and Ruscheweyh [6]. See also [1], [4],
[5], and [7].

Definition 3.1. For functions f belong f to S of the form (1) and v > 0, we
define n — vy-neighborhood of f by

oo (e.9]
NIf)={9(z) €S g(z) =2+ > bpz", Y k" ay — bi| <},
k=2 k=2
where 1 is a fized positive integer.
By using the following lemmas we will investigate the 1 — y-neighborhood of
functions in 78 (a, B).
Lemma 3.2. Let m >0 and —1 <0 < 1. If g(2) = z + 3225 bp.2" satisfies

1—-60
14+ a’

> kb <
k=2

then g(z) € SP(w,0).
Proof. By using of Theorem 2.1, it is sufficient to show that

(1+a)—k(a+6) <p+1)5_ il (1+4a).

1-6 p+k) 1-96
But

(1+a)—k:(a+9)(p—|—1>5<1—|—oz<p+1>5
1-6 p+k) —1-0\p+k)
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Therefore it is enough to prove that

o1\
Q(k,p) = gf;f? <1

The result follows because the last inequality holds for all £ > 2.
Lemma 3.3. Let f(2) =2 — Y Loa12F €T, —1<B<1, a>0ande>0. If
fe)te ¢ TS5 (e, B) then

1+e€
o o1 27 (1= B)(1+¢) (c+2)\°
I;Qkp o = (1 —a-2p) (C+1>

where either p =0 andc>o0 orp=1and 1 < c < 2. The result is sharp with the
extremal function

— €) (¢ J
f(z):z—(l B + )< +2) 22, (2 €D).

1-a—26) \erl
Proof. Letting g(z) = % we have

oo

Q. k

g(z):z—z 2", (2 €D).
k:21—|—e

In view of theorem 2.3, g(z) = Y72 nkgx(z) where np >0, Y722, mp = 1,

(1-p8)1+¢) (c—i—k
14+ a)—k(a+8)] \e+1

)ézk (k >2).

gl(z) =z and gk(’z) =z [(

So we obtain

s — € C J
o) 2771“2%[ (1-B)(1+e) ( +k> zk]
k=2

T+ a) —ka+B) \er1
Ly (L-B)(1+e) [(ct+k\\ 4
7 ,;z”’“<[<1+a>—k<a+m1(c+1))Z'
Since nr, > 0 and Y72, n, < 1, it follows that

= Q-9+ etk
g::?kf)* akgiggkﬁ [[(14—&)—1{7(&%—5)] (c+1>

Since whenever p=0and ¢ > 0or p=1and 1 < ¢ < 2 we conclude

(1-8)1+e) <c+k:>5
(1+a)—k(a+B3)] \c+1

W(k, p,a, B,€,¢,0) = kPt

9
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is a decreasing function of k, the result will follow. So the proof is complete.
Theorem 3.4. Let either p =0 and c >0 orp =1 and 1 < ¢ < 2. Suppose
—-1<p6<1, and

(1—a—20)(c+1)° =201 1 = )1+ &) (c+2)°(1 + a)

“lsf< (1—a—20)(ct+1)(1+a) ’

f(z) € T and % € TS%(a, ). Then the n — y-neighborhood of f is the subset

of S!(«, 0), where

1-60)(1—a—-28)(c+1) =271 = 3)(1+€)(c+2)°(1+a)

7= 1-—a-28)(c+1)(1+a) ‘

The result is sharp.

Proof. For f(z) = 2z — 32, lag|2¥, let g(2) = z + 375 bp2* be in NJ(f). So by
Lemma 3.3, we have

o0 o0
DKo =Y K ag — by — ag
k=2 k=2

21711 — B)(1+€) (c+2)\°
L F— Yy (c+1>‘

By using Lemma 3.2, ¢g(z) € S!(«, ) if

21 (1 = B)(1+¢€) fc+2\° _ 1-6
T (1—a-2p) <c+1> “Tta
That is,
< (1-0)1—a—28)(c+1)° =211 - B)(1 +e)(c+2)°(1 +a)

(1—a—-28)(c+1)(1+a)

and the proof is complete.
4.PARTIAL SUMS

In this section we verify some properties of partial sums of functions in the class
S2 (e, B). (see [5] and [8])

Theorem 4.1. Let f(z) € SX(«, 3), and define the partial sums f1(2) and f,(2)
by

fi(z) =z and fn(z):z+2akzk (neN, n>1). (8)
k=2
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If

e}

ch|ak| <1

k=2
where

Cl —

[(1+ @) — k(e + B)] (c+ 1)5
1-p c+k
Then fi(2) € S¢(a, B). Moreover

Re {gl(é))}>1 1, (€D, neN)

Cn+1

Re {fn(z)} o _Cntl

f(2) 1+ cpi1

(11)

(12)

Proof. Tt is easy to show that fi(z) = z € S2(a, 3). So by Theorem 3.3, and
condition (9), we have N} (z) C S(a, B), so fi. € S2(a, B). Next, for the coefficient

¢y, it is easy to show that
Cik41 > i > 1.

Therefore by using (9) we obtain

n o0 00
Solarl + cngr Y larl < erla| < 1.
k=2 k=n+1 k=2

By putting

o el )
)

z+ Zk o ap 2" |+ 14+ 3%, a2kt
= c
2+ 37, akzk T S hpapzkl
+ 30, apzF~1 —1— > oheo apzF1
1432, a2kt
k—1

=1 +Cn+1

=1+4+cpt1

:1+Cn+1[

o0
Cn+1 Zk;:n-i,-l apz
14+ >0 5 a2kt

and using (13), for all z € D we have

=1+

oo k—1
Cnt1 Zk=n+1 ad

14y n_,apzh1 Cnt1 D hent1 lakl

hl(z) —

1+ZZ:2 apzk—1

88
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which proves (11). Similarly, if we put

. fn(Z)_ Cn+1 c
m() = {ZE - e

(14 ent1) kZnta apz*!
1+ >0, apzkt ’

and using (13) we obtain

hQ(Z) -1 ‘
hQ(Z) +1

<1, (zeD),

which yields the condition (12). So the proof is complete.
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