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1. INTRODUCTION AND DEFINITION

Let L} (R") = {f9 is locally integrable on R"}. Suppose f € L}, .(R"), B =
B(zg,r) = {z € R" : |z — xo| < r} denotes a ball of R" centered at x( and having
radius 7, write fp = |B|™! [ f(z)dz and f#(z) = sup,ep | B! [5|f(z) — fpldx <
oo. f is said to belong to BMO(R”), if f# ¢ L°°(R") and define ||f||Bymo =
17 poe.

Let T be a linear operator and K be a function on R™ x R",

T(f)(x) = - K(z,y)f(y)dy for feCg°,
where K satisfies:
(1) [K(z,y +h) = K(z,y)| < C [h|* - |z —y[7"" for 2[h| < |z —y], 0 <a < 1
(2) IIT(F)llzo < CIf|lzro for some 1 < py < o0;
Then we call T is the Calderén-Zygmund singular integral operator.
Let b € BMO(R™) and T be the Calderén-Zygmund singular integral operator.
The commutator [b, T] generated by b and T is defined by

[0, T1(f) (@) = b(z)T(f)(x) = T(0f)(x)-
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A classical result of Coifman, Rochberg and Weiss (see[2]) proved that the commu-
tator [b, T] is bounded on LP(R™) (1 < p < co). However, it was observed that the
[b, T is not bounded, in general, from HP(R") to LP(R™). But if HP(R") is replaced
by a suitable atomic space Hg(R”) and HK;?(R”)(see[l}, [7], [12]), then [b, T] maps
continuously Hﬁ’ (R™) into LP(R™) and H K P 2(R") into K$P. In addition we have
easily known that HP(R”) C HP(R"), K iy ’p(R") C HK{P(R™). The main purpose
of this paper is to con81der the continuity of the multilinear commutators related
to the Littlewood-Paley operators and BMO(R™) functions on certain Hardy and
Herz-Hardy spaces. Let us first introduce some definitions(see [1], [3-10], [12], [13]).
Given a positive integer m and 1 < j < m, we denote by C7" the family of all
finite subsets 0 = {o(1),---,0(j)} of {1,---,m} of j different elements. For o € Cm,
set 0¢ = {1,---,m}\ 0. For b = (b1, - -,bp) and o = {o(1),- - -,0(j)} € C™,
by = (b0(1)7 T ba(j))v be = ba(l) e 'ba(j) and HbUHBMo = ||ba(1)||BMO ||b0 ])HBMO'

Definition 1. Let b; (i = 1,---,m) be a locally integrable functions and 0 <
p < 1. A bounded measurable function a on R™ is called a (p, 5) atom, if

(1) supp a C B = B(xg,r)

@) el < 15020 r>r—1/p

(3) [paly)dy = [za(y) [, bi(y)dy =0 for any 0 € CT* ;1 < j<m .

A temperate dzstmbutzon(see[M]ﬂ5]) f s said to belong to Hg(R”), if, in the
Schwartz distribution sense, it can be written as

) =) Aja;(@)
j=1

j
(52 [glm) e
Definition 2. Let 0 < p,q < 0o, « € R. Fork € Z, set B, = {x € R" : |z| <
2k} and Cy = By, \ By_1,andxy, = xc, for k € Z,where x¢, is the characteristic
function of set Ci. Denote the characteristic function of By by xo.
(1) The homogeneous Herz space is defined by

where ds are (p,b) atoms, \; € C and > i1 [AjIP < oo, Moreover, ||f||lgr ~
b

Egr(R) = { £ € LR\ (0D ¢ 1l g < 00}
where

o) 1/p
1l = [ ) 2’“ap|rf><k||fzq] .

k=—o00
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(2) The nonhomogeneous Herz space is defined by

Ker(R) = {f € L (B") + || llgeg < o0}
where

0 1/17
|l ger = [ngapukaugq + HfXOHZEq] :
k=1

Definition 3. Let a € R", 1 < ¢< oo, a >n(l—-1/q), b€ BMO(R"), 1<
i <m. A function a(x) is called a central (cv,q,b) -atom (or a central (e, q,b)-atom
of restrict type ), if

(1) supp a C B = B(xg,r)(or for some r > 1),

(2) Hal\m < |B(l’o r)[~em,

(3) Jza(z)2Pdz = [a(z)2? [[;e, bi(z)dz = 0 for any 0 € C7" ,1 < j <m,
0 < |8] < «a, where B = (B, .. ,ﬂn) 18 the multi-indices with G; € N for 1 < i <n
and |3] = Z? 1 Bi.

A temperate distribution f is said to belong to HKa’p(R")(or HKa’p(R”)) if it
can be written as f =37 Aja; (or f = Zj 0N a]) in the S’(R") sense, where

a; is a central (a, g, b) atom(or a central (a, g, b) atom of restrict type ) supported
on B(0,27) and > |);|P < oo(or 2720 |Aj] < 00). Moreover,

Il gcep Cor (1l reer) = inf(Y A7),
q, >

J
where the infimum are taken over all the decompositions of f as above.

Definition 4. Let ¢ > 0 and v be a fized function which satisfies the following
properties:

(1) [pn¥(x)dz =0,

(2) [y )! < C(1+ |z))=t D)

() |v(z+y) — () < Clyf ( + )~ when 2y < Ja;

The Littlewood-Paley multilinear commutator is defined by

0= [f o rzt]”
tn+1 ?
where
Fi D) = [ |1 0se) = ()| ity - 2) ()
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I(z) = {(y,t) € R:‘L'H s e =yl < t} and Y (z) = t7T"Y(x/t) for t > 0. Set
F(f)(y) = fRn U (y — x) f(x)dx. We also define that

/2
dydt
F 2
(//F(z|t $y|tn+1> )

which is the Littlewood-Paley operator(see [15]).

2. THEOREMS AND PROOFS

Theorem 1. Let e > 0,b; € BMO, 1 <i<m, b= (b1, ,bm), n/(n+e) <
p < 1. Then the multilinear commutator SZ) is bounded from Hg(R”) to LP(R™).

Proof. It suffices to show that there exist a constant C' > 0, such that for every
(p,b) atom a,

153 (a)l|ze < C.

Let a be a (p, E) atom supported on a ball B = B(zg,r). When m = 1 see [7], and
now we prove m > 1. Write

/R IS (@) @)lPd = /x—zo|szr 158 (a)() P + /x_x0|>2r 1% (a)(2)Pde = T + IT.

For I, taking ¢ > 1, by Holder’s inequality and the LY— boundedness of Sg), we

have
~ p/q
/ 1S5 (a) (@) dz | - | B(ao, 20) 1P/
|z—z0|<2r

< C|8Y(a) ()|, - |B(xo, 2r) 7P/
< Clblasollall?, | BIP/
< BB 0

For I1, denoting A = (Ay, -+, \p) with \; = (b;)p, 1 < i < m, where (b;))p =
|B(z0,7)| 7 [ Blaor) bi(z)dz, by Holder’s inequality and the vanishing moment of a,
we get

~
AN

= / SE (a) (@) Pda
kzzl 2’€+1T2|x—xo\>2kr’ v

o] p
C B(xzg, 2K 1p)|1P / S (a)(z)|dz
st ([ isiee)

k=1

IN
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< CZ‘B 2k+1 ’1 P

| [/2"'+1r>xxo>2kr (/ /F(m) ’/ij[l(b](:c) —5i(2)nly
_Z)a(z)dz‘zfgff>l/2 dmr

(o.9]
< CY |B(ag, 25 )P x
k=1

/2’“+17"Zxx0|>2kr (/ /F(:v) (/B %2y — 2)
1/2 P

2
wt<yxo>H<bj<x>bj<z>>a<z>dz) ffff) dz|
j=1

noting that z € B, = € B(xg, 2"17) \ B(xo,2"r), then

b = —z)— Yy —x

Sh(a)(x) = [//m) (/Brwt@ ) — ely — z0)
9 1/2
dydt

a(z)dz) tny+1]

//M (/t "a<z>rﬁybj<x>

(LAY dydtr/ 2

A+ Jzo — y|/)n++e ") ol

tl—n 1/2
< C dydt
- <//r(x) (t+ w0 — )20 )

IN
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/ H b3 ) — bj()lzo — 2[|a(2)|dz

t1-n92(n+1+e) 1/2
C dydt
//F(z) 2t + 2z — y])20 119 Y

/ H 1b3(2) — b (=) lzo — 2[la(2)|dz;

Notice that
20+ w0 —yl > 2+ |zo— 2| — |z —y| >t + |zo — =

when |z — y| < ¢, and it is easy to calculate that

o tdt
= Clg — —2(n+e).
/0 (t + |z — zo|)2(nH+1+e) = = ol ’

then, we deduce

B tl—n 1/2
b
Sij(a)() ¢ <// (2t 4 |zo — yl)2(n+1+e) dydt)

/H\b 2o — 2IFlo(2)]dz

tl—n 1/2
C dydt
</ /I"(z) (t + |33 _ $O|)2(n+1+5) Y )

IN

<
' / TT 1b5() — bi(2)llao — 2Fla(2)|d=
B
00 1/2
c / tdt
0 (t + |l‘ _ $0|)2(n+1+5)
/H\b 2)l[70 — 2[la(z)|dz
< CIBE/mP|y — gyl ) / T] 165(x) — by (2)ld=.
B
7=1
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So
IT < CIBEMY7Y [Blag, 2+ 7
k=1
p
_ —(n+e) / b d d
xr X z X
/2k+1r2|x—a:0|>2kr | 0| H | ’
< CIBE P Y [Blag, 2 )17
k=1
1y o — 0|~ (B() — A)ldo
j=0eCm 2k+1p>|x—20|>2kr
p
/ I(B(2) — gc|dz]
p
< C’B|E/n 1/PZ Z </| — o—c’dZ)
i= OJGCm
o) p
<3 B 24 | 2 — 0] 04| (B() — \)olda
1 2k+1p>|x—z0|>2kr
m . . 00
< CY Y bocllparo - Wbollaro D 1B(xo, 2 ) 1=t p/nge B e/m=1/p

j=0 oeC k=1

< Clp| 12 o Z kP . okn(1=p(n+e)/n)
k=1
< Cbl|Bmo-

This finishes the proof of Theorem 1.

Theorem 2. Let 0 < p < oo, 1 <g<oo, n(l—1/q) <a<n(l—-1/q) +e¢,
e >0,and b, € BMO(R"),1 <i<m, b= (b1, -+ ,by). Then 5’3) is bounded from
HK;‘gR(R”) to K$P(R™).

Proof. Let f € HK;;;F(R”) and f(z) =72 Ajaj(x) be the atomic decom-

j=—00
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position for f as in Definition 3, we write

1/p
155, (F) @)|| jgor = < > 2’“""’HS¢ )xkllf )

k=—oc0
[ o0 [¢’e) 7 1/p
< | S 2703 ST (ag) i)
_k‘:—OO j:—oo i
[ 0 k—3 T 1/?
< o S 2703 ST (ag)xlln)”
_k‘:—OO j:—oo i
00 1/p
Z ko2 (N I\ 11188 (a) Xk L)
k=—o00 ]: k—2
= I+1I.

For 11, by the boundedness of Si on LY and the Hoélder’s inequality, we have

. - p71/p
o< o S 2k ST nIIISE ()l
| k=—c0 j=k—2
- - p1/p
< D257 > lllaglle
| —o© Jj=k—2
- p1/p
< C Z gkor [N |- 2790
k——oo j=k—2
4 1/
{55 ] oy
<
< , 1/
(S P T2 20 ””/2} " l<p<
~ 1/p
< Cf D] IngP
j=—00
< CllfllHkag
q,
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For I, when m = 1, let bj = | Bj| ™ fB bi(z)dz. We have
dydt
Sﬁil(aj)(x) = [// )|/ (b1(z) = b1(2))¢e(y — 2)a; (2 )dz‘2tn+l

[/ /F(w) (/Bj e (y — 2) — ¢e(y — o)

1/2
161(0) — 0 (o 2= P25

[ / /F@) ( /B a2 ) = 1 2)

(o =21/ >2 dydt] 12

IN

IN

(1 + |z — y|/t)nTT+e Y) et

1/2
/ / £ dydt
< C
- r(z) (t+ |zo — y])2(nF1+e) Y

~ / 120 — 2l (2)|1b1 () — by (2)]dz
B

tl—n 1/2
< C dydt
: (/ / (2t + [0 — g)20F T+ Y )

/ 0 — 2l (2)[1b1 () — by (2)]dz

1/2

< d dt

T ———

- / 120 — 2[°|a;(2)|[b1(z) — b1 (2)]dz
B
00 1/2
< C / tdt
- 0 (t + |J; _ x0|>2(n+1+5)

- ( [ a0 2Flay2)lbr(z) - fn(z)rdz)
.

J
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IN

IN

IN

So

IN

IN

IA

thus

Cle — o]+ / 120 — 2la; () |bu (@) — b (2)|d=
B;

Clx — o=+ / 120 — 2[%la; (=) [ba () — bYdz
B;

+Cla — wo|~(+O) /B 2o — 2[|aj(2)||b1 () — b}|dz
J

Cla — zo|~ o) (|b1(x) _ b}|2j(s+n(1—1/q)—a) + 23’(6+n(1—1/q)—a)||b1||BMO) .

b
15 (ag) x|z,

1/
cwwm0*m%®[(/'wﬂ@—bﬂu_xdﬂmﬁmﬁ "
By,

1/q
</ |x—xo|—q<”+f>dx) el o
By,

C2i(E+n(1-1/9)=a) {ﬂms) 1Bl by || 5o + 27k | Bk!”qumBMo]

C’ ‘bl ‘ ’BMOQU(‘E'HL(l_l/‘I)_Oé)—k‘(n-i-a)-i-kn/q]

)

= C

j=—o00

00 k—3 p 1/17
CllbrllBrmo { Z ghar ( Z )\jz[ﬂ'(€+n(11/q)a)k(n+e)+kn/q]) }

k=—o00 j=—00

j=—o0

) k—3 m /e
S ke ( > AjSZ}(%)Xqu) ]

IN
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IN

Cllb1|[Bmo

IN

Cllb1l|[Bmo

IN

Cllb1l[Bmo

IN

When m > 1, Let bZ

Sh(a)(x) =

IN

IN

IN

ClA N prgeor-
q,b

kf—oo j=—o0

1/p
k—3
Z gkap 2 ’)\j|p2[j(6+n(11/q)a)k(n+6)+kn/q]p] ’
0O<p<l1

[ k—
S Qkap< 23 ’)\j|p2p[j(€+n(1—1/q)—a)—k(n+£)+kn/q]/2)

k=—o00 j=—00

k—3 o/ P
><< > 21)’[j(€+n(1—1/Q)—a)—k(n+€)+kn/Q]/2) ,

l<p<oo

( o o0 y__ n(l— —« 1/p
[ijfoo\ AP o 2GR E4n(1-1/a) )p] :

0<p<l1

1/p
[ SN Z;O:j—‘,—3 Q(j—k)(€+n(1—1/q)—a)p/2] ., l<p<oo

j==o0

~ 1/p
> )\jp)

j==o0

|B;|~ lfB r)dz, 1<Z<mb’—(b},---,b;”).Wehave

[//F(a: ‘/g Zl_Il (y_Z)aj(Z)dz‘zfgff 1/2
l/ Jo </ T te) = bty =2
— i (y — 0)]]aj(2)]dz)? fffﬂ 1/2

Cla = a0l [ o = 2Flay() [ 1ito) — b2l
B;j i=1

Cle — | ~+) / (w0 — #1°la; ()| T] 1b:(2) — biw)ld=
Bj i=1
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So

IN

VARVAN

then

Clz — 2o~ 3™ N |(b(x) - b)o]

<
i:OUGCim
~ / 120 — 2[%la; (2)]|(B(y) — B)oc|d=
< Cle — ol "*”Z 2) = B2 - 275 - 27"V e paro
1=0 o€
< C]a;—:c()] (nte) | 9i(e+n(1-1/q)— Z Z ’ H‘bO'CHBM07
= OUECm

155 (@) xxl | s

q 1/q
CQJ(E—l—n(l 1/q)— ||bac||BMO |:/ (1, n—&-s)z Z | —* ) dl‘]

=0 ceC"

C| |ggc | ‘BMOQj(5+n(1_1/Q)—C¥) . 2—k(n+s)+kn/q

C|bl| Bro;

= C

o k—3 p1/p
> 2ker ( > AijL(aj)Xqu> ]

Jj=—00 Jj=—00

00 k—3 p 1/10
CllbllBaro { > oker ( > )\jg[j(s+n(11/q)a)k(n+s)+kn/q}) ]

IN
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[ k=3 1/p
S gkar 7 )\j|p2[j(6+n(11/q)a)k(n+6)+kn/q]p] 7
_k:—oo j=—o0
Q<p§1
k—3 ,
< CHgHBMo Z/?i_OOZkap(E ’)\j|p2p[3(€+n(1—1/Q)—a)—k(n+€)+kn/q]/2)
L J=—00
3 p/p /P
x [ S0 opliletn(i=1/q)—a)—k(nte)+kn/q] ’
Jj=—00
[ 1<p< o
( 00 o0 i—k 1-1 L/p
S5 P g 200 g
< C||bllBmo 0 o 1/p
SN S 20k Etn(i-1/g)—a)p/2 , l<p<oo
| [i=—oc0 k=j+3
- 1/p
< Clbllsmo | D NP

j=—o0

< Ol g ger-
q,b

Remark. Theorem 2 also hold for nonhomogeneous Herz-type spaces, we omit
the details.
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