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HOMOMORPHISMS BETWEEN C*-ALGEBRAS AND THEIR
STABILITIES
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ABSTRACT. In this paper, we introduce the following additive type functional
equation

flra+sy) =22 @+ ) + T2 - ),

where r,s € R with r + s,7 — s # 0. Also we investigate the Hyers—Ulam—Rassias
stability of this functional equation in Banach modules over a unital C*-algebra.
These results are applied to investigate homomorphisms between C*-algebras.
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1. INTRODUCTION

A classical question in the theory of functional equations is the following: When
18 it true that a function, which approximately satisfies a functional equation & must
be close to an exact solution of £ ¢ If the problem accepts a solution, we say that the
equation £ is stable. Such a problem was formulated by Ulam [32] in 1940 and solved
in the next year for the Cauchy functional equation by Hyers [9]. It gave rise the
stability theory for functional equations. Aoki [2] generalized the Hyers theorem for
approximately additive mappings. Th.M. Rassias [28] extended the Hyers theorem
by obtaining a unique linear mapping under certain continuity assumption when the
Cauchy difference is allowed to be unbounded. P. Gavruta [7] provided a further
generalization of the Th.M. Rassias theorem. For the history and various aspects of
this theory we refer the reader to [26, 27, 29, 30]. The stability problems of several
functional equations have been extensively investigated by a number of authors and
there are many interesting results concerning this problem (see [3], [4], [5], [8], [11]
and [15]-[25]). We also refer the readers to the books [1], [6], [10], [12] and [31].

In this paper, we introduce the following additive functional equation

flra+sy) =22 @+ )+ 2w ), 1)
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where r, s € R with r+s,r—s # 0. We investigate the Hyers—Ulam—Rassias stability
of the functional equation (1) in Banach modules over a unital C*-algebra. These
results are applied to investigate homomorphisms between unital C*-algebras.

2. HYERS-ULAM-RASSIAS STABILITY OF THE FUNCTIONAL EQUATION (1) IN
BANACH MODULES OVER A C*-ALGEBRA

Throughout this section, assume that A is a unital C*-algebra with norm |[.|,
unit 1. Also we assume that X and Y are (unit linked) normed left A-module and
Banach left A-module with norms ||.||x and ||.||y, respectively. Let U(A) be the set
of unitary elements in A and let r, s € R with r 4+ s,7 — s # 0. For a given mapping
f:X =Y, ueU(A) and a given p € C, we define D, f, D,f : X?> > Y by

T uf(a+y) - @ - ),

D, f(z,y) == f(rpx + spy) — %uf(w +y) — %uf(w —y)

Duf(z,y) := f(ruz + suy) —

for all x,y € X. An additive mapping f : X — Y is called A-linear if f(ax) = af(x)
for all z € X and all a € A.

Proposition 1. Let L: X — Y be a mapping with L(0) = 0 such that

DyL(z,y) =0 (2)
for all x,y € X and all w € U(A). Then L is A-linear.
Proof. Letting y = x and y = —x in (2), respectively, we get

r+s r—3s§

L((r + s)ux) = uL(2x), L((r — s)ux) =

uL(2x) (3)

for all x € X and all u € U(A). Therefore it follows from (2) and (3) that

Tr—S

L(rux + suy) = L(T—l_su(m—i—y)) + L( u(z —y)) (4)

for all x,y € X and all u € U(A). Replacing = by r—isx%— éy and y by r%rsz — iy
in (4), we get
L(uzx + uy) = L(ux) + L(uy) (5)

for all x,y € X and all w € U(A). Hence L is additive (by letting u = 1 in (5)) and
(3) implies that L((r + s)uz) = (r + s)uL(zx) for all x € X and all u € U(A). Since
r+s#0, we get

L(uzx) = uL(x) (6)
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for all z € X and all uw € U(A). It is clear that (6) holds for u = 0.

Now let a € A (a # 0) and m an integer greater than 4|al. Then || < 1 <
1-— % = % By Theorem 1 of [14], there exist three elements uy, us, ug € U(A) such
that %a =up +ug +us. Soa= %(%a) = % (u1 + uz +ug). Since L is additive, by
(6) we have

L(ax) = %L(ulm + uox + usx) = %[L(ulx) + L(ugzx) + L(usz)]
= %(ul + ug + us)L(x) = %.%aL(x) = alL(z)

forallz € X. So L : X — Y is A-linear, as desired.

Corollary 2. Let L : X — Y be a mapping with L(0) = 0 such that
DiL(z,y) =0
for all x,y € X. Then L is additive.
Corollary 3. A mapping L : X — Y with L(0) =0 satisfies
D,L(z,y) =0
forallz,ye X and allp € T:={pu e C:|u| =1}, if and only if L is C-linear.

Now, we investigate the Hyers—Ulam—Rassias stability of the functional equation
(1) in Banach modules.
We recall that throughout this paper r,s € R with » 4+ s,7 — s # 0.

Theorem 4. Let f : X — Y be a mapping satisfying f(0) = 0 for which there exists
a function ¢ : X% — [0,00) such that

1
lim (252, 2%y) =0, (7)

k—o0

e k+1 k+1
- 1 28y 28T sy
Pla) = ZT{W(TQ 2 2 g2 )

k=0 (8)
+<P( 2k ’ 2k )+@( 2k ’—2’“:1:)} <,
r+s r+s r—s r—s
ID1f (2, y)lly < olz,y) (9)
for all x,y € X. Then there exists a unique additive mapping L : X — Y such that
7@~ L@l < 53() (10)

for all x € X.
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Proof. 1t follows from (9)that

Hle:ry) le(x—l—y’x—i-y) Dif(* yy_x)Hy

2 2
x—i—y x—y Yy—
< olz,y) +¢(— ) (= —5)
for all x,y € X. Therefore
r+s r—S
|£ra+s) — 1@ +w) - (5@ -, -
11
r+y r+y r—y yYy—=x
<
<pl@y) +o(—5— ) Tel5——5)
for all z,y € X. Replacing = by T+SSL‘ + —y and y by st - —y in (11), we get
€z Y €z Y
_ _ < _
1f(z+y) — f(x) f(y)Hy_<p(7,+8+r_8,7,4FS —) )
(=) (2 )
r+s r+s r—s r—s
for all x,y € X. Letting y = = in (12), we get
2rx —2sT
2z) — 2 <
Hf( w) f(x)HY = QP(T‘Z g2 g2 —52) (13)
N ( x T )+ ( x —:c)
tsrts  PNr—sr—s
for all x € X. For convenience, set
2rx —2sx T —T
w(m)':SD(T2—82’T2—82)+¢(T+87T+8)+¢(T—S,T—S)
for all x € X. It follows from (8) that
1
27 P(r) < o0 (14)

for all 2 € X. Replacing = by 2Fz in (13) and dividing both sides of (13) by 2F+1,
we get

1 k+1 k
e+ - gesAa], < ot
for all x € X and all k € N. Therefore we have
1
ok+1 olt+1, !
| p@ 1) - gremn) Zlef 5/,
) (15)
1 1
<52 b
l=m
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for all z € X and all integers k¥ > m > 0. It follows from (14) and (15) that the

sequence {f(gi:z)} is a Cauchy sequence in Y for all z € X, and thus converges by
the completeness of Y. So we can define the mapping L : X — Y by

1io) = i T

for all z € X. Letting m = 0 in (15) and taking the limit as k — oo in (15), we
obtain the desired inequality (10). It follows from the definition of L, (7) and (9)
that

. 1
ID1 L, y)lly = lim oDy (22, 25)

1
< lim — (2%, 2%y) = 0
< lim opp(2¥z, 2%)
for all z,y € X. Therefore the mapping L : X — Y satisfies the equation (1) and
L(0) = 0. Hence by Corollary 2, L is a additive mapping.

To prove the uniqueness of L, let L' : X — Y be another additive mapping
satisfying (10). Therefore it follows from (10) and (14) that

L)~ K@)y = Jim || 72) - D'(2ha)

ko0 2k
L L
<5 fm gr 2 ()
L i Y(2lz) =0
— 11m _— =
2 k—oo ! .
=k
for all z € X. So L(x) = L'(z) for all x € X. It completes the proof. O

Theorem 5. Let f : X — Y be a mapping satisfying f(0) = 0 for which there exists
a function ¢ : X% — [0, 00) satisfying (7), (8) and

[1Duf (2, y) || < (2, y)

for all z,y € X and all u € U(A). Then there exists a unique A-linear mapping
L: X =Y satisfying (10) for all x € X.

Proof. By Theorem 4 (letting u = 1), there exists a unique additive mapping L :
X — Y satisfying (10) and

1) = g 10
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for all x € X. By the assumption, we have
1 k.. ok
1PuL (@, y)lly = Jim oz|[Duf (2", 2%y
1

< lim —p(2%z, 2%y) =

< lim ope(2%z,2%) =0
for all z,y € X and all u € U(A). Since L(0) = 0, by Proposition 1 the additive
mapping L : X — Y is A-linear. O

Corollary 6. Let d,¢,p and q be non-negative real numbers such that 0 < p,q < 1.
Assume that a mapping f: X — Y with f(0) =0 satisfies the inequality

1D f (2 )lly <8+ (2l + yl%)
(1Duf @, 9)lly < 0+ (il + Iyl%)

for all z,y € X (and all w € U(A)). Then there exists a unique additive (A-linear)
mapping L : X — Y such that

2r|P +|r 4 s|P + |r — sP
@— )2 — 57

2|89 4 |r + s+ |r — s

2= 202 = 2

1/ (2) = L(@)[ly <35+ elll

! q
ellxll

for all x € X.

Proof. Define ¢(z,y) := 6+e(||z|/% +|ly||%), and apply Theorem 4 (Theorem 5). [

Remark 7. Let f: X — Y be a mapping with f(0) = 0 for which there exists a
function ® : X2 — [0, 00) satisfying

lim 270 (2, 1) =0, (17)
6($)::§:2k{@( 2rx —2sx )—|—<I>( T T )
— 2k (r2 — s2)7 2F(r2 — 52) 2F(r 4 s)” 2k(r + ) (18)

X —X

Qk(r—s)’Zk(r—s))} < 00

IDLf (@, y)| < @w,y) (IIDuf @)l < 2(a.p))

for all z,y € X (and all @ € U(A)). By a similar method to the proof of Theorem
4, one can show that there exists a unique additive (A-linear) mapping L : X — Y
satisfying

+

17~ L)) < 53()
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for all x € X.
For the case ®(z,y) := &(||z||” + ||y||?) (where &,p and ¢ are non-negative real
numbers with p, ¢ > 1), there exists a unique additive (A-linear) mapping L : X — Y
satisfying
20rfP + Ir -+ sfP -+ |7 = sf?
(2 —2)lr2 — 7]
2|s|?7+ |r + s+ |r — s
(27— 2)lr2 — 57

1/ () = L(z)lly <

ellxl
‘o (19)
ell=ll

for all x € X.

Corollary 8. Lete,p and ¢ > 0 be non-negative real numbers such that A := p+q #
1 and |r| # |r|}. Assume that a mapping f : X — Y with f(0) = 0 satisfies the
nequality

D1 f (2 9)lly < ell=lillyll%

(1Dus )l < ellally + wl%)

for all x,y € X (and alluw € U(A)). Then f is additive (A-linear).
3. HOMOMORPHISMS BETWEEN C*-ALGEBRAS

Homomorphisms between C*-algebrasThroughout this section, assume that A
is a unital C*-algebra with norm ||.||4 and B is a C*-algebra with norm ||.||p. We
recall that throughout this paper r,s € R with r 4+ s,7 — s # 0.

We investigate C*-algebra homomorphisms between C*-algebras.

Theorem 9. Let f : A — B be a mapping satisfying f(0) = 0 for which there exists
a function ¢ : X% — [0,00) satisfying (7), (8) and

1D ()l < e(2,y), (20)
1£(25u") = F (") |5 < (25w, 2%0), (21)
1 (2*uz) — f(25u) f(2)|l5 < p(2"uz, 2" uz) (22)

forallz,y € A, allu € U(A), all up € S* and all k € N. Then there exists a unique
C*-algebra homomorphism H : A — B satisfying (10) for all x € X. Moreover
H(z)[H(y) — f(y)] = 0 for all z,y € A.

Proof. By the same reasoning as in the proof of Theorem 5, there exists a unique
C-linear mapping H : A — B satisfying (10). The mapping H : A — B is defined
by
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for all x € A. Hence it follows from (7), (21) and (22) that
|H (u”) = H(u)"||p = lim *Ilf(Qk ) = f2Ma) B

. 1
< lim 274,0(2 Fu, 2ku) =0,

k—o0

1H (uz) — H(u)f(z)||p = lim 2ka( fuz) — £(2°u) f(2) |15

1
< lim 2kcp(2 Fuz, 2Puz) = 0

k—o0

for all x € A and all u € U(A). So H(u*) = H(u)* and H(ux) = H(u)f(x) for
all z € A and all u € U(A). Since H is C-linear and each x € A is a finite linear
combination of unitary elements (see [13]), i.e., x = > ;-  Ayuk, where A\, € C and
ug € U(A) for all 1 < k < n, we have

= H() M) = ZEH(uZ) = MH(u
k=1

=1 k=1

Z)\kH uk = Z/\kuk = H(z)",

= ZAkH u) f(y) = H( D ewe) f(y) = H(x) f(y)
=1 k=1

for all x,y € A. Since H is C-linear, we have

1 1
H(zy) = lim o H(2"wy) = lim o H(x)f(2"y) = H(2)H(y)
oo 2k k—oo 2F
for all x,y € A. Therefore the mapping H : A — B is a C*-algebra homomorphism
and H(z)[H(y) — f(y)] =0 for all z,y € A. O

Corollary 10. Let §,e,p and q be non-negative real numbers such that 0 < p,q < 1.
Assume that a mapping f : X — Y with f(0) = 0 satisfies the inequality

1Duf (2 y)lly <6 +e(llzl + lyll%)
1F(2*u*) — f(2Fu)*|lp < 6 + (2" + 2%),
1 (2Puz) — f(2%u) f(2) ][5 < 6 + (2|2l + 2 2]|%)
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forallz,y € A, allu € U(A), all p € S* and all k € N. Then there exists a unique
C*-algebra homomorphism H : A — B satisfying (16) for all x € X. Moreover

H(z)[H(y) — f(y)] =0
for all x,y € A.

Remark 11. Let f: X — Y be a mapping with f(0) = 0 for which there exists a
function ® : X2 — [0, 00) satisfying (17), (18) and

||DMf(xay)“B < @(.’L‘,y),

1)~ P < (e ).
ur ux

Hf(;%) - f(%)f(x)HB < (55 57)

for all z,y € A, all u € U(A), all p € S! and all k¥ € N. By a similar method
to the proof of Theorem 9, one can show that there exists a unique C*-algebra
homomorphism H : A — B satisfying (10) and H(z)[H(y) — f(y)] = 0 for all
z,y € A.

For the case ®(z,y) := &(||z||” + ||y||?) (where &,p and ¢ are non-negative real
numbers with p, ¢ > 1), there exists a unique C*-algebra homomorphism H : A — B
satisfying (19) and H(x)[H (y) — f(y)] =0 for all z,y € A.

Applying Corollary 8, Theorem 9 and Remark 11, we get the following results.

Theorem 12. Lete,p and g > 0 be non-negative real numbers such that A := p+q <
1 and |r| # |r|*. Let f: A — B be a mapping satisfying f(0) = 0 for which there
exists a function ¢ : X? — [0,00) satisfying (7) and
IDpf (. 9)lly < ellzll Iyl
£ 28u*) = F(2*u)||B < (2"u, 2%u),
12 uz) = f(2"u) f(@)||B < (2 uz, 2" ux)

for all z,y € A, allu € U(A), all p € S* and all k € N. Then f is a C*-algebra
homomorphism.

Theorem 13. Lete,p and g > 0 be non-negative real numbers such that \ := p+q >
1 and |r| # |r|*. Let f: A — B be a mapping satisfying f(0) = 0 for which there
exists a function ® : X? — [0,00) satisfying (17) and
1Duf (@, y)lly < ellzli Ayl
u* U\ % U u
17 (5%) = F(Z) s < @55 50)

1) = FG) F @) < ®(p 57)
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for all z,y € A, allu € U(A), all p € S* and all k € N. Then f is a C*-algebra
homomorphism.

Corollary 14. Let €,p and ¢ > 0 be non-negative real numbers such that \ :=
p+q#1 and|r| #|r|>. Assume that a mapping f : X — Y with f(0) = 0 satisfies
the inequality

IDuf (@, y)lly < ellzlilylls
1F (250" = f(2Fu)*|[p < €2,
17 (25 uz) — f(2Ru) f ()| 5 < €225

for all z,y € A, alluw € U(A), all p € S* and all k € Z. Then f is a C*-algebra
homomorphism.
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