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ABSTRACT. In this paper by using the notion of fuzzy topological group we
introduced the notion of a-level topological groups and extend the results of [2] to
the corresponding theorems in a-level topological groups. We stated and proved
some theorems which determine the properties of this notion.
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1. INTRODUCTION

In 1965, Zadeh introduced the notion of fuzzy sets and fuzzy set operation [9].
Subsequently, Chang [1], applied basic concepts of general topology to fuzzy sets
and introduced fuzzy topology. Also studied the theory of fuzzy topological spaces.
In [4], Foster introduced the notion of fuzzy topological groups.

In this paper by using the notion of fuzzy topological group we introduced the
notion of a-level topological group and we characterize some basic properties of a-
level topological groups and proved that if A, is a subgroup of a-level topological
group G and cl(Ay) X cl(Aq) C cl(Aq x Ag), then cl(Ay) is a subgroup of G and
if A, is a normal subgroup of a-level topological group G and cl(ﬁa) X cl(ﬁa) -
cl(Aq x Ag), then cl(A,) is a normal subgroup of G.

2. PRELIMINARIES NOTES

In this paper, we used some notations in order to simplify our work. As G is a
group with multiplication and e is identity element.

We consider the set of all fuzzy subset of X is denoted by FP(X). A fuzzy set
k. is called constant if for all ¢ € [0,1], the membership function of it, is defined
M (z) =c, forallz € X.
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Given A € FP(X) and a € I (where I = [0,1]), the a-level set of fuzzy set A is
the subset of X which is defined by

ﬁa:{x6X|MA(x)>a}.
We recall the Lowen’s definitions of a fuzzy topological space.

Definition 2.1. [8] A fuzzy topology is a family T of fuzzy sets in X, which satisfies
the following conditions:

1- k, €T, for all c € [0,1],

2- IfA BET thenAﬂBeT

3- IfA €T, for alli € A, then UlGAA eT.

The pair (X, T) is a fuzzy topological space (FTS). Every member off is called
a T-open fuzzy set in (X, T) (or simply open fuzzy set) and complement of an open
fuzzy set is called a closed fuzzy set.

Definition 2.2. [7] The topological space (X, la(f)) s called a-level space of X,
where [o(T) = {Aa | A€ T} C 2X . The a-level topology of fuzzy topological space
(X,T), where a € [0,1], is a topology on X.

Example 2.3. Suppose that (G,.) is a group where G = {—1,1}. Let T =

{0, A, B, ANB, AUB, G}, where A = {(1,0.4), (—1,0.6)} and B = {(1,0.6), ,(=1,0.5)}.
Since A, = {z € X | M+ () > a}, we get that Aos = {-1}, Bys = {1}, (AUB)g5 =

G and (AN B)gs =0 from above definition we have lo5(T) = {0, {—1},{1},G} is
0.5-level space.

Definition 2.4. [3] A fuzzy topology T on a group G is said to be fuzzy topological
group if the mappings: L N
9:(GxG,TxT)— (G,T)

g(z,y) = xy

and

g:(G,T)— (G,T)
h(z)=az!

are fuzzy continuous.

Definition 2.5. [6] A subset B of a group G is called symmetric if B = B~!.
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3. a-LEVEL ToPOLOGICAL GROUPS

Definition 3.1. Let (G, T) be a fuzzy topological group. (G,1o(T)) is called a-level
topological group if the mapping

g: (G x G, 1o(T) x 1o(T)) — (G, 14(T))

g(z,y) = xy

and

9: (G, 1a(T)) = (G.1a(T))

are continuous.
Example 3.2. In Example 2.3, (G, 10.5(f)) is 0.5-level topological group.
We state some equivalent condition for definition of a-level topological group

Theorem 3.3. Let G be a group having a-level topology T. Then (G,14(T)) is
a-level topological group if and only if the mapping

12 (G % G lo(T) X Ia(T)) — (G, 1a(T))

Uz, y) =2y

1s a-level continuous.

Proof. Let I(x,y) = xy~'. Then continuity of [ follows from the continuity of f
and g. The converse follows from the fact that z = ze™! and zy = z(y~1) L.

Theorem 3.4. Let G be a group having a-level topology T. Then (G, la(f’)) is
a-level topological group if and only if

1- For every z,y € G and each open set Wa containing xy, there exist open sets
17& containing x and f/a containing y such that l}af/a - Wa

2- For every x € G and each open set 1704 contains 3:_1, there exists an open set
ﬁa contains x such that ﬁ;l - f/a.

Proof. Obvious.

Theorem 3.5. Let (G, la(f)) be an a-level topological group and a,b € G. Then
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1- The translation maps
ro : (G 1a(T)) — (G, 1a(T))

rqe(T) = za
and N N
la : (G, 1a(T)) = (G, 1a(T))
lo(z) = ax

2- The inversion map

3- The map

are homeomorphisms.
Proof. Obvious.

Corollary 3.6. Let (G, la(f)) be an a-level topological group, Aa,Bs C G and
g € G. Then

1. If A, is an open set, then /Nlag, g;la, g;lag* and /I;l are open sets.

2. If Ay, is a closed set, then Aag, gﬁa, ggoég_1 and /T;l are closed sets.

3. If Aa is an open set, then Zlaéa and éaﬁa are open set.

4. If ﬁa 18 a closed set and Ea s a finite set, then Aaéa and Eaﬁa are closed
set.

1

Proof. (1, 2) Since rg, l,, f and ¢ are homeomorphism, then each of them is
a-open and a-closed mapping.

(3, 4) AyBy = U{Aab | b e Ea} is a union of open sets and hence Ay B, is an
open set similarly for BoA,.

Definition 3.7. An a-level topological group (G, 1o(T)) is called an a-homogeneous
if for any a,b € G, there exists an a-level homeomorphism

f:G—-@G
f(a) =,

10
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Theorem 3.8. An «-level topological group is an a-homogeneous space.

Proof. Let (G,1o(T)) be an a-level topological group and z;,zy € G take a =
x7 2o, then f(x) = ro(x) = xa = za] 'zy implies f(x1) = 2o.

Theorem 3.9. A non trivial a-level topological group has no fized point properties.

Proof. Let (G,1o(T )) be an a-level topological group and a € G with a # e. Now
the map r, : G — G is an a-level continuous. In contrary, suppose that rq(z) = z,
for some x € G. Then xa = x we can conclude that a = e, which is a contradiction,
then r, has no fixed point, hence G has no fixed point properties

Theorem 3.10. Every open subgroup of a-level topological group is a closed set.

Proof. Let (G,1o(T )) be an a-level topological group and H be an open sub-
group of G. Then G — H, = U{gH, | g & H,} = N{ry(z) | g & H,}, which is an
open set, therefore H,, is a closed set.

Theorem 3.11. Every closed subgroup of finite index of an a-level topological group
18 an open Set.

Proof. If H, is a closed set of finite index, then its complement is the union of
finite number of coset, each of them is closed set, hence H, is an open set.

Theorem 3.12. Every subgroup of an a-level topological group is a-level topological
group.

Proof. Let H, be a subgroup of an a-level topological group (G, (T )) It is
clear that H, is also group, (Hy, lo(T) ﬁa) is relative a-level space. It is enough to
show that N _ N ~

a: (Hy x Ha,la(T)~a X la(T)~a) — (Hay 1o(T) =

defined by a(z,y) = zy and

h (Ha,lo(T) g

define by h(y) = y~! are a-level continuous.

11
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Let Wfla be any open set containing xy. Then Wﬁa = f[a N Wa, for some
W € la (~l Then zy € Wa, since G is an a-level topological group, there exist

open sets Uy and V, of x and y respectively such that UsVo C Wo, then the
intersection U ~ = H,NU, and V~ = H, NV, are open sets containing x and y

respectively in the space H,. N N . o N
Note that U~ V~ (H N, )Y(Ho NUy) € W, as well as Uz Vi C Hy so
that U~ V~ CH ﬂWa—W
Slmllarly we can prove that

h: (Haula(T)ﬁa) - (Havla(T)ﬁa)
defined by h(y) = y~! is continuous. Therefore (~a,la(f)}~] ) is an a-level
topological group.

Theorem 3.13. Let (G, la(T)) be an a-level topological group, A and B, are
subset of G. Then N
1- cl(aAya™t) = = acl(Aa)a” L where a € G,

2-If cl(Aq)xcl(Ba) C cl(AaxBa), then cl(Aq)el(Ba) C cl(AaBa) and cl(Aq)cl(B

cl(AaBS ).

Proof. 1) From Corollary 3.6, we know that acl(A Ya—! is a closed set, since

cl(aAqa~1) is the smallest closed set containing adqa™?, then cl(aAqa™t) C acl(Aq)a

Consider f : (G,1a(T)) — (G,14(T)) which is deﬁned by f(z) = axa™!, then
f is a-level homeomorphism, implies f(cl(Ay)) C cl(f(Aq)), thus cl(aAqa™t) =
acl(Ag)a™t.

2) Since the map g : (G x G, lo(T) x 1o(T)) — — (G, (T I)) which is defined by
9(x,y) = zy —Lis a-level continuous. By hypothesis cl(Ay) x cl(By) C cl(Aq x By),
then f(cl(Aa),cl(Ba)) € f(cl(A X B ). Since f is a-level continuous, fel(Ay x
Ba)) € cl(f(Aq, Ba)), thus cl(Aq)el(Ba) ™ C cl(AaB3Y),

d(B;Y) = ﬁ{F | F 1s closed and B! C Fo}

—ﬂ{F| 1sclosedandF CB}: I(B,)~ 1.

We get that cl(B,') = cl(Ba) ™', hence cl(Aq)cl(Ba) ™ C cl(AyBy)™! . Simi-

larly, we have cl(Aq )cl(Ba) C cl(Aq B o))

O{

Theorem 3.14.

1- If Hy is a subgroup of an a-level topological group (G, la(f)) and cl(f[a) X
cl(H,) C cl(H x Hy)), then cl(Hy,) is a subgroup.

2- If Hy is a normal subgroup of an a-level topological group (G,lo(T )) and
cl(Hy) x cl(Hy) C cl(Hy x Hy)), then cl(Hy) is a normal subgroup.

12
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Proof.
(1) Since H, is subgroup, then I;Ialjla C ﬁa, thus cl(ﬁaf[a) C cl(ﬁa). By
Theorem 3.13, cl(Hy)cl(Hy) C cl(HyHy)), we get that

cl(Ha)el(Hq) C cl(Ha)) (1)

since Hy, is a subgroup Hy = H; ' and hence cl(H,) = cl(H;'), also we get that
cl(Hy') = cl(Ha)™ (2)

from (1) and (2) we get that cl(Hy) is a subgroup of G

(2) Let H, bea normal subgroup of G. Then zHyz™ = H,, therefore c(zHyx™t) =
cl(Hy), hence zcl(Hy )z~ = cl(Hy,), for every x € G. We get that cl(H,) is a normal
subgroup of G.

Lemma 3.15. Let (G, la(f)) and (H, la(f)) be two a-level topological groups and
[ a homomorphism of G into H. Then
1- For any subsets A, and B, of H,

cl(fH(Aa))el(fH(Ba)) € el(f 7 (AaBa))-
2- For any subsets A, and B, of G,
cl(f(Aa))el(f(Ba)) € el(f(AaBa))-
3- For any symmetric subset A, of G, cl(f(Aa)) is symmetric in H and hence
cA(f(AZN) = (cl(f(Aa)) ™"
4- For any symmetric subset Ay of H, cl(f(AZ"Y)) is symmetric in G and hence
cA(f(AZH) = (cl(f(AM)) ™

Proof. Obvious.

Theorem 3.16. Let (G,l%(f)l be an a-level topological group and A, be compact
subset of G. Then AL', aAy, Aaa and aAya™! are also compact.

Proof. Obvious.

Remark 3.17. It is clear every a-level topological group is topological group.
We can obtain from a-level topological space fuzzy topological space, in [7] Lowen,
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shows that if (X,T) is a topological space, then (X,w(7)) is a fuzzy topological
space where w(T) = {A| A: X — [0, 1] is lower semi-continues }.
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