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ABSTRACT. In this work, a new generalised derivative operator yy"\ is in-
troduced. This operator generalised many well-known operators studied earlier by
many authors. Using the technique of differential subordination, we shall study
some of the properties of differential subordination. In addition we investigate sev-
eral interesting properties of the new generalised derivative operator.
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1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form
o
f(z) =z + Zak 2*, ap, is complex number (1)
k=2

which are analytic in the open unit disc U = {z € C: |z] < 1} on the complex
plane C. Let S, S*(a), C() (0 < a < 1) denote the subclasses of A consisting of
functions that are univalent, starlike of order o and convex of order « in U, respec-
tively. In particular, the classes S*(0) = S*and C(0) = C are the familiar classes
of starlike and convex functions in U, respectively. And a function f € C(«) if

Re(1+ Z}C,”) > a. Furthermore a function f analytic in U is said to be convex if it is
univalent and f(U) is convex. Suppose H(U) be the class of holomorphic function
in unit disc U = {z € C: |z| < 1}.
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Let
An={f€eHU): f(z) =2+ an2" T + ..., (z€U)},

with A4; = A.

Forae Candn e N={1,2,3,... .} we let

Hla,n] = {f e HU) : f(2) = 2+ an2" + an 12" +...., (2€U)}.

o0 o0
Let be given two functions f(z) = 2z + Y arz" and g(2) = 2 + Y bp2® analytic
k

k=2 =2
in the open unit disc U = {z € C: |z|] < 1}. Then the Hadamard product (or
convolution) f * g of two functions f, g is defined by

f(z)xg(z) = (f*xg)(2) =2+ Zakbkzk .
k=2

Next, we state basic ideas on subordination. If f and g are analytic in U, then the
function f is said to be subordinate to g, and can be written as

f=g and f(2) <g(2), (2€U),

if and only if there exists the Schwarz function w, analytic in U, with w(0) =
0 and |w(z)] <1 such that f(z) = g(w(z)), (z€U).

Furthermore if g is univalent in U, then f < g if and only if f(0) = ¢(0) and f(U) C
9(U), [see [10], p.36].

Let ¢ : C> x U — C and let h be univalent in U. If p is analytic in U and
satisfies the (second-order) differential subordination

Y(p(2), 20 (2), 2% (2):2) < h(2), (2 €U). (2)

Then p is called a solution of the differential subordination.

The univalent function ¢ is called a dominant of the solutions of the differential
subordination, or more simply a dominant, if p < ¢ for all p satisfying (2). A domi-
nant ¢ that satisfies § < ¢ for all dominants ¢ of (2) is said to be the best dominant
of (2). (Note that the best dominant is unique up to a rotation of U).
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Now, (x); denotes the Pochhammer symbol (or the shifted factorial) defined by

(@) = 1 for k=0, z € C\{0},
FTl 2+ D)@ +2).(x+k—1) for ke N={1,2,3,..}and z € C.

In order to derive our new generalised derivative operator, we define the analytic
function

o0

(14 Ai( m—l
Pinalz) =2+ Z 1++ ;2 ))))m # ®)
=2

where m € Ng = {0,1,2,....} and Ay > A\; > 0. Now, we introduce the new gener-
alised derivative operator ,ut\L’:r;\Q as the following;:

Definition 1. For f € A the operator ,ugf’:f\ is defined by lem ‘A— A

N, F(2) = ¢\, (2) * RMf(2), (2 €U), (4)

where n,m € Ng = NU {0}, A\a > A\ > Oand R"f(z) denotes the Ruscheweyh
derivative operator [12], and given by

o0

R"f(z Z (n,k)apz®, (neNg,zel),

(n+1)y_4

where c(n, k) = o

If f is given by (1), then we easily find from the equality (4) that
o

'u>\17/\2 =2t 232 1+ )\2 ))m C(nﬂk)akz ’ (z € U)?

where n,m € Ng = {0,1,2...}, A2 > Ay > 0 and ¢(n, k) = <n+’f—1> = ("(Jlr)l%

Spemal Cases of thls operator includes the Ruscheweyh derivative operator in the
cases ,u/\ 0 = /LO 0 =y )\2 = R" [12], the Salagean derlvatlve operator ,ul’ mtl = gn
[13], the generalised Ruscheweyh derivative operator u/\ o0 =Ry [2], the generalised
Salagean derivative operator introduced by Al-Oboudi ,uo m+1 = S” [1], and the
generalised Al-Shagsi and Darus derivative operator un m+1 = D” [3]. Now, let
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we remind the well known Carlson-Shaffer operator L(a,c) [4] associated with the
incomplete beta function ¢(a, ¢; z), defined by

L(a,e¢) : A— A,
L(a,0)f(2) = ¢(a,c;2) x f(2), (2 €U),

where

o (a)
k=1 _k
ola,c;z) =z + z",
( ) kZZQ (€)k—1
a is any real number and ¢ ¢ z;; 2, ={0,—1,-2,...}.

It is easily seen that

1NN F(2) = MR (2) = WS F(2) = Lia,a) f(2) = f(2),
w0 f(2) = e f(2) = g f(2) = L2, ) f(2) = 2f'(2),

and also
a—1,1 a—1,0 a—1m
'U’)\1,0 f(Z) = 'U’O,)\z f(Z) - IU’D,O f(Z) = L(a7 1)f(22)7

where a = 1,2,3, ... .

For n,m € Ny = {0,1,2...} ;and Ao > A1 > 0, we need the following equality to
prove our results.

!/
BT () = (1= A) [I, F(2) % 0k (9] + Mz [17, 7 (2)  h, ()] - )
Where (z € U) and QS%\L x, (?) analytic function and from (3) given by

ok

oo
1 —
¢)\17)\2(z) =z+ kZQ 1 + )\Q(k _ 1)
Next, we give another definition as follows:

Definition 2. For n,m € Ng, Ao > A\ > 0 and 0 < a < 1, we let R;’ﬁq(a)
denote the class of functions f € A which satisfy the condition

Re (ug;trf\zf(z))/ >a, (z€U). (6)

Also let K;ll’nz\z (6) denote the class of functions f € A which satisfy the condition
/
Re (13/5,/(2) + 64, 0,(2)) >, (2 €U,
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It is clear that the classes Rg’io(a) = R(\1, a) the class of function f € A satisfying
Re(Mzf"(2) + f'(2)) > a, (2€U).
Studied by Ponnusamy [11] and others.

In the present paper, we shall use the method of differential subordination to derive
certain properties of generalisation derivative operator /‘;’17,7}\2 f(2). Not that differ-
ential subordination has been studied by various authors, and here we recognised
this work done by Oros [8] and Oros and Oros [9)].

2. MAIN RESULTS

In proving our main results, we need the following Lemmas.

Lemma 1 ([5],p.71]). Let h be analytic, univalent, convex in U, with h(0) = a,
v#0 and Re v > 0. If p € H[a,n] and

p(2) + Zp;(z) < h(z), (z€U),
then
p(z) <q(z) < h(z), (2€U),
where

q(z) = —L /h(t)t(l)—ldt, (z € U).

nzn
0
The function q is convex and is the best (a,n)-dominant.
Lemma 2 ([6]). Let g be a convex function in U and let
h(z) = g(2) + nazg (),

where a > 0 and n is a positive integer.

If

L (zeU),

p(z) = g(0) + pn2" + Ppi12
18 holomorphic in U and

p(2) +azp/(2) < h(z), (2€U),
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then
p(z) < g(2)
and this result is sharp.
Lemma 3 ([7]). Let f € A,
if
z2f"(2) 1
Re (1 ——
(1+55) >
then

2 /f(t)dt, (€U and 2 #0),

z
0
belongs to the convex functions.
Now we begin with the first result as the following:

Theorem 1. Let
1+ 2a-1)z
1+ 2

be convex in U, with h(0)=1 and 0 < o < 1. If n,m € No, Ao > A1 > 0, and the
differential subordination.

h(z) = , (z€U),

Wy < hz),  (zeU), (7)
then
(13 £ () 0 (2)) < a2) = 20— 1+ 2111;“)0(;1).
Where o is given by
z tl‘—l
o(z) = / L, (=€ U). (8)
0

The function q is convexr and is the best dominant.
Proof. By differentiating (5), with respect to z, we obtain
n,m-+1 ! o n,m 1 ! n,m 1 "
Fxihs f(z) - 'u>\1,>\2f(z) * ¢)\1,>\2 <z) + A1z lu)\l,)\gf(z) * ¢)\1,)\2 (z) . (9)
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Using (9) in (7), differential subordination (7) becomes

"

szg\zf(z) * qﬁq,)\z (Z)}, + Az [“g\bfixzf(z) * (25%\1,)\2 (2)

A
>
—~
N
~—
—~
—_
(=)
~—

Let

p) = [ ) = ()] = TESEE

= 1+p12+p2z + oy (p e H[1,1], z€ U).

m—1 !
z+ Z (L+ Ak~ 1)) (n, k‘)akzk] (11)

Using (11) in (10), the differential subordination becomes:

1+ 2a—-1)z

P() + Mz () < h(z) =

By using Lemma 1, we have

e <) = —— (o)

AL
Alz 0

_ 1 Z<1+(2a1)t> ()1

1
A1ZA1

0

2(1 — 1
= 20[—1—4—(71()[)0(
)\12XT Al

Where o is given by (8), so we get

! 20—a) 1
B3 F() 2 0k 0, ()] < a(2) = 20 =1+ 220 ().
)\12 X1 1
The functions ¢ is convex and is the best dominant. The proof is complete. [

Theorem 2. Ifn,m € Ny, Ao > A1 >0 and 0 < a < 1, then we have
+1
R, () € KT (9),

where o(1 )
( <_(1)U(47)5

=201+ "%
S VA
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and o given by (8).
Proof. Let f € R;;’ff\jl(a), then from (6) we have
Re(uy ™ f(2)) > a, (2 €U).

Which is equivalent to

1+ (2a—-1)z
n,m+1 / .
(N,\I,Az f(2)) < h(z) = BT
Using Theorem 1, we have
n,m / 2(1 — «Q 1
ApzM A1

Since ¢ is convex and ¢(U) is symmetric with respect to the real axis, we deduce

Re [1457, £(2) * 8k, (2)] > Rea(l) = 5=3(a,\)
21—a) 1

= 2a-1 =
Q + N O‘()\l

).
For which we deduce R;lﬂgl () C K ;1"/1\2 (6). This completes the proof of Theorem 2.

Remark 1. Special case of Theorem 2 with A2 = 0 was given earlier in [3].

Theorem 3. Let q be a convex function in U, with q(0) =1 and let
hz) = q(z) + Miz¢'(2), (z€U).
Ifn,m € Ng, Ao > A1 >0, f € A and satisfies the differential subordination
(s F(2) < h(z), (2 €D), (12)
then
[, 1) % 84, 0a(2)] < ale), (2 ),
and this result is sharp.
Proof. Using (11) in (9), differential subordination (12) becomes

p(2) + Mzp'(2) < h(z) = q(2) + Mizq'(2), (2 €T).
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Using Lemma 2, we obtain
p(z) <q(2), (z€U).
Hence
/
[ F () 8k, 02| < a(2), (ze D).

And the result is sharp. This completes the proof of the theorem. [
We give a simple application for Theorem 3.

Example 1. Forn =0, m =1, A2 > A > 0, ¢q(2) =
and applying Theorem 3, we have

142 14+2\  1+4+2\z—22
+’A12 ( ) = ! 2
1-=2 (1—2)

feAdand z € U

1—-27

h(z) =

1—=z2

After that we find

o
0,1 1 ag k
,u)\’)\f(z)*gb)\,)\(z):z—l—z 2~
1,22 1,A2 —~ (14 Xa2(k—1))

Now,

! S kay _
(1B d @) ok 0(2) = 1+ Z (1+ o (k ))QZk L

2
1
z
And similarly we find
B > 1+ M(k—1))ag k
ot @) =4 S T
then
0,2 r k(L4 Mk —1D))ag 4y
(120.5) = kz e
= fl(z) = [%1’”(2)] .
z
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From Theorem 3 we deduce

f/(Z) % [¢?\l’z2 (Z)] < 1+ 2)\1Z - Z2

(1-2)?%
implies

(¢}\1,A2 * dﬁl,xg) (2) 142

f'(z) > R

(z€U).

Theorem 4. Let q be a convex function in U, with q¢(0) =1 and let

h(z) = a(z) +2q'(2), (2€U).

If n,m € Ng, Ao > A\ >0, f € A and satisfies the differential subordination

(13, f(2))" = h(2), (13)
then
Mn,m f(z)
T Lg(z),  (zeU).
And the result is sharp.
Proof. Let
MTL,’H’L f(Z)
p(z) = % (14)
by k m—1
z+ Z %c(n, /{:)akzk
= Z ,
= 1+plz—|-p2z2—|—..., (pe H[1,1], z€ U).

Differentiating (14), with respect to z, we obtain

(1, 72)) = p() + 28 (), (2 € D). (15)
Using (15), (13), becomes

p(2) +2p'(2) < h(2) = q(2) + 2¢/(2),
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using Lemma 2, we deduce

p(z) <4q(2), (2€U),

and using (14), we have

nm
M)\l,AQf<2) -
z

This proves Theorem 4. [
We give a simple application for Theorem 4.

Example 2. Forn = 0,m =1, A\ > A1 >0, ¢(2) = 1%2, feAand z € U
and applying Theorem 4, we have

After that we find

0,1 - ag k
P f(2) = 2+ — 2
12 2 T+ Aok — 1)

= f(2) % o3, 0, (2).

Now

0,1 ro_ > L S
(Bxaf(2) = 1+é(1+/\2(1€—1))z 7

. ¢§\17,\2 (2)

. /
= a2
From Theorem 4 we deduce
1
fizy e el 1
-

implies
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Theorem 5. Let

1+2a—1)z

) =

(ze€U).

Be convez in U, with h(0) =1 and 0 < a < 1. Ifn,m € Ng, Ay >\ >0, fe A
and the differential subordination

(L35, (2)) = h(2), (16)
then

Vo f(z 2(1 — a)In(1
u/\l’/\;f( ) < q(z)=2a—-1+ ( a)zn( +Z).

The function q is convex and is the best dominant.

Proof. Let
Ky, f (2)
pe) = Panld (1)
X (142 (k—1))™ ! k
z+ I;::Z %c(n, k)ayz
= 14+pz+p®+.., (p e HIL, 1], z € U).

Differentiating (17), with respect to z, we obtain

/
(.0 ()) = p(2) +20(2), (2 € D). (18)
Using (18), the differential subordination (16) becomes

p(e) +2p() < ha) = T DE ey

276



M. H. Al-Abbadi, M. Darus - Differential subordination for new generalised...

From Lemma 1, we deduce

p(z) < q(z) = / h(t) dt,
_ 1/<1+ (20— 1)t )dt’
z 1+t
_ 200 — 1 —dt
/1+tdt+(a )/1+t ’
0 0

2(1 —a)In(1 + z).

ISE

= 2a—1+
z
Using (17), we have
Moo (2 2(1 —a)In(1
M/\I’A;f( ) < q(z) =2a—1+ ( a)zn( + Z)

The proof is complete. [
From Theorem 5, we deduce the following Corollary:

Corollary. If f € R;L’:f\z (o), then

Re (W) >2a—-1)4+2(1—a)ln2, (ze€U).

z

Proof. Since f € Ry, (), from Definition 2

Re <u§1"f\2f(z)>/ >a, (zeU),

which is equivalent to

1+ (2a—-1)z
n,m / _
(M,\1 of (2)) < h(z) = T ir.
Using Theorem 5, we have
n,m z 1 1
7M/\1’/\2f( ) <q(z)=Q2a—-1)+2(1 - a)in( ;_ Z).
z
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Since ¢ is convex and ¢(U) is symmetric with respect to the real axis, we deduce

Re </&%M> >Req(l)=2a—-1)+2(1-a)ln2, (ze€U).

Theorem 6. Let h € H(U), with h(0) =1, k'(0) # 0 which satisfy the inequality

Re <1 + zg;i?) > —%, (z € ).

Ifn,m € Ng, Ao > A\ >0, f € A and satisfies the differential subordination

!/
(12,0 () < h2), (2 eD), (19)
then .
M (2) 1 /
~—— ~a(z) = [ h(t)dt.
0
Proof. Let
", f(2)
pla) = =5 (20)
z+ Z %c(n k)akzk
— Z ,
= l4+pz+p+...,  (peH[1], z€U).

Differentiating (20), with respect to z, we have

/
(ﬁ’&f@) =p(2)+2p'(2), (2€U). (21)
Using (21), the differential subordination (19) becomes
p(2) + 20/ (2) < h(z), (z€U).

From Lemma 1, we deduce
1 z
pe) < a(z) =~ [ by,
0
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with (20), we obtain

P G) oy 1 / h(t)dt.

z z

From Lemma 3, we have that the function ¢ is convex, and from Lemma 1, ¢ is the
best dominant for subordination (19). This completes the proof of Theorem 6. [

3. CONCLUSION

We remark that several subclasses of analytic univalent functions can be derived
using the operator u)" ~and studied their properties.
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