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ON CERTAIN SUBCLASSES OF ANALYTIC AND UNIVALENT
FUNCTIONS INVOLVING CONVOLUTION OPERATORS

A.T. OLADIPO

ABSTRACT. Let A(w) denote the class of functions of the form f(z) = (z —w) +
az(z —w)? + ... normalized by f(w) = 0 and f’(w) —1 = 0 and which are anal;ytic in
the unit disk £ = {z : [2| < 1}. We define operators L[, ,, : A(w) — A(w) using the
convolution * and we use this operators to define and study a refinement by way of
new generalization of some subclasses of analytic and univalent functions and prop-
erties such as inclusion, distortion, closure under certain integral transformations
and coefficient inequalities are obtained.
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1. INTRODUCTION

Recently, precisely in 1999 Kanas and Ronning [1] introduced the classes of
functions starlike and convex, which are normalized with f(w) = f’(w) — 1 =0 and
w is a fixed point in E. Later on, in 2005 Acu and Owa [2] further the study of the
functions of these classes by defining the classes of close-to-convex and a- convex
functions normalized the same way and they obtained some useful results concerning
these classes. This class of normalized analytic functions is denoted by A(w) and of
the form

f(z):(z—w)—i—Zak(z—w)k,zeEzz:|z|<1. (1)
k=2

Also, we let P(w) denote the class of functions of the form

po(2) =1+ 3 Byle—w) 2 € B e
k=1
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where

|B| < = d = |w|, k> 1(see[l,2,3])

2
(1+d)(1—ad)
which are also analytic in the unit disk E, and satisfy p,(w) = 1, Rep,(z) > 0 and
w is a fixed point in F.

We want to note here that A(0) = A and P(0) = P which are the well known
classes of analytic and Caratheodory functions respectively. Moreover, let P(w, ()
denote the subclass of P(w) which consist of the analytic functions of the form

pw,,@(z):ﬁ‘{'(l_ﬁ)pw(z)vaEp(w)’0§ﬂ< 1 (3)

We also note that a function f € A(w) belongs to the classS,, o(3) if (Zi))) €
P(w, 3) which is of w-bounded turning of order 3 if f’(z) € P(w,3) and this class of
w-bounded turning shall be denoted by R, () and it shall consist only of univalent
functions in the unit disk. At w = 0 various generalzation of them were in print see
[5,6,8,11,12,13].

It is our interest here in this work to use this concept of analytic functions of the
form (1) to obtain a refinement in terms of new generalizations for some existing
classes and define some new ones under certain family of integral transforms. Now

let

G2 = (2 w) £ > bz — )t ()
k=2

We define the convolution (or Hadamard product) of f and g defined in (1) and (4)
respectively written as

(f*9)(2) = (z —w) + > axbp(z —w)* (5)
k=2
Let 7 be a fixed number and n € N, we define
zZ—w
Cw,T,n(Z) = (1 _ (Z — w))T—(n—l)’T - (n - 1) >0
and Co:,}r,n such that
zZ—w

(Gorn*CG2n) &) = G =y

which is the refinement analogue of the one defined in [7]. For n = 0 we simply write
Cu,r and ! respectively.
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Furthermore, let f € A(w), we define the operator D], : A(w) — A(w)byDL f(z) =
(Cw,r * f) (2), and here the operator D], is the w-modified of Ruscheweyh opera-
tors used in [7,14,16] and 7 — w modified integral operator is defined as follows
I¥ . A(w) — A(w) is given by

If(z) = (Gh+ ) (2):

These two operators, that is, D] and I will be used to define some classes.
We want to remark here that at w = 0 we have the earlier two operators reduce to
D and IV respectively and which are equivalent to D™ and I, and these have been
severally used by various authors to define different subclasses of analytic functions
(see[4,5,6,11,12,14]).

The author here wish to give the following definitions:

Definition 1.1 Let f € A(w) as defined in (1), we define the operators L[, ,, :
Alw) — A(w) as
LDf(2) = (Com* Cohn % 1) (),

Definition 1.2 Let f € A(w), we define the operator L], ,, : A(w) — A(w) as

LLnf(2) = (Co # Gorn % F) (2).

The above definitions are the refinement analogue by extending the ones given
by Babalola in [7]. We also note that L[, ,f(2) = Lgvof(z) = f(2), L}, f(2) =
(z —w)f'(2), and also L7, f(z) = DLf(z) and LY, f(z) = I¢ f(2), and similarly
lL,of((z)) oo f(2) = F(2), B, 1(2) = (=) (2, B f(2) = T2 (=) and 12, (=) =
D! f(z).

Remark 1.1 Let f € A(w), then

L0 (10,0f(2) = 00 (L0 f(2)) = £(2).

For the case 7 = n we shall write L, , f(2) = D] f(z) and l, », f(2) = I¥ f(2) instead
of Ly} ,f(z) and I}, f(2) respectively.

Definition 1.3 Let f € A(w), and let T be any real number satisfying T — (n —
1) >0 forn e N. Then for 0 < 3 <1 a function f € A(w) is said to be in the class
B[, ,.(8) if and only if

R6M>ﬂ,Z€E (6)
Z— W
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and w is a fized point in E. For T = n we write B, »(B) instead of B}, ,,(3). We also
note the following equivalence classes. B, 0(83) = Su.0(8), Bw1(8) = Ru(8), Boo(3) =
S0,0(8) = So(B) and Bo,1(B) = Ro(B) = R(B).

Here we want to refine by extension through (1)and (2) the classes defined by
Goel and Sohi [12] and Babalola [7].

Definition 1.4 Let f € A(w) and denote by M, »(8) the classes of functions
satisfying

DL (2)

z— W

R >p,2€ F (7)

and w is a fixed point in E. At w = 0 these classes coincide with classes of functions
defined by Goel [12] and Babalola [7]

From (6) and Remark 1.1, functions in the classes B[, (/) can be represented in
terms of functions in P(w, 8) as f(z) =], [(z — w)pup(2)].
We shall investigate this class of functions in the last section of this work.

2. TWO-PARAMETER INTEGRAL ITERATION OF THE CLASS P(w)
Oladipo, A.T. Two-parameter integral iteration of the class P(w) We shall start

this section with the following definitions

Definition 2.1 Let p, € P(w) and a > 0 be real, the nth iterated integral
transform of p,(z),z € E and w a fized point in E is defined as

pw,n(z) = (L /Z(t - w)ailpw,n—l(t)dtyn >1 (8)

z—w)* Jy

with pyo(2) = pw(2).Thus transformation, which is denoted by P, (w) arose from
our thinking of extending (by refinement) the classes T () consisting of functions
defined by the geometric condition

D)

aze

R > (3,

where a > 0 is real, 0 < B < 1 and D" (n € N) is the Salagean derivative operator
defined as Df(z) = f(2) and D" f(z) = 2(D" "1 f(2))’ see [{,5,6,7,11].

By extension we mean the classes T,%(w, 3) consisting of functions defined by the
goemetric conditions

Dif(z)*

Re——wl\*)
ea”(z —w)®

> B,
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where o and (3 are as earlier defined and D]} in this case is the w-modified Salageaan
derivative operator defined as D f(z) = f(z) and D"f(z) = (z — w)(D" 1 f(2))".
For n > 1 the classes T\ (w, 3) consisting of univalent functions in the unit disk.

Through the help of the next Lemma, relationship between the classes P, (w)
and T%(w, 8) shall be established.

Lemma A. Let f € A(w), and o, 3, D} be as defined earlier. Then the following
are equivalent

(0)f € T (w, )

DL
(m‘)% € P(w)

f(z)* -8
(iii)i(z_lw)_a 5 € Palw)

Definition 2.2.  Let p, € P(w). Let 7 be any fized real number such that
T—(n—1) >0 forn € N. We define the w, T —nth integral iteration of p,,(2),z € F,
and w a fized point in E as

pw,‘r,n(z) = W [j(t - w)Tinpw,T,n—l(t)dt)n >1 (9)

with pyro(2) = pw(2).

Since py,r0(2) € P(w), then the transform p,, r (%) is analytic and py, rpn(w) =1
and py, rn(z) # 0 for z € E and w is a fixed point in E. Let us denote the family of
iterations above by P (w). With p,(z) given by (2) we find that

oo
Porn(2) =14 Y By (2 = w)* (10)
k=1

where

- T(r—n)..(1—(n—1)) B,k >1

Bk = R = Do(r 4 F= (n=1))

The By multipliers can be written factorially as

T(r—1)..(7r—(n—1)) T+ k—n)
ARt h—Dorth—@m=1)  r+mir—np =1
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where (7), represents Pochammer symbol defined by

L(r+n) 1 ifn=0
=T =) 1+ )lr+(n—1) ifn>1

Throughout this work the fraction % the multiplier of By shall be

denoted by (7)z. thus we have

. (==
B = oo, =0

By, (11)

n
k

where

2
Bl<—-——Fk>1
| ’“’—(1+d)(1—d)k’k—

with (7)o = 1.
i _ 14z

By pu,ro0(2) = Luo(z) = 1= we easily see that the w, 7 — nth integral iteration
of the Mobius function is

Ly n(z) = T(Tinl)l/ (t—w)  "Lyrp-1(t)dt,n > 1 (12)
(Z - w) ( ) w

The L, rn(z) will play a central role in the family P (w) similar to the role of the
Mobius function Lg(z) in the family P. Now from (11) and the fact that |By| <
2 k > 1 we have a refinement analouge by extension of Caratheodory

(1+d)(1—d)k >’
Lemma, that is, we have the following inequality

2
S0+ —dF

-
’Bn,k

[T]%,kZI (13)

with equality if and only if p,, 7 (2) = Lu 7n(2) given by (12).
From Definition 2.1 and 2.2 we note the following P{ (w) = Pi(w) and Py (0) =
P1(0) = P;. We shall use the following results without proof to characterize Py (w)

Theorem 2.1 Let~y # 1 be a nonnegative real number, then for any fived T and
each n > 1

Re pw,r,n—l(z) > = Repw,f,n(z) >7,0<y <1, (14)
and
Repu,rn-1(2) > v = Repyrn(z) <v,v>1 (15)

Corollary 2.1 p[,,, C P(w),n>1
Theorem 2.2 p[, .., C Pj(w),n>1
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Theorem 2.3 Let p, rn € P (w). Then

(Z) ’pw77—,n| S 1 +2kz m(r+d)k7k 2 1, |Z| =T, \w| =d
=1

(i1). Repu,rmn > 142 r+d)F E>1

(1+ d)(f— d)* (=
k=1

The results are sharp.

Corollary 2.2 p, , € P](w) if and only if p, rn(2) < Ly rn(2).

Remark 2.3 If we choose n = 0 in the above Corollary we see that p, € P(w)
if and only if p,(2) < Ly(z). Also if we choose n = 0 and w = 0 in the same
Corollary we see that pg € P(0) = p € P if and only if p(z) < L(z) which is well
known.

Remark 2.4 For z € F and w a fixed point in F, the following are equivalent

111).Dw.rn € Py (w)
10).Pw,rn(2) < Ly rn(2)

(
(
(i
(

Theorem 2.4 P! (w) is a conver set.

Proof. Let py rnsGwrn € P7(w). Then for nonnegative real number o and o9
with o1 + 09 = 1, we have

T—(n—-1) z

m (t— w)T_n(O-lpw,T,nfl + U2Qw,r,n71)(t)dt(16)

O1Pw,rn T 02quw rn =

since 1Py 70 + 02¢wr0 = 01Pw(2) + 02qw(2) € P(w) for py,q, € P(w), then the
result follows immediately.

3.CHARACTERIZATION OF THE CLASS B[ ,(5)
In this section we discuss the main interest which includes inclusion, closure

under certain integral transformation and coefficient inequalities. But before then
we first proof the following lemma similar to Lemma A.
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Lemma B Let f € A(w) and o, B, D' are as earlier defined. Then the following
are equivalent:

(2).f € B n(B)
L:,nf(z) _ ﬂ

(i1).—=2 " ¢ P(w)

Proof:  That (i) < (it) is clear from Definition 2.2. Now (ii) is true if and only
if there exists p,, € P(w) such that

Lionf(2) = (z=w)[B+ (1 = Ppu(2)] = (= - Z By(z —w)**t (17)

On the application of the operator [],,, on (17), we have (17) if and only if

f(z) = (2 - Z By (2 — w)*! (18)

if and only if
f(z)
1 -8

—1+ZBnkz—w (19)

The right hand side of (19) is a function in P (w) and this proves the Lemma.

Theorem 3.1 The following inclusion holds true for a fixed T satisfying T —
(n—1)>0:

B na(B) € Bl one N (20)
where 0 < B <1 and w is a fized point in E.
f(z)
Proof:  Let f € B, ,,,1(8), then by Lemma B Z]iﬁﬁ € P7, (w). By Theorem

f(z) _18

2.3,

€ P;(w). That is again by Lemma B f € B, ,(8).

Theorem 3.2 The class B[, |(3) consists of univalent functions in E.

f(Z)
Proof.  Let f € B[, ;(8). Then by Lemma B, B € P/ (w). Since 7 is just

any fixed integer satisfying 7— (n—1) > 0, we have 7 > O for n = 1, and by Remark
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f(=) _ﬁ

2, it follows that *3%5— € Pf(w). Thus by Lemma A, it implies that a function f(2)
belongs to the class T} (w, 8) = T1*(w, #) which consists only of univalent functions

in F.

Corollary 3.1 Forn > 1,B[,(8) consists only of univalent functions in E.
Theorem 3.3 Let f(z) € B}, ,,(8). Then we have sharp inequalities

20=8) 1, p>o

<
= g a2

Equality is attained for

> 7] =
f(Z) = (Z*Q))+2(175)k§2 (1+d)(1_d)k71

(2 —w)* (21)

Proof. The results follows from (19) and inequality (13).
Theorem 3.4 The B[, (3) is closed under the Bernard integral type [10].

Ay(z) = <L /Z(t — W) ()t e 1> 0 (22)

Gowr
Proof.  From (22) we have

Fw(z) f(t)
=5 — B z —y — P
(z—w) _ p _ -1 [ (t—w)
13 Wz—w)ﬂ/w(t < ( 1= )dt %)

where p = ¢+ 1. Since f € B[, (0), taking p = c+1 =7 —n we write (23) as

Fo(z) _ 3

(z—w) _ T—n N _ N(F=n)-1
= oo [ =) (24)

which implies

£
1-3 € Pri(w)
Thus by Theorem 2.2 we have
Fw(z) _ ﬁ
(z—w) T
15 € P (w)
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Hence F|, € B[, ,(8).
Theorem 3.5 Let f € B[, ,(8). Then

Proof. If we take

rrdyr2-pS e (25)
rra) el ];2(1+d)(1—d)’f—1r+ =
NS ()20 =82 d[)(]l_ G+
f(z)
z—w_’B
pw,r,n(z):ﬁ

in Theorem 2.3 the result follows. Upper bound equality will be attained for the
function given in (21) while the equality in the lower bound is realized for the

function

o (~DF

)= (=) +20 =03 Frpr— gtz )"

k=2

and this complete the proof.

Theorem 3.6 B[, ,(8) is a convex family of analytic and univalent functions.

Proof. Let f,g € B[, (8). Then by Lemma B there exists py rn,qurn € Py (w)

such that

and

f(Z) = (Z - w)[/ﬁ + (1 - ﬁ)pw,r,n(z)]

g(z) = (z - w)[ﬁ + (1 - ﬁ)%.},‘r,n(z)]

Therefore for any nonnegative real number o1 and o9 with o1 + 02 = 1, we have

hy(z)

o1f(2) + o29(2)

(z —w)or[B+ (1 = B)puw,rn(2)] + (2 — w)o2[B + (1 — B)qu,rn(2)]
(z —w)[(o1 +02)B + (1 = B)(01Pw,rn(2) + 02Gu,rn(2))]

(z —w)[B+ (1 = B)(01Pw,rn + 02Gw,7.n)]-

applying Theorem 2.4 and the proof is complete.
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