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1. INTRODUCTION

Let b € BMO(R™), and T be the Calderén-Zygmund operator. The commutator
[b, T| generated by b and T is defined by

[0, T1f(x) = b(x)T f(x) = T(bf) ().

A classical result of Coifman, Rochberg and Weiss (see [3]) proved that the commu-
tator [b, T is bounded on LP(R") (1 < p < 0o). However, it was observed that the
[b, T is not bounded, in general, from HP(R™) to LP(R™). But if HP(R") is replaced
by a suitable atomic space HB].D (R™) and H K;g’(R”), then [b, T] maps continuously
HP(R") into LP(R™) and HK:g’(R") into K. In addition we easily known that
Hg(R”) C HP(R™), an;;p(R”) C HK$'P(R™). The main purpose of this paper is to
consider the continuityvof the multilinear commutators related to the Littlewood-
Paley operators and BMO(R™) functions on certain Hardy and Herz-Hardy spaces.
Let us first introduce some definitions (see [1][4-16][18][19]).

Given a positive integer m and 1 < j < m, we denote by C7" the family of all
finite subsets o = {o(1),--,0(j)} of {1,---,m} of j different elements. For o € C}",

set 0¢ = {1,---,m}\ 0. For b = (by,- - by) and o = {o(1),---,0(j)} € i, set
bo = (bo(1), " b (5))s bo = bo(1)*bo(s) and [|bs || B0 = ||bs(1) || BMO -+ [|bo () || BAMO-
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Definition 1. Let b; (i =1,---,m) be a locally integrable function and 0 < p <
1. A bounded measurable function a on R™ is said a (p, 5) atom, if

(1) suppa C B = B(xo,T)

(2) llallz= < |BI-/

(3)  Jpa)dy = [pa(y) [lie, biy)dy =0 for any o € C* , 1< j<m .

A temperate distribution f is said to belong to ng(R”), if, in the Schwartz dis-
tribution sense, it can be written as

flz) =D Njay(x).
j=1

-,

where ajs are (p,b) atoms, A € C and 3372, |A\]P < oo. Moreover, ||f\|H§ ~

(521 )P,

Definition 2.Let 0 < p,q < 0o, a € R. Fork € Z, set By = {x € R" : |z| < 2F}
and Cy, = By \ Bp—1. Denote by xj the characteristic function of Cy and xo the
characteristic function of By.

(1) The homogeneous Herz space is defined by

Kg?(R") = {f € L, (R"\{0}) : Ifl| gz < o0},

where

o0

1/p
Nl georr = [ > Qko‘pl\fXBkHqu] -

k=—00

(2) The nonhomogeneous Herz space is defined by

KgP(R") = {f € LL(R") « || fl|xow < o0},

loc

where

o] 1/p
HfHKg"p = lz 2kap”ka‘”I[),q + ||fXBo|’gq] .
k=1

Definition 3.Let a € R", 1 < ¢ < oo, a > n(l — %), b; € BMO(R"), 1<i<

m. A function a(x) is called a central («,q,b) -atom (or a central (e, q,b)-atom of
restrict type ), if

(1) suppa € B = B(xg,r)(or for somer > 1),

(2) llallza < |B|7/"

(3) [gpa(z)zPdz = [5a(z)2’ [[;e, bi(z)dz =0 for any o € C,1<j<m.

A temperate distribution f is said to belong to HKZ;-;(R”)(OT HKZ;;p(R”)), if it
can be written as f =352 Ajaj (or f=3720A;a;), in the S'(R") sense, where
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a; is a central (o, q, 5) atom(or a central (c, q,g) atom of restrict type ) supported
on B(0,27) and Y% |Mj|P < oo(or 352 |\j| < o00). Moreover,

1z ger Cor lfllgcer) = nf (D A 7)17,
" ’ j
where the infimum are taken over all the decompositions of f as above.

Definition 4.Suppose b; (7 =1,---,m) are the fized locally integrable functions
on R". Let Fy(x,y) be the function defined on R™ x R" x [0,400). Set

= [ Fe)rdy
Rn

0=/ H V) E(e,9)f ()dy

and

for every bounded and compactly supported function f. Let H be the Banach space
H = {h : ||h|| < oo} such that, for each fized x € R", Si(f)(x) and SP(f)(z) may
be viewed as the mappings from [0,+o00) to H. The multilinear commutator related

to St is defined by . )
T3 (f)(@) = [1S7(H) (@)1,

where Fy satisfies: for fited e > 0 and 0 < 0 < n,

| Fy(z,y)|| < Cla—y|~"°
and
|Fi(z,y) — Fy(x,2)|| + || Fi(y, ) — Fu(z,2)|| < Cly — 2| |z — 2[ "7
if 2y — 2 < |z — 2|. We also define Ty(f)() = [|1S:(/)()]]

2. THEOREMS AND PROOFS

Lemma.(see [18]) Let 1 <r < oo, bj € BMO(R") for j=1,---,k and k € N.
Then, we have

,Q‘/ H ;%) — (b))aldy < cH Il zas0
and

1/r i

Jj=1
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Theorem 1.Let b € BMO(R"), 1 < i < m, b = (bi,-++,bm), 0 < § < n,
n/(n+e—68) < ¢ <1,1/q=1/p—3/n. Suppose that T? is the multilinear commutator
as in Definition 4 such that T is bounded from L*(R™) to L"(R™) for any1 < s <n/§
and 1/r =1/s — &§/n. Then T¢ is bounded from H§(Rn) to LY(R™).

Proof. 1t suffices to show that there exist a constant C' > 0, such that for every
(p, l;) atom a,

1T§(a)||za < C.
Let a be a (p, l;) atom supported on a ball B = B(xg,l). We write
| m@wrde= [ (T @)+ [T} (@) )| dx = T+ 11
Rn lx—xzo|<21 |x—xzo|>21

For I, taking r,s > 1 with ¢ < s <n/d and 1/r = 1/s — d/n, by Holder’s inequality
and the (L%, L")- boundedness of T?, we see that

B a/r
(/ Tf(a)(ﬂf)Vdﬂ?) - |B(ao, 20)' "
|z—z0|<21

CIIT3 (a)(@)l|gs - [Blao, 2| ~0/"
Cllal(3. 1B
C|B|~9/pta/sti=a/r

C.

~
AN

VAN VAN VAN VAN

For I1, denoting A = (A1, -+, A\p) with A\; = (b;)p, 1 < i < m, where (b;)p =
| B%‘TO’ | f B(o,) Vi bi(z)dz, by Holder’s inequality and the vanishing moment of a, we
ge

— q
1 - Z e T@ @

- q
< C ok+1 p|l—q / b d
- kg\ I A 0101
< C) |2MiB|te
k=1
m q
X [ /QkHB\QkB I /BjHl(bj(x) = bi(y)) Filz, y)a(y)dylldx]
< Cy 2Bt

k=1
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X [ /WIB\M /B 1Ft(@,y) = Ft<x,0>||j1211 () (@) = b (w)lla(y)|dyda | ;

noting that y € B, z € 2" B\2*B, then

thus

17

IN

IN

IN

IN

<

<

[, 11FCa) = Fe, 001l TT10(@) = by @)l la()ldy
j=1
<cf H| IIE )~ Fi(z,0)llla(y)ldy

< C/BjE[l|<bj<x>bj<y>>\m'§Lé|a< Dy,

oS
C Z |2k+lB’17q
k=1

[eS)
C Z |2k+lB|1—q

k=1

AN S [ RN~ alde [ [F) - eyl ldy

j=0ocCm 2k+1B\2k B

¢33 (160 - VoluFlaty >|dy)q

Jj= anCm

[ (/ [L ) = bl >ldy) dx]

q
. Z ’2k+1B‘1iq [/2k+1B\2kB ’m‘i(nﬁksié)‘(b(x) - )\)O'dx‘|

k=1

m oo
CZ Z HEC,CHQBMO . HgUHqBMO Z ’2k+lB‘1—Q(n+5—5)/nkq’B‘(l+£/n—1/p)q
j=0o0eCm™ k=1

oS a0 > ke 9—kng(l+e/n—5/n—1/q)
k=1

ClIol B ar0-

This finish the proof of Theorem 1.
Theorem 2.Let 0 < p< o0, 0<d<n, 1 <q,q <o, 1/q1—1/q2 =/n,
nl—1/q1)+6 <a<n(l—1/q1)+ec+06 and b € BMO(R"),1 <i<m, b=
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(b,

,bm). Suppose that Tag s the multilinear commutator as in Definition 4 such

that T is bounded from L*(R™) to L"(R"™) for any1 < s<mn/d and 1/r =1/s—4d/n.
Then T} is bounded from HKQ’%(R") to K(‘;;’p(R”).

Proof. Let f € HK wp (R”) and f(z) = Y52 _ Ajaj(x) be the atomic decom-

Jj=—00

position for f as in Deﬁmtlon 3, we write

IN

IN

T3 () @)l o

[ o 11/p
C | Y 25PC Y ININTR () Xkl pee )P
| k=—00 Jj=—00 ]
[~ k-3 . 14/
C | > 25P0  ININTS () Xkl pez )P
| k=—00 j=—00 ]
o . 1/p
+C | D0 2P0 ININTR () Xkl pe2)P
k=—0oc0 j=k—2
I+ 11.

For IT, noting that suppa; C B(0,27), ||a;||ra < |B(0,27)|~%/", by the boundedness
of T? on (L% (R™), L%(R")) and the Holder’s inequality, we get

17

IN

IN

IA

IN

IN

| kF=—00

o0

| k=—00

[ i
[ © o NP alkmien/2)(50 2 o(k—d)ar'/2)p/p

o0

j=k—2

. 1/p
C| Y 2m !AjIHTé’(aj)XkHqu)p]

o pq1/p
ol 3 o [ T |/\j||aj”Lq1)]
2

j=k—

. p71/p
ol 3 2( |Aj|-2ﬂa)]
I j=k—2

pyIt2 o 2k=dep l/p
(AP :

0<p<l1

l<p<oo

sz—oo

/}1/10

. 1/p
c (Z P\j!p)

j=—o00

ClS M g geeor -
q1,b

132



R. Sheng, L. Liu-Boundedness for multilinear commutator of integral operator...

For I, when m=1, let C, = By\Bi_1, Xxx = Xy, b5 = |Bj|~ lfB i(x)de, 1 <i <
m,b = (bjl,- ,b;”). We have

10 ()@) < [ IFie9) ~ Fe,0)b) - bl (v)ldy

J

IN

[, sl - )2y

J

Cla|~(+==9) /B yIFla; () [b1 () — bYdy
3

IN

+C|m|7(n+€75)/3 [yI¥la; (y)]1b1(y) — bjldy

J

IN

C|x‘*("+€*5) (|bl(x) _ bjl|21(€+n(1*1/q1)* a) 4 9i(e+n(1-1/q1)— ||blHBMO)

Then
175" (a)xk ||,
) 1/q2
CQJ(EJrn(l—l/qﬂ—a)[(/ || 720 |y () — bjl-\’pdac>
By

5 1/q2
([ 1m0t 0ds) ool
By,

< C2i(etn(1=1/q1)=a) {2*]“(7””“5*5) . \Bk|1/q2|!bl\|BMo + 9~ k(n+e=d) . |Bk‘1/q2”b1|’BMO}

< C]|b1||BM02j(e+n(1—1/q1)—a) . 2—k(e+n(1_1/ql))7

IN

thus
o) k—3 p71/p
I =cC|> 2’“”(2 |Aj|||T§1<aj>xk||m)]
= k-3 p11/p
< Cllbillpmo | Y 2’“"1”( 3 |)\j|2j(5+"(1—1/th)—a)—k(€+n(1—1/q1))) ]
| k=—00 j=—00
YR 2Pt IAj|”2”U(€+"<1—1/q1>—a>—k<e+n<1—1/q1)ﬂ} P ooep<i
< Clbllsaod D00 2007 (SH22 o Ay p2litern(mt/an —a)=h(etn(L=1/a))lp/2
) 1/
(Z’f E 9li(etn(1-1/q1)—a)—k(e+n(1- l/ql))}p/2>p/p:| p, 1 <p<oo
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{Z?(i—oo NP 2p(j—k)(s+n(1—1/m)—a)} 1/p, O<p=sl

< Cllkllsmo = oo A5 ( © 143 20 R En(—1/a)—a)p/2

) , 1 1/p
x (52545 20 EHn1=1/ ) ey /2)7’/”} l<p<oo

. 1/p
< Clbillmo | D \/\j!p)

j=—o00

< Cllflggen -
q1,b

When m > 1, similar to the proof of Tfl (aj)(x), we have

i) < [ 1@ - 6@l o) -~ B 0)lllos(w)ldy

Jz 1
< Clal =) [ yFlas(y rH\b y)ldy
B
< ORI S (Fw) - ) / 9115 () 5e) ~ Doely
=0 geC™ Bj
< C|l" (n+e—9) Z Z | _b/ |235 92— Jje | 2jn1 1/q1) Hb HBMO
=0 0eC™
< Clz|” (nt+e=0) . 9i(e+n(1-1/q1)— Z Z ‘ _b/ |||gac||BMO;
1=0 oceC™
So
175 (@) xx || oz
q2 1/q2
< C2j(8+n(1 1/q)— Hbo°||BMO / |.%" (n+e— 5)2 Z |g _b/ dx
1=0ceC™
< C’|6’JCHBMOQj(ern(lfl/qﬂfa) . ka(n+575)+kn/q2HbUHBMo
< Ol|b||paro2/ -1/ a)—a)—k(e+n(1=1/q1))
and

k=—o00 j=—o00

. 53 ) p71/p
> 2kap( 3 MjIHTé’(aj)Xka) ]
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[ o k—3 p1l/p
< Clbllpao | Y 28 ( > |Ajy2U<€+n<1—1/q1>—a>—k<s+n<1—1/q1>>1) }
_k:foo Jj=—00
:Zioz_oo okap Zf;ioo |)\j |p2PU(E+n(1_1/Q1)—0¢)—k(a+n(1—1/q1))]} 1/”’ 0<p<l1
< CHI_)’HBMO _Zzoz_oo 9kap (Z?;EOO |)\j‘pQ[j(5+"(1—1/Q1)—a)—k(€+n(1—1/q1))]13/2)
/11
x (2h22 2[j<e+n<1—1/q1)—a)—k(e+n<1—1/q1>>]p'/2)”/ ”] /p, 1<p<oo
1
X NPT g 20 R el 1/q1>—a>p] ® 0<p<i
< CHEHBMO _ j_ioo‘)\’ (Zk j+32(] k)(e+n(1-1/q1)—a)p/2
X (Zzozj+3 9(i—k)(e+n(1-1/q1)—a)p’ /2)p/p] /p, l<p<oo
oo 1/p
< Clbllsmo | Y \)\j|p>

j=—00

< Clfllggeer.-
q1,b

Remark. Theorem 2 also hold for nonhomogeneous Herz-type spaces, we omit
the details.

4. APPLICATIONS

Now we give some applications of Theorems in this paper.

Application 1. Littlewood-Paley operator.

Fixed 0 < d < mand e > 0. Let ¢ be a fixed function which satisfies the following
properties:

(1) Jpn ¥(z)dz =0,

(2) |z )! < O+ faf)=0 1),

(3) [(z+y) = ¢(@)] < ClylF(1+|z) =T+ when 2Jy| < |a|.
The Littlewood-Paley multilinear operators are defined by

oDl = ([ wfumﬁf)m ,

where

= [ L10s(0) = sw)s(a =) )
and oy (x) =t (x/t) for t > 0. Set Fy(f)(y) = f * ¢(y). We also define

st = [T IR@@ED) ",
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which is the Littlewood-Paley operator(see [18]). Let H be the space

H= {h: I1h]| = (/OOO \h(t)|2dt/t>1/2 < oo},

then, for each fixed z € R", th(f)(m) and th(f)(x, y) may be viewed as the mappings
from [0, 4+00) to H, and it is clear that

abs(H@) = 1F (D@, gus(H)@) = IR @]

It is easily to see that gy s satisfies the conditions of Theorem 1 and 2 (see [5-9]),
thus Theorem 1 and 2 hold for 9527 5

Application 2. Marcinkiewicz operator.

Fixed 0 < d < nand 0 < v < 1. Let © be homogeneous of degree zero on
R™ with [gu—1 Q(2")do(2’) = 0. Assume that Q € Lip,(S™!). The Marcinkiewicz
multilinear operators are defined by

b s(f) (@) = ( | 1E @ 20“) "

B
where . o
Fpe = [ Tk - bj(y))mf(y)dy.
T—y Stj:l X
Set 0
e = [

We also define N 2
pos)@ = ([TIEN@PE)

#+3
which is the Marcinkiewicz operator(see [8][20]). Let H be the space

H= {h: I1A]| = (/OOO yh(t)\zdt/t?’)m < oo}.

Then, it is clear that

1b s (@) = IFY @) pos(H@) = IF) @),

It is easily to see that pq s satisfies the conditions of Theorem 1 and 2 (see [8][20]),
thus Theorem 1 and 2 hold for ,ulg’zv 5
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Application 3. Bochner-Riesz operator . R
Let 7 > (n—1)/2, B{(f)(€) = (1 = ?|¢]*)1 f(€) and B(2) = ¢~ "B"(2/t) for
t > 0. Set

(@) = [ 1L = b ) Bl @ — ) w)dy.
j=1
The maximal Bochner-Riesz multilinear commutator are defined by

By () = sup | B, ()]

We also define that

By+(f)(@) = sup B/ (f)(x)];

which is the maximal Bochner-Riesz operator(see [10]). Let H be the space H =
{h :||h|| = sup |h(t)| < oo}, then
t>0

BY.(H)@) = IBS(H@I, BIF) = 1B )]

It is easily to see that Bg* satisfies the conditions of Theorem 1 and 2 with § = 0(see
[9]), thus Theorem 1 and 2 hold for B} ..
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