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ABSTRACT. An extension of k-uniformly starlike and convex functions are in-
troduced by making use of an integral operator. Inclusion relations and coefficient
bounds for these classes are determined and consequently, some known results are
generalized.
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1. INTRODUCTION
Let H denote the class of functions of the form f(z) = 2+ Y o5 a, 2" which are

holomorphic (analytic) in the open unit disk & = {z: |z] < 1}. For a > 1,0 < 8 <
1,0< k< 1,0 >0, and for

I f(z) = 21“250) /0 (10*?2)0_1 FO)dt = = + ni (ni 1>0anz”, (1)

we define the following three classes of functions.

i) The class HP,(k, «, 3) consisting of functions f € H satisfying

(I7f(2) (I7f(2)
Re{zw}>kzw(z)—a‘+ﬁ, zeU. (2)

ii) The class K P, (k, a, 3) consisting of function f € H such that zf' € HP,(k, «, 3).
Therefore f € KP,(k,a, ) if and only if

2(17f(2))"
(L7 f(2))

Re{1+W}>k‘

I f(2)) —l—l—a‘—i—ﬂ, zeU. (3)
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iii) The class LP,(k, a, 3) consisting of functions f € H such that
)

17§ (= 1°f(2)
R{I"“f(z)} e

It is easy to show that a function f € H belongs to the respective classes H P, (k:, ﬁ)
KP(k,a, (), and LP(k, , 3) if and only if the respective integral functions = A7 (=)

1+ %, and I({i{i](f()z) belong to D where

12\ 2 2 2 A2
D—{u—i—iv:(u—ﬂl_();];) —1fk202>k(1(cik2ﬂ)g, u>0} (5)

—a‘—kﬁ, zeU. (4)

B+ak
1+k 0).

The above three classes include various new classes of analytic univalent func-
tions as well as many well-known classes that have been studied earlier. For ex-
ample, HPy(k,1,0) consists of k-uniformly starlike functions studied by Kanas and
Wiséniowska [2,3,4]. In particular, HPy(1,1,0) is the class of parabolic starlike func-
tions studied by Regnning [7]. The special case K Py(k,1,0) consists of k-uniformly
convex functions which also was studied in [2,3,4]. In particular, K Py(1,1,0) is
the class of uniformly convex functions studied in [7]. In this paper we study var-
ious inclusion relations for the above three classes H P, (k, o, 3), K Py(k,«, 3), and
LP;(k,c, 3). We then introduce some coefficient bounds for the functions in these
classes. First we give an inclusion relation for the class

is the hyperbolic domain in the right half plane with vertex at (

2.INCLUSION RELATIONS

To prove our main results, we shall need the following lemma which is due to
Eenigenburg, Miller, Mocanu, and Reade [1].
Lemma 2.1. Let 3,7 € C and h be an analytic function in U with h(0) =1 and

Re{Bh(z)+~} > 0. If p(z) = 1+ 302 pnz" is analytic in U, then p(z) + ﬂp(z()sz =<

h(z) implies p(z) < h(z), where the symbol < denotes the usual subordination.

Theorem 2.2. HP,(k,«,3) C HPy11(k,a,f3).

Proof. For f € H suppose that f € HP,(k,«,[3). Then the function f needs to
satisfy the required condition (2). For the operator I? acting on the function f we
note that

2(I7f(2)) = 217 f(2) = 177" f(2). (6)
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Letting p(z) = Z(ﬁ%}cég)l and differentiating with respect to z we obtain
() _ 2I7f(2)
p(z)+1  I7f(2)
o J I f(2)) : 2(I° f (=)’

Then, by Lemma 2.1, we obtain { o) }zeU C D since { = 102) }zeU Cc D,
for D is a convex domain. This completes the proof.

In the next two theorems we examine the inclusion relations between the classes
of functions defined by the conditions (2), (3), and (4).

Theorem 2.3. KP,(k,«a,(3) C HP,(k, o, 3).

p(z) +

Proof. Let f € KP,(k,«a,f3). For p(z) = AR, logarithmic differentiation

1o f(2)
yields p(z) + Zf:(g) =1+ % Now the theorem follows from Lemma 2.1 and
the fact that {1 + %}%U C D, for D is a convex domain.

Theorem 2.4. If 5 < 8 <1 then LP,(k,a,3) C HP,11(k,200 — 1,23 — 1).

Proof. Let f € LP,(k,«a,3). Then by applying the fact (6) in (3) we can write

1o [2(I7f(2)] | 1 L (2(I7f(2)") | 1
2Re{ ) }+2>k2< o) >+2—a + 8.
With a simple manipulation we obtain
(17 f(2)) (I f(2))
Re{ o f(z) }>k (2 —(2a—-1)|+28-1.

Therefore, according to the condition (2), f € HP,41(k,2c0 — 1,26 — 1).
3.COEFFICIENT BOUNDS

In this section we give coefficient bounds for function series expansion in the
classes HP,(k,a, 3), KP,(k,«, ) and LP,(k,«,3). For the Caratheodory class P
of functions p € P we define P(pg), k > 0, by p < pi in U, where the function py
maps the unit disk conformally onto the region Q; = {w € C: Re(w) > kjlw — 1|}
such that 1 € Q.

For 0 < k < 1, Q is a hyperbolic domain and the corresponding map has the

form,
1 o 14z k2
pr(z) = 1_14;2C05{A210g1_\/5}1_]{2 (7)
1 &[4 2 — 1
= R J n
1+1—1<;2§1L212 (j ><2n—j )]Z
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where A = 2cos™! k and the branch of \/z is chosen such that Ip,/z > 0.
The family P(py) and its extremal functions are studied in [3]. Note that the
function py in (7) has non-negative coefficients. According to (2), a function f is in

HP,(k,«a, ) if and only if %((j)))/ = p(z) is so that p(0) = 1, and p(d) C D for D a

convex domain. By using the properties of the hyperbolic domains for functions f €

Io‘ / k’ Io— ’ _ 1.2
HP,(k,a, ), we have Re{z(lc,j:((j))) } > al_:rkﬁ and ‘arg %l < tan™! 7V1kk
Now we are ready to state and prove the following lemma, which we shall need to
prove our results in this section.

Lemma 3.1. Leta>1,0< < 1l,a+8>2, and 0 < k < ;;_f Then the
function
B—ak?® a-p . 1+4(2)
= Ail —
QB =Tt A\ T A
is so that Q(0) =1, Q'(0) > 0, and QU) C D where

(VN+1)224( VN-1)2
P(z) = (VYN+1)2+(VN-1)22

z ; a=1

;a>1

and

L= B+ k(=1 + /[(1-)+ k-1 - (a-pH)?
N = - .

Proof. By making use of the properties of conformal mappings it is easy to see

that )
8 — ak a—pf L 1+4/z
p(z) = 12 +1—k:2 Ccos A“Ogl—\/E , z€eU

is analytic and univalent with p({{) C D and p(0) = a. Let p be the real number

such that p € U and p(u) = 1. So the function Q(z) = (poy)(z) where ¥(z) = %

is the Mobius transformation function which maps the open unit disk ¢ onto itself
and satisfies the conditions Q(0) = 1, Q’(0) > 0, and Q(U) C D. For finding the
value of p, since p(u) = 1, therefore we have

<1+\/ﬁ>_A+<1+\/E>A:2[1—6—1—162(04—1)]
1— i 1— i a3 '

After an easy computation, without loss of generality, we can write

<1+\/ﬁ)‘4: 1- B+ k-1 +V[(I=B) +Fa—DP - (a5
1— /1 a—pf

= N.
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2
Itiseasytoseethatifa>1then0<N<1soM:(;@1) . Also if & =1 then

N =1 and so p = 0. Therefore we have

(VN+D)?2(YN-D? .
P(2) = ¢ (VN+1)24+(VYN-1)2z
z s a=1.
—B)Ai . . Z 201_
So for &« = 1 we have Q'(z) = % sin {Az log ig} and Q'(0) = W >

0.
For a > 1, after an easy computation, we have

Al — B)(1 — N?)(1 4+ V/N?)

. > 0.
N(1— k2)(1 — ¥/N?)

Q'(0) =

This completes the proof.
Theorem 3.2. Let f € HP,(k,1,8) and (}%(()” =143 t,2" then

i |tn]? < (11_52)2 [3+ cos(2A7r) * cos(jw/2)} '

n=1

Proof. According to Lemma 3.1, the function which maps U conformally onto
the region D is given by

8-k 1-8

Q) =T—pmti 5

1
cos {Ailog + \/E} i

11—z

Obviously we have

AFE)  1-8 a1 e
W-l%l_w lCOS{AUOgl_\/g}_ll—nZ:ITnZ,ZEM.

Now by the well known results of Littlewood [6, p. 35] and Lang [5, p.200] we obtain

S P <SP = L [ o) - 1] ds
27 Jo
n n=1

=1

- 2
(1 _ 5)2 /271' 14+ Vet
= h (Alog———— | —1| do
27r(1 —k2)2 Jo cos 8 1 — /e

2

i (cot Q)A + (—i)?(tan Z)A — 1| do

7 (1 _ 5)2 2
- 2m(1 — k?)2 /0 4
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_ 2 27
< 27531 _ﬂk);z)Q / {(cot %)A + (tan Z)A +1

31— 4 oo g4 o gA
_s0-gp s0-py VO Rty 1+x2dw]
( )2 4(1 ) _re2Ami [ (Ami _ 3Ami e Ami (AT i _ €A37”i

T (1 k2)2 * 7(1 — k2)2 | sin(24n) i ~ sin(An) 2i
(1-8)\? 2 4
N (1 — k2> {3 + cos(Am) + COS(A’/T/Q):| '

Theorem 3.3. Let 0 < k < min{1, X - 1} and f € H. If

2
do

o0

2 ag
kE+1Dln—ao| +a— —_— an 1-8—-k(laa—1 8
St Dn—al+a=0)( )l <1-g-ka-1 ®
then f € HP,(k,a, 3).

Proof. According to the condition (2), it is sufficient to show that

The left hand side in the inequality in (9) can be written as
o / (2 /
IS | (ALY )
17f(2) 17f(2)

<te+n 2 o

a1+, —al (52) lan|
- £ )

On the other hand, by (8), we have

k -

<(k+1)

a—1+52,n—al (%) WJ<a_ﬁ
1-302 (52) lan

Therefore the required condition (9) follows and so the proof is complete.
Similar coefficient bounds can be obtained for the classes K P,(k,«, ) and

LP,(k,«, 3) by replacing AL f((z))) = 14302 ty2"™ with 1 + (( f(( )))), =1+

(k+1)
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© tp2™ and %(z) =1+ >°°, t,2" respectively. For the sake of simplicity,
n=1 Ict1lf(z) n=1

we omit the trivial details.
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