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ABSTRACT.Econometric theory concerns the study and development of
tools and methods for applied econometric applications. The ordinary least
squares (OLS) estimator is the most basic estimation procedure in econo-
metrics.

In this paper we will present the ordinary linear regression model and
discussed how to estimate linear regression models by using the method
of least squares. Also, we present some properties of the optimal estimators
(OLS estimators) in the case of the linear regression model as well as some
measures of the amount of information associated to these estimators.
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1. THE CLASSICAL LINEAR REGRESSION MODEL

The most elementary type of regression model is the multiple linear
regression model, which can be expressed by the following equation

Y, = Bo+ Bira + Boig + oo + BrTuk + u, t = 1,m (1.1)

where subscript ¢ is used to index the observation of a sample and n represents
the sample size. The relation (1.1) links the observations on a dependent
and the explanatory (independent) variables for each observation in terms of
(k+1) unknown parameters, 3, 31,52, ..., B , and an unobserved error
term, u;.In the context of econometrics, equation (1.1) is usually thought of
as a model of economic behaviors. The variable Y; typically represents the
response of economic agents to a collection of ”stimulus” variables x;.
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Remark 1.1.If we wish to make sense of the regression model (1.1), then,
we must make some assumptions about the properties of the error term ;.
Precisely what those assumptions are will vary from case to case. In all cases,
thought, it is assumed that wu; is a random variable.

Before to present the assumptions that comprise the classical linear model,
we introduce the vector and matrix notation. Thus, the matrix form for the
classical linear regression model (then when 3y = 0) is represented by

Y =Xf3+u, (1.2)
where

Y=[Y1Y; ... Y,]", dim Y =n x 1; Y— the vector of observations on

(1.3)
the explained variable;
X1 T Tiz ... Tk
x| X2 | o | T T2 wm [ Xy, Xo, oy X ], (14)
Xp | Low v o o

dim X =n x k; X— the matrix of observations on the explanatory variables
which is assumed to be ”fixed” or deterministic;
X;I' = [.’L’il,]}ig, ...,.Z'Z'k], dim X;I' =1x k), 1= T

n;
Xj = [.I‘lj,l'gj, ...,l‘nj]T, dim Xj =n X 1, j = 17]{7, (16)

and the column vectors 4 and u have the forms

6= [ G Ba . Bk }T,dz’m [ = k x 1; B—the vector of parameters

(1.7)
to be estimated;
u= [ Up Uy ..o Uy }T =Y — X3,dim u=n x 1;u— the vector of errors.
(1.8)

When a regression model is written in the form (1.2), then the separate
columns of the matrix X are called regressors, and the column vector Y is
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called the regressand. Also, we observe that the element z;; € X represents
the t™* observation on the j* regressor, j = 1,k, t = 1,n. The (nx 1) —vector
Y and (n x k) — matriz X are sometimes called the data vector and the
data matrix.

Remark 1.2. The classical linear regression model with nonstochas-
tic regressor variables is characterized by the following assumptions
(denoted by Ayj,7 =1,7):

((Ay) E(w;)=0,i=1,n, that is, E(u) =0;
Var(u) = E(u?) = 02,i = 1, n, that is,Var(u) = E(uu’) =
Ayo) = 0?1, where : 1, is an n X n identity matriz, Var(u) is
the variance — covariance matriz of disturbances (errors);
Errors u;,i = 1,n — are random variables independently
Aj3) and identically distributed, that is, u; ~ IID(0,0%), i =1,n;
or u ~I1D(0,0%L,);
A The regressors X; and the errors u; are independently,
14) that is, cov(X;,u;) = 0,i — fived, i = 1,n; Vj,j = 1,k;
The X matriz is nonsingular and its columns vector X,
Ay = 1,k are linearly independent, that is,
rank (XTX) = rank X =k = (XTX)™' — exists.
The errors are nonautocorrelated, that is, E(u;us) =0,
i,s=1,n; i#s,
Obtionally, we will sometimes assume that the errors
A7) are normally, independently, and identically distributed,

Ajg)

L that is, u; ~ [IN(0,02), i =1,n or u~IIN(0,0%1,).
(1.9)
Remark 1.3. Using the assumption Aj;), it follows that
E(Y)=Xp= X1+ 32Xz + ..+ X} (1.10)
and the statistics
Y = E(Y)= X3= 3X1 + 3Xs + .45, Xp, (1.11)

represents an absolute correct estimator for the expected value E(Y),
where we denoted by

52[5182 -.-BkrydimB:kX1 (1.12)



I. Mihoc, C.I. Fatu - Some measures of amount of information for the ...

the best estimator for the column vector of parameters [3.
2. THE METHOD OF LEAST SQUARES

The method of least squares is the standard technique for extracting an
estimator of (3 from a sample (data) of n observations. According to the
principle of the least-squares method, the problem to determine the best
vector estimator (3, for the unknown vector parameter (3, is the same with
the problem to minimize the criterion function S(5) = S(f, ..., 0k),
where

n

S(8) = SSR(9) = _[Yi = BV = > _ul, (2.1)

=1

and

U? =[Y; — E(Yi>]2 =[Y; = (Bixia + Bazio + ... + 5k$ik)]2, i=1,n (22

represents the squares deviations (errors).

The ordinary least squares (or OLS) estimator, for this linear re-
gression model, is defined as the value that minimizes the sum of the
squared errors, that is,

3 = argmin S(5). (2.2a)
B

Because the criterion function (2.1) can be rewritten as

S(B) = (Y =XB)"(Y - Xp) =
= (Y'=(XB)")(Y - Xp) =
= (Y'-p"X")(Y - Xp) =
=YY - 7XTY - YTX3 + TXTXp =
=YTY - 28TXTY + TXTX =
=Y - X3,
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then when we have in view the equality
AIXTY = YIXp, (2.3)

(that is, the scalar 3TXTY equals its transpose Y7 X(3), it follows that the
final form of the criterion function will be

S(B) =YY - 26"XTY + 1 XTXp = (2.4)

=Y - Xp|, (2.42)

that is, the OLS estimator must to be chosen such that: it to minimize
the Euclidian distance between Y and Xz.

Because, in this last relation, the term Y?Y does not depend on (3, the

first-order conditions, for minimization of the criterion function S(3), can
be write as

o5(B) _ 0 T T~ T
36 85[YY 2Y' XG4+ /XX =
8 0 a TorT B
= 2Y'X +24'X"X =0 (2.5)
or in the form R
(X"X)p = XY (2.6)

which, evidently, represents just the system of the normal equations of
least squares.

Then, because the coefficient matrix X7X is positive definite, (that is,
XTX is nonsingular), from (2.6) we obtain the vector solution as

=B B | = (XT)XTY. (27)
or as S
B = S’;; (2.8)
where
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Viewed as a function of the sample (Y,X), this optimal solution is

sometimes called the OLS estimator and, for any given sample (Y, X), the
value of this OLS estimator will be an OLS estimate.

In the next, to verify that 8 corresponds to a minimum point for the
function S(3), we check the second-order sufficient condition

0%5(B)
03?2
Because rank(XTX) = k (that is, the matrix XX has full rank), it

follows that this matrix is positive definite, so B is in fact a minimizer and
we have

= 2XTX. (2.9)

n

Suin(B) = S(B) = Z[}/’ - (31931'1 + Baiz + ...+ B\kzxzkz)/]Q = Zﬁf =
i=1

i=1 -
= (Y - XB)T(Y - XpB) =a"a =) &, (2.10)
where R R
u =u(p)=Y - Xg (2.11)

represents the vector of residuals (or the vector of least-squares resid-

uals) u =Y — X/, evaluated at ﬁA, and it is often denoted by u.
The vector R R
Y = X7 (2.12)

is referred to as the vector of fitted values.
Remark 2.1. Because the relation (2.6) can be written as

XT(Y = X3) =0 (2.13)

or in the form of the scalar product as

XT(Y - XB) = (X;,Y = XB) = (X;,0) =0, i = Lk, (2.13a)

it follows that the vector u =Y — XB is orthogonal to all of the regressors
X, that represent the explanatory variables. For this reason, equations like
(2.13) or (2.13a) are often referred to as orthogonality conditions.
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3. INFORMATIONAL CHARACTERIZATION OF THE SIMPLE LINEAR
REGRESSION MODEL

3.1. THE MODEL AND ITS OLS ESTIMATOR

The most elementary type of regression model is the simple linear re-
gression model, can be obtained from the model (1.1) if we consider k = 1,
namely

Y = fo + Bz + ue, t =1, (3.1.1)

which can easily be written in matrix notation

Y =XfF+u (3.1.2)
where
Y=[ Y.V, [T, dim Y =n x 1; (3.1.3)
1 1 ..11" .
X=X, Xi]= ,dim X =n X 2, (3.1.3a)
1 T2 ... Tp

u:[mupuw}Lﬁmu:nxkﬁ:{gq,Mmﬁ:2xl (3.1.4)
1

The typical row of the equation (3.1.2) is

1
Yt: Xtﬁ—f—ut = Zﬁle + Uy, Xt = [.’L'O $t]7 t = ]_,_n, (312&)
i=0
where we have used X; to denote the t** row of the matrix X.
Since
1 T n
XTX:[;: n } i Rl (3.1.5)
1 2 e n '
1, PRI



I. Mihoc, C.I. Fatu - Some measures of amount of information for the ...

and
Y;
X'y = | 5t , (3.1.5a)
Z x;Y;
=1

the the system of the normal equations has the form
nBo + b1 E Z; = E Yi,
n o T oa iy (3.1.6)
Godxi+ Py xp = Y aY;
i=1 i=1 ;

or the matrix form

(X'X)3 =X"Y, (3.1.7)

where
B

If the matrix X7X)™' exist (that is, if rank X = 2), then the matrix
solution has the form

A= [ By ] . (3.1.7a)

R Y - 3z
3= [ go ] = (XTX)'XTY = | XYilwi®) | (3.1.8)
and, from here, it follows
Go=Y - Bz (3.1.9)
~ Sy
By = Sx:’ (3.1.10)
where
S =& zn:(x- —7)% (3.1.10a)
xrxr n . 7 9 M
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Soy ==Y (2 —T)(Y; = V); (3.1.100)

lemw — 1«
T=— Y =— Y;. 3.1.10
3.2. THE STATISTICAL PROPERTIES OF THE OLS ESTIMATOR

In the next we will recall and examine some statistical properties of ordi-
nary least squares (OLS) estimator which depend upon the assumptions
which were specified in the Remark 1.3 (see [5]).

Theorem 3.2.1. The estimators Bo and 31 are linear functions of the
dependent variables Y7, Y5, ..., Y, , that is,

Bl = ZC"Y“ c; = <IZ; x)’ c; — real constants, 1 =1,n (3.2.1)
n T
i=1
-~ " ]_ _(ZL’Z' — f) . J——
By = ZdiY;, d; = — — xT,di — real constants,i =1,n. (3.2.2)
n NSza
i=1

Theorem 3.2.2. The estimators Bo and El are unbiased estimators
for the unknown parameters By and [y, that is, we have

M(B) = o "
D*(By) = n‘; —0, n— o0 (3.23)

and

{a) E(B) = Lo, (3.2.4)

b) Var(fy) = "72 [1 + SE—;} — 0, daca n — 0.

More, when n — o0, the statistics Bo and 51 represent absolute correct
estimators for the unknown parameter 3y and 3.
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Theorem 3.2.3.The estimators Bo and Bl are correlated (and therefore
dependent) unless T = 0, that is

o’T

Cov(Bo. ) = ——

, if TF#O. (3.2.5)

Theorem 3.2.4.The unbiased estimator for the unknown parameter

a? is represented by the statistic

N RN Rk
0'2:n_2izl[yi—(ﬁo+ﬁll'i) = (326)

= : (3.2.6a)

where n s the number of the observations, k = 2 represents the number of
the parameters estimated in the model and

n n
-~ -~

|G P= 78 = (Y~ XB)7(Y - XB) = Y. [Vi — (o + )| = 3o

i=1
represents the sum of squared residuals, or SSR.

Theorem 3.2.5.1f the disturbances (errors) u;, i = 1,n are random vari-
able independently, identically and distributed normally, then the mazimum-
likelihood estimators, denoted by 35 and (3%, for the unknown parameters (3,
and (1, are the same as the least squares estimators Bo and Bl.

Remark 3.2.1. In the preceding expressions given the variances for
the least squares estimators in terms of ¢2.Usually the value of o2 will be
unknown, and we will need to make use of the sample observations to estimate

a2

Theorem 3.2.6.In the hypothesis of the Theorem 3.2.5, then when the
parameter o2 is unknown, the mazimum-likelihood estimator (the ML esti-
mator), denoted by (02)*, is different from the unbiased estimator for o® and
we have
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G

|
=12y

n n—2

Col

3.3. FISHER'S INFORMATION MEASURES

(3.2.7)

Let Z be a continuous random variable with the probability density func-
tion f(z;6),where 8 = (01,0,,...,0), 0 € Dy, Dy C R* k > 1, Dy— the pa-
rameter space ( which, sometimes, is called the set of admissible values of
6). To each value of 6, 8 € Dy, we have one member f(z;6) of the family
which will be denoted by the symbol {f(z;60);0 € Dy}.

In the next we wish to estimate a specified function of 6, g(#), with the
help of statistic

t =121, Zay .y Zn), (3.3.1)

where S, (Z) = (Z1, Za, ..., Zy,) is a random sample of size n and 7y, Zs, ..., Z,,
are sample random variables statistically independent and identically dis-
tributed as the random variable Z, that is, we have

f(2;0) = f(2:;0);i =1,n,0 € Dy. (3.3.2)
Let

n

Lin(21, 22, 0 203 01, 0o, ., Oh) = Ln(2; 01,04, ..., 0k) = Hf(zz‘; 01,02, ..., 04)
i=1
(3.3.3)
be the maximum-likelihood function of 6 = (6,0s,...,0;) of the random

sample S, (Z) = (21, Za, ..., Zn)where z =(z1, 22, ..., 2y, ).
Lemma 3.3.1.If W is an k — dimensional random vector as
W = (W, Wy, ..., Wi)T (3.3.4)

and its components have the forms

Ol Ly,(2z;01,00,...,0,) . —
_ o =TT (3.3.5)

W;

<
I
—_

then, we have

In L, (26,65, .. -
E(W;) = E (a . ”(Z’;;’e?’ ’9’“>> —0,j =T, (3.3.6)
J
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Proof. Indeed, since the maximum-likelihood function L, (z;6;,0s, ..., 0k)
is a probability density function then, if are satisfied some regularity condi-
tions, the equality

/Ln(z;91,92,...,9k)dz :1, (337)
Rn
implies the following relations

0 0
a0, /Ln(Z;¢917927 v Op)dz| = /8_9] [L(z; 61,0, ...,0r)]dz = (3.3.7a)
n RTL
0
= /— [lnLn(Z; 91, 02, ceey Qk)] Ln<Z, 91, 62, vy Qk)dz = (337b>
J) 00;
InL,(z;60,,0,,...,0 —
= E{a - "(Z’a;’ 20 k)} = E(W;) =0,j =Lk, (3.3.7¢)
J

which represents just the equalities (3.3.6).

Lemma 3.3 2. The maximum-likelihood function (3.3.3), when k = 1,
has the following property

dln L, (z;0)]° B 9*In L, (z;0)
E { {T] } =—-F {T . (3.3.8)
Proof. First, using the Lemma 3.3.1, we obtain the relation
E 9 (In L, (z;0)) —/ 9 (In L, (z;0)) L,(z;0)dz =0 (3.3.9)
89 n\4 - Re 86 n\ n\4, - s

which, making use of (3.3.9), implies the relations

0 Oln L, (z;0) . B 0 [01n L,(z;0) _ _
% |:/n —60 Ln(z78)dzj| - /]I'{n % |: o0 Ln(z79) dz =
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= /n Mlm(z;@)dz-i-/n [ML—"(Z;Q)an(Z;Q)dZ =

002 06
_ [0*In L, (2;0) dln L, (z;0)]° B
—E [T} +E {T} —0 (3.3.10)

and, hence, it follows just the relation (3.3.8).
Using these two lemmas we can to present the next definitions.

Definition 3.3.1.The quantity

o= [P0 L PO e oy

—+00

_ / {W} F(2:0)dz = _EHW” (3.3.11a)

represents the Fisher information which measures the information about
the unknown parameter 6 which is contained in an observation of the random
variable Z .

Definition 3.3.2. The quantity 1,,(0), defined by the relation

1(0) = B { [ah‘%—wr} - / [M%—n@(z;@)r Lo(z:0)dz = (3.3.12)

(3.3.12a)

represents the Fisher information measure which measures the information
about unknown parameter 0 contained in a random sample S, (Z) = (Z1, Zay ..., Zn).

Remark 3.3.1. Because the sample random variables 71, Z>, ..., Z,, are
independent and identically distributed, with the probability density function
f(2:0),0 € Dy, we get

0Ly (z;0)

I,(0) = / [am%—’;(z;g)an(z;e)dz = / I%r[/n(z;é’)dz =
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—+00 “+oo

:n/ [%er(z;ﬁ)dz:—n/ {%] f(z:0)dz (3.3.13)

—0o0 —00

Definition 3.3.3. The Fisher information matriz (or the information
matriz), denoted by 1(Z;0), when 6 = (6,0, ...,0k), has the form

i) 1?6y . 1)

1Y) 1820) ... 1Y)

1(Z; ) = (3.3.14)

J,Q’“”(e) }5;’“”(9) B el ()

where the generic element of the information matriz, in the ijth position, is

” 0 InL,(z;0) 0 InL,(z;0)
(1:9) (9) = =
I)"(9) E{ 20, X 70, (3.3.15)
0?2 InL,(z;0)] . — —
—F|—— =1,k;5=1k. 3.1

Theorem 3.3.1.The informational matriz 1(Z;0) has the following
property
I(X;0) = Kw(0), (3.3.16)

where

Cov(Wy,Wy) Cov(Wy,Ws) ... Cov(Wy, Wy)

Ky (0) = Cov(Wy, Wy) Cov(Wa, W) Cov(Wy, Wy)  (3.317)

Cov(Wy, W) Cov(Wy, Wsy) ... Cov(Wy, Wy)

is the covariance matrix associated with the real random vector W = (W, W, ...

which was defined above.

Proof. To prove this theorem we will use the relations (3.3.6), the Defini-
tion 3.3.3, as well as, the relations (3.3.15). Thus, we obtain

” 0 InL,(z;0) 0 InL,(z;0)
(4.4) — ) ! =
"(0) =F 20, X o0,
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:E{{a InLo(z:0) (a an(z;e)ﬂ y

0 InL,(z;0) 0 InL,(z;0) B
: { 90; E( 90 N

B 0 InL,(z;0) 0 InL,(z;0)\
_C"“( 20, 00 -

= CO'U(VVZ', VVJ) = Kij; Z,j = 1, k.
Therefore, I\ (0), where

0) = Coo(W;,W;) = B(W?) = Var(W;) = (
8%1In L, (20 8%1In L, (20 .
- - (PR = (PR L st

represents the Fisher information measure concerning the unknown parame-
ter 6;, i = 1, k, obtaining using the sample vector S, (Z) = (Z1, Z2, ..., Zn)-

Analogous, the quantities 15 )(8), where

3.3.18)

,J OlnLy,(z;0 OlnLy,(z;0
I9(0) = Cov(W;,W)) = M [2nts)  Onlafat)]

I 82l’rLLn(Z,0) . 62Ln(z,9) ]
—_ —M [ agiaaj ] - fRn < 691‘69]‘ > Ln(Z, Q)dz,

(3.3.19)

represents the Fisher information measure concerning the unknown vector
parameter (0;,0;),4,j = 1, k, i # j, obtaining using the sample vector S(Z) =
(Z1, Zoy oo Z).

3.4.FISHER’S INFORMATION MEASURES FOR THE SIMPLE LINEAR
REGRESSION MODEL

In the next we will present an informational characterization for the sim-
ple linear regression model using the Fisher information measure.

First of all, we recall that all assumptions, denoted by A,;,j = 1,7, from
the Remark 1.3, are satisfied and, more, the hypothesis of the Theorem 3.2.4
are satisfied. In these conditions the dependent variable Y, from the simple
linear regression model
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is a random variable which follows a normal distribution with
E(Y)=my = By + bz, Var(Y) = 0%, 0> € RT, (3.4.1a)

where (3 and (3; are the components of the unknown parameter vector

0= 08=(Bo,/)T, Bo, B € R.

The probability density function associated to Y is as
1 ly — (Bo + B
My, 02) = ex {— . 3.4.2
f(y Y ) \/%O' p 252 ( )

The likelihood function of 3y 51 (when o2 is known) of the random sample
Sp(Y) = (Y1, Y5, ..., Y,,) has the form

n

L (Y1, Y2, o Yni Bo, B1) = L(y; Bo, B1) = [ [ i o, 1) =

=1

= ( = )nexp {_% Z [yi — (Bo + ﬁlxi)]z} (3.4.3)

2ro

because the sample random variables Y7, Y5, ..., Y,, are normally, statistically
independent and identically distributed.

Theorem 3.4.1.The Fisher information matriz concerning the unknown
vector parameter = (8o, 1), obtaining using the sample vector S,(Y) =
(Y1,Y5, ..., Y,), will be as

L.(8o, 1) = n.Li(Bo, B1), (3.4.4)
where X B
L (8o, B1) = ) < ; :;m L2 ) (3.4.4a)

Proof. To proof this theorem we shall use the relation of the definition
(3.3.14) for the information matrix which, in our case, has the following form

(3.4.5)

(0,0) (0,1)
In(ﬁoaﬂl) — [ I (ﬁ()aﬁl) In (60?ﬂ1) ] ;

],(11’0)(50751) Lgl’l)(ﬁo,ﬁl)

and its elements follows to be establish.

278



I. Mihoc, C.I. Fatu - Some measures of amount of information for the ...

For this, we consider the log of the likelihood function associated with
the likelihood function (3.4.3), namely

Lx = L*(ﬁoaﬁhUz) = log, Ln(ﬂo>ﬁ1,a2) =

1 n
_ _g In(27) — gln(a2) 73 lyi — (Bo + Bizi)]? (3.4.6)

for which the second-order derivatives are as follows

(0% L* 1 »
o® T Tah"
0% L* n

0
o* Lt 1 iéx-
L T e

Now, using these second-order derivatives, as well as, the relations (3.3.18)
and (3.3.19), we obtain just the elements of the information matrix (3.3.4a).
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