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SOME PROPERTIES OF THE SCHURER TYPE OPERATORS

Lucia CABULEA

ABSTRACT. In this paper are presented first the operators of Schurer which
have been introduced and investigated by F. Schurer [11] in 1962 and theirs
properties. Then, we study a generalization of Durrmeyer type and a general-
ization of Kantorovich type the operators of Schurer and we estimate the values
of this operators for the test functions. By means of the modulus of continuity
of the function used one gives evaluations of the orders of approximation by
the considered operators.

1. INTRODUCTION

Let p € N be fixed. In 1962, F. Schurer [11], introduced and investigated
the linear positive operator By, , : C ([0,1+p]) — C([0,1]) , defined for any
m € N and any f € C([0,1+ p]) by

m—+p
(Bog) (@)= 3 (" P Yot martr (L),

k=0 m

where B,, , are the operators of Bernstein-Schurer. One observe that for p =
0, B, 0 we obtain the operators of Bernstein B,,.

Theorem. 1.1. The operators of Bernstein-Schurer have the following
properties:

i) (Bupeo) (x) = 1, (Bpyer) (z) = (1+ £) @,

(Bmper) () = 53" [(m+p)a® + 2 (1 —z)] ;

ii) lim By, f = f uniformly on [0,1] , for any f € C'([0,1+p]) ,

iii) [(Bmpf) (x) = f (2)] < 2w (f;8mpa) , for any f € C([0,1+p]) and
any x € [0,1] ;

V) |(Bmpf) () = [ (2)] < Fxlf' (@)] + 20mpaw (f; Ompa) , Jor any [ €

C' (10,1 + p]) and any x € [0,1] , if we noticed by, p, = \/p2x2+(7n+p)x(l_x) .
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2. A GENERALIZATION OF DURRMEYER TYPE FOR THE OPERATORS OF
SCHURER

We consider the operators of Schurer modified into integral form [2] B>
C ([0,1+4p]) — C([0,1]) , defined for any m € N and any f € C (0,1 + p])
by

m—+p

(Biuf) @) = m+p+1) Y by @) [db, () F D, (21)
k=0 0

where

+ -
)= (P )t

are the fundamental Schurer polynomials.

Theorem. 2.1. The operators defined by (2.1) have the properties:
i) (Byrpeo) () =1;

it) By ,e1) (x) = et

i) (Biiye) (a) = G o

Proof.

i)

(Bjrj"pe()) (x)=(m+p+1) mz:p ( mljp ) o (1- x)m—o—p—k 1

if on used the relations:
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ii) We have

ok s m—+p k m+p—k
(Bmmel) (x)=(m+p+1) > < I >:v (1—2x)

m-+p
k=0

k+1
(m+p+2)(m+p+1)

1 m+p TP mtp—1 b1 mtp—k
_ + x (1 =)™
m+p+2 m+p+2 kz::l k-1 ( )

_(m+pz+1
m+p+2
iii) We find

m+p
(Briper) (@) = (m+p+1) 3 ( " ) o (1= )™ P B k43, mAp—k+1)
k=0

Il
3
+
=
+
=
MB
Y
—
3

+p )xk(l_x)mﬂ,k‘ (k+2)(k+1)
k m+p+3)(m+p+2)(m+p+1)

_(m+p)(m+p—1)a*+4(m+p)x+2
N (m+p+2)(m-+p+3) '

Theorem. 2.2. The operators defined (2.1) have the properties:

) lim B35, = 1 uniformiy on [0.1], (%) f € C (0,1 + 1))

.. . . 1

)| (Biipf) (0) = £ @] €20 (fi ot ) L (M7 € C0.1+3) (M) e
0,1] , m >3, p€ N is fixed.

Proof.

i) It results from Bohman-Korovkin theorem
ii) We used the properties:
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If L is a linear positive operator L: C' (I) — C (I) , such that Leg = eg then

(Lf) (@) = f (@)] < (1+ 07/ (Lg2) (1)) w (f:0) , (V) f € Cu(I) , (z eT,
9)0 and ¢, = |t — x| .
We have

(Biipf) (@) =T @)] < (1467 /Brie2) w (7:9).
(Bi,e2) (@) = (Bizyes) (@) — 20 (B ye1) (0) + 2% (Bypeo) ()

_2m4p—-3)r(l—x)+2
 (mAp+2)(mtp+3)

If m +p > 3 it is maximal for x = § and we find
+p+1
B** 2 < m )
(Bripeh) (@) < 2m+p+2)(m+p+3)
We get
_ +p+1
B — <|14067" m ;0
Bty 0 - 1) < (1457 o S etria)
< (1461 _ w(f;0).
- 2(m+p+3) ’
For § = ——L—— we obtain the inequalities
2(m+p+3)

o ) — f(x w | f: ! )
(B, f) (@) - f(2)] < 2 (ﬂ 2<m+p+3>)

3. A GENERALIZATIONS OF KANTOROVICH TYPE FOR THE OPERATORS OF
SCHURER

We consider the operators of Schurer modified into integral form [3]
B, C(0,1+p]) = C([0,1]),

defined for any f € C'([0,1+ p]) and any = € [0, 1] by
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k+1

m-+p m+p . m+p+1
(Bt @) = ) 3 ("0 E @ [ g
k=0
T
(3.1)
Theorem. 3.1. The operators defined by (3.1) have the properties:
i) (B;Weo) (x)=1;
i) (Bype) (1) = 2550 + gty
* — (m4p)(m+p-1) 2 2(m+p) 1
HPI) (fmp%) () = ot % T Gty 7% Somapri? -
r00f.
3 * jaxs m+p k m+p—k m’i’_il
i) (Bm,,ﬁo) () =(m+p+1) kzo I (1 — ) t o=
= m—~+p+1
m—+p
=(m+p+1) % < m]:—p ) b (1 —a)m Py =1, if on used the
k=0
relation: .

m+p

> m P (1 — x)™tPR =1,

k=0 k
ii) We have

* P om o+ m+p—k 2 mk+1
(Bryer) ()= 4150 (70 ) ke | T
= m+p+1
m+4p m + D _
— 1 k m k _ + 1
— 2(m+p+1) kg{) ( L ) ah(1 — )P R 2k + 1) = mﬁpilx + Smiptl) -
iii) We find
. m+p m_|_ ok § mk?-‘r].
(Biyez) (1) = (m+p+1) & ( Al )x’“(l—x) e
= m+p+1
m+p m4+p e

- 3(m—|}p+1) kzo L ) aF(1— )™ P F 3k 4+ 3k + 1) =
_ (m+p)(m+p+1) 2 2(m+p) 1
- (m+p+1)2 7+ (m+p+1)2x + 3(m+p+1)2 -

Theorem. 3.2. The operators defined by (3.1) have the properties:
i) lim (B;"mpf) (x) = f(z) , uniformly on [0,1] , (V) f € C([0,1+p]) ;

i) [(Bg,f) (2) = (@) <20 (i 55) . (D €C(0,1+1]), (V) z €
[0,1] and p € N is fized.
Proof.
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i) It results from Bohman-Korovkin theorem

ii) We used the properties:

If L is a linear positive operator L: C' (I) — C (I) , such that Ley = ey then
(L) @)~ @) < (140312 (@)@ (F:0) , (%) f € Co (D), (M e,
9)0 and ¢, = |t — 2| .

We have

(Biupf) (@) — £ @)] < (1467 /By 2) w (£:9).

m+p—1 1

B o2 =——2(1 — .
( m*’%> () (m+p+ 1)23:( z)+ 3(m+p+1)>2
For ¢ < Nﬁ , we find the inequality:

. x) — f(x wl f; ! .
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