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ABOUT AN INTERMEDIATE POINT PROPERTY IN SOME
QUADRATURE FORMULAS

ANA MARIA AcCU

ABSTRACT. In this paper we study a property of the intermediate point
from the quadrature formula of the Gauss-Jacobi type, the quadrature for-
mula obtained in the paper [3] by using connection between the monospline
function and the numerical integration formula, and the generalized mean-
value formula of N. Cioranescu.
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1. INTRODUCTION

In the specialized literature there are a lot of mean-value theorems. In
[1] and [8] the authors studied the property above for the intermediate point
from the quadrature formula of Gauss type.

The generalized quadrature formula of Gauss-Jacobi type has the form

(90

b m
[ 00— @@ = Y B n) + Rl W
@ k=0
the nodes v, k = 0, m , with appears in (1) are given by
_b— a b+a
Yk = 5k 5

where ay , k = 0, m are the zeros of the Jacobi polynomial, J,Sfﬁ) and
1(b—a)*™ 1 2m+a+8+2)(m+a+1)I(m+5+1)

By = =
m, o d «a
2 (m+ DINm+ a+ 6+ 20507 (@) - [0 0)]
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For f € C*™*2[q,b] the rest term is given by

omrarsa L O (E) A+ )ITn+a+2Tm+F+ITn+a+5+2)
(2m+2)! I'2m+a+p+3)'(2m~+a+G+4) ’

Rom[f]=(b-a)
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a<&<bh.

For a = 3 = 0 we have so-called Gauss-Legendre quadrature formula. If
f € C?™*2[a, b], then for any x € (a, b] there is ¢, € (a, ) such that

x o m 1 o
fdt = (@ ?Z . .f(x2aak+x;—a>
a m+ 1= Jﬁ?’o)(ak)% [J,(,?ff(x)}

(x — a)*™3[(m + ]!
(2m + 3)[(2m + 2)!]3

T=a

f(2m+2)<cw)' (2)

Theorem 1./1] If f € C?*™*4[a,b] and f*"3)(a) # 0, then for the interme-
diate point c, which appears in formula (2) we have lim T d_ 5"
T—a T —a

In this paper we want to study the property of the intermediate point from
the quadrature formula of Gauss type with weight function w(z) = (b—)(2—a).

In recent years a number of authors have considered generalization of
some known and some new quadrature rules. For example, P. Cerone and
S.S. Dragomir in [5] give a generalization of the midpoint quadrature rule:

[ o= Yt () e [ o
®)

k=0
where . . ;
%, t e a,a+
K, (t) = )
U0 ety
m!

If f € C™[a,b] and m is even , then for any = € (a,b] there is ¢, € (a,x)
such that

- m—2 k+1 m—+1
- +x (x —a)
it = S+ (1) BT (@ &= @7 pmy,.
/a f(®) ;0[ + )]2k+1(k:+1)!f 2 +2m(m+1)!f (cz)
(4)
In [2] was studied the following property of intermediate point from the
quadrature formula (4)
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Theorem 2./2] If f € C?™[a,b],m is even and f™V(a) # 0 , then for the
intermediate point c, that appears in formula (4), it follows:
c;—a 1

lim = —.
z—a T — Q 2

In this paper we want to give a property of intermediate point from a
quadrature formula with the weight function w : [a,b] — (0,00), w(z) =
(b—x)(z —a).

N. Cioranescu demonstrated in [6] that the following formula is valid

£ ()

m)!

b
/xmpm(x)w(x)dx, (5)

a

/ F (@) ()0 () =

where f € C™[a,b] and (p,)n>0 is a sequence of orthogonal polynomials on
[a,b], in respect to a weight function w : [a, b] — (0, 00).

In [4], the authors study a property of the intermediate point from the
mean-value formula of N. Cioranescu.

Theorem 3.//] If f € C"™[a,b] and ™V (a) # 0, then the intermediate
point of the mean-value formula (5) satisfies the relation:
cp,— a 1

lim =
b—a b—CL m+2

In this paper we give a property of the intermediate point from the gen-
eralized mean-value formula of N. Cioranescu.

2. AN INTERMEDIATE POINT PROPERTY IN THE QUADRATURE
FORMULAS OF GAUSS-JACOBI TYPE

Let

[o-ae-araue = CES (55t 25

m+3 “— an, 4 T (1)
k=0 Jy (az) o [Jml(x)]x:ak

(m4+1)*(m+2)(m+3)
4(2m~+2)13(2m+3)%(2m+5)

+ (b—a)?™ FEmD(E) - (6)
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be the quadrature formula of Gauss-Jacobi type (1), which o = 5 = 1.
If f e C*"*2[a,b], then for any z € (a , b there is ¢, € (a,z) such that

v (r—a)® & 1 r—a  z+a
- d—af eyt = 3 7
I "R e [Ae)] (503
(m+1)"*(m+2)(m+3)
4(2m+2)13(2m+3)?(2m+5)

+ (x_a)2m+5

FE 2 (e,). (7)

In this section we give a property of the intermediate point, c,, from the
quadrature formula of Gauss-Jacobi type (7). Here we prove a lemma which
help us in proving our theorem.

Lemma 1. If ai, k = 0,m are the zeroes of the Jacobi polynomials, Jﬁﬂ,
then the following relations hold:
(ak + 1)i_3
Z d2 = 2,7(7;+f),forz':3,2m+4, (8)
1 1 —
=0 ) - [T
ak+1 2m—+42
i”: 2 B m+ 3 ©
d  2m+3)(2m +4)(2m +5
5 a5 [ )] B+ £
T=ag

[(2m—1—3) _(m+ 1)!4(m+2)2(m+3)} |

2(2m + 2)12(2m + 3)

ak+1 2m+-3
i 1 { 22m+2

2
d 2m+-3
=0 I @) 2 [ @) s e

22m(m + 1) (m + 2)(m + 3)? }
(2m +2)12(2m + 3)(2m + 5)

(10)

Proof. If we choose a = 0,b = 1 and f(t) = 73,7 = 3,2m +5 in the
quadrature formula (6), then we obtain the relations (8) and (9).
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If we choose a = —1, b =1 and f(t) = t*, i = 0,2m + 2 in the quadrature
formula (6), then we obtain the following relations:

3 aj, m+3 o

Z = . 1)'], i=0,2m+1{11)
d 4(i+1)(i+3) | =0

— (1,1 a1

+=0 I {ar) dx [Jm“(x)} r=ay

> S e (12)
7 =

k=0 Ji (an) o= [Jé»}ﬂ(x)} 2(2m +3)(2m + 5)
dx z=ay

(2m 4 2)12(2m + 3)

By using the following formulas (see [10]):

Jz(?';a) (IL’) FEi”Lm—i-—i_Oéa-i-—i_ )1) (Z(m +1 ijr(g E (Qx B 1)7
aa) (m+a+2) (m—|—1) 2
e x)} 1m+a+ﬁ+1>J§,?_+fﬂ“><x>,

we obtain

d 2(2m+1)2 11 21
Ao ] =22 i eg -l ed -1, (3)
d 22m +5)(2m +3
g (M) PSSy

1 1
-J,S”)(za,i - 1)J,§f’2)(2a§ —1).
From the identity

it follows that
g + Gk = 07 (15>

w(helge ay, k = 0,m are the zeroes of Jacobi polynomial of degree m + 1,
It
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From (13), (14) and (15) we obtain

m 2m~+3

Z dak =0,

1,1 1,1
=0 I () — It @)]

r=ay
therefore —
ap + 1 m-+
10y [0 e (1) () L [ 700
k=0 (Gk)% |:']m+1(x>:|m:ak £=0 I (a’“)@ |:Jm+1(x):|x=ak
m 2m+2 ]
2m+ 3 ay,
+ Z Z < ) ) (1,1) d 1.0
k=0 =0 I ( )% [J +1<$)}
T=a
1 2m+2<2m+3) e a,
T 92m+3 ) d
2 i=0 ! k=0 Jﬁ’l)(ak)— |:Jr(r}+1%(x)i|
dx z=ay

and by using (11) and (12) it follows the relation (10).
Theorem 4. If f € C?™*[a,b] and fP"+3) £ 0, then for the intermediate
point ¢, which appears in formula (7) we have
s — 1
lim &% =~ (16)

T—a L — @ 2

Proof. Let us consider F,G : [a,b] — R defined by

Flz) = / x(m )t — a)f(0)de

(1,1) @ (1)
=0 I () [JmH(:c)L:ak

2t (m + )"(m + 2)(m + 3)
4(2m +2)13(2m + 3)?(2m + 5)
G(z) = (z—a)**°

We have that ' and G are (2m + 6) times derivable on [a, b],

GO(z)#0,i=1,2m+5 any =z € (a, b],
GW(a) =0, i=1,2m +5.

- (z—a FEm2(a), (17)

24



A. M. Acu - About an intermediate point property in some...

We observe that F'(a) = F'(a) = F"(a) = 0.
For ¢ = 3,2m + 4 we have

(ak+1>i—3
FIO(a) = (2) £ oy U : Fa)
) m—+ 3 kZ:O Jy(é’l)((lk)% [Jrgzl-’&-l%(x)]x

and by using relation (8) we obtain F®(a) = 0.
From relations (9) and (17) we obtain

2m 4+ 3)(2m + 4)(2m + 5)
m+3

(ak + 1 ) 2m—+2
“ 2
e a)

— a4 T
=0 I (@) 2 [T @)]

(m + 1)1+ 22(m +3) oy ) _
- aamioRemy @ =0.

FCm49) () = (2m +3) %+ (a) — (

Tr=aj

By using successive 1’'Hospital rule and

FCmH0(q) = (2m +4)fPm ) (a) — 2(2m + 4)(2m + 5)

(ak + 1 ) 2m+3

= 2

Z . f(2m+3) ( a)
d bl

=0 5D ) o [T @)]

dx
GPmH9(q) = (2m +6)!

we obtain (omt6) (omis)
lim £ _ pyy £ @) S ) (18)
v—a G(x)  2—a GO (z)  (2m + 6)!
(ak+1>2m+3
" 2
om + 4)—2(2m+4)(2m+5) -
(2m + 4)—2(2m—+4)(2m+5) Z PR By ,
=0 I (@) [T @)
dx T=ay
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but

. F(l’) T m (m —+ 1)!4(m + 2) (m + 3) f(2m+2)(ca:) _ f(2m+2)<a)
;}:l—r% G(z) i{%(ﬂi —a)® +54(2m+2)!3(2m+3)2(2m+5) (x — a)?m+6
(m+D*m+2)(m+3)  fC2(c,) — fCm2(q) ¢, —a
ooa 4(2m+2)3(2m+3)2(2m+5) p— o

namely
4
i F@) DB+ D0 +3) iy
z—a G(1) 4(2m—+2)13(2m—+3)%2(2m+5) Toa T —a
From (10), (18) and (19) it follows that the intermediate point ¢, which
appears in formula (7) verifies the property (16).

Cr — Q

(19)

3. AN INTERMEDIATE POINT PROPERTY IN A QUADRATURE FORMULA
WITH WEIGHT FUNCTION w(x) = (b — x)(z — a)

In [3] was studied the following quadrature formula
Hf (t)dt= )] k) [ —=
/aw( ¥ ) £ Hsmgrary! 2 ) TR

where f € C™[a,b], w(t) = (b—t)(t — a),

v [

(t —a)m™t (t —a)m*? a+b
e P § R P TR e[’—)
(@ —b)

(t=pm*t  _(t=0b)m* , a+b 5
(m+1)! (m+2)! 7 2

If f € C™[a,b] and m is even , then for any = € (a,b| there is ¢, € (a,x)

such that

—_

and

Mm<t) =

m—2

/x(‘” —Ot-a)fmd = 3 [(-1)F+1] Wii ¥ (IZ;'(; " (a > z)

k=0
(JI _ )m+3

* 2m 1 (m 4+ 1) (m + 3) f(es). (20)
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In the above condition we have the following theorem

Theorem 5. If f € C?™*%[a,b],m is even and ™V (a) # 0 , then for the
intermediate point ¢, that appears in formula (20), it follows:

. Cp— 1
lim = —,
z—a T — Q 2

Proof. Let F,G : [a,b] — R definite as follows

-2

: r—a)kts a+x
re) = [=no-oron-3 (] gt ()

(x —a)™*3
2m+l(m + 1)I(m + 3)
Gz) = (z—a)™™

We observe that F(a) = F'(a) = F"(a) = 0. For ¢ = 3, m + 2 we have

Fa) = ¢ 9a) {(z —2)— 1(2_213#
i—3 3 i—3 1
. k_o[(—l) +1]< k )(k+1)(k+3)}20
We find

(m+1)(m+2)(m+ 3)
o2

& m 1 m+2|(
=0+ 1] ( k ) (k+1)(k+3) 2mH }_0

PO = ) {on 1) -

and

(m+2)(m+3)(m+4)

Fomi)(q) = f(m“’(a){(m+2)—

9m+3
= k m+1 1
kZ:O (=1 +1] ( k ) (k:+1)(k+3)}
- A fnena)
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We have that F' and G are (m+4) times derivable on [a, b], F)(a) = G¥(a) =
0, for i = 0,m+ 3 and G (z) #0,i =1,m+ 3 any = € (a, b]. By using
successive 1’ Hospital rule we obtain

lim Flo) _ lim Friz) _ !
z—a G(x)  z—a GMHi(z)  2mT2(m 4 1)!(m + 3)

Fr @), (21)

lim Pla) _ !
e—a G(x) 27 (m + 1)!(m + 3) Toa T —a

From relation (21) and (22) we have

Lo cg—a 1
lim = —,
T—a T — @ 2

4. AN INTERMEDIATE POINT PROPERTY FROM THE MEAN-VALUE
FORMULA OF N. CIORANESCU

The polynomial
Pym(x) = 2™ + apo12™ 4 -+ a1 + aq,

which satisfies the orthogonality conditions
b
/ [PS,m(x)]%H ka(x)dx =0, k=0,1,---,m—1

is called s-orthogonal polynomial with respect to the weight function
w : [a,b] — (0, 00).

The following equality is the generalized mean-value formula of N. Cioranescu
(see [9])

f(m)<cb)

m)!

/ M PER (w(a)dr. (23)

a

/ £ (@) PR (@) w(e)da =

We observe that for s = 0 we obtain the mean-value formula of N. Cioranescu

(5).

We construct the functions (Vj)k—o,m, as follows
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Vo(z) = w(x) P (x),

V(x) = / Vi1 (2)da, j = T,m
Here we prove a lemma which help us in proving our theorem.

Lemma 2. We have the following equalities

=0,V;(b) =0, forany j=1m,
b
/ @) P2 (yw(x)de = (—1)™ / £ )V () da
Proof. We have Vj(a) =0, for any j =1, m.

Vi(b) = /abVo(SU)dSU = /P;ijl(x)w(x)d:c =0.

For every k € {2,3,...,m} we have

Vilb) = /aka1(x)dx:/ab{<kxil)!](kl)1/k1(x)dx

- b k1
B k—2 1)k—v—2 v k-v-1 b (_l)kfl bv -y
= VZO( ) zl-‘rl( )(k’—V—l) + (k‘—l)‘/a 0(1‘) €T
_1)\k-1 b
B Ekl—)l)! / TP (@)w(z)de = 0.

We have

m—1

/f P25+1 (l’)dl’ _ Z(_l)m—y—l f(m_”_l)(x)Vm_l,(a:H

v=0
- / fo ()

and by using relation (24) we obtain the equality (25).
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Theorem 6. If f € C™*[a,b] and f™*Y(a) # 0, then the intermediate
point of the mean-value formula (23) satisfies the relation:

cp,— a 1

li = 26
boab—a  m +2 (26)
Proof. From (23) and (25) we can written

b b
/f(a:)Ps%ijl(x)w(m)da: = /! nl(!cb)/meiﬁl(x)w(x)dx

= (—1)mf(m)(cb)/ Vin(x)dx. (27)

From relations (25) and (27) we obtain

[ 1@ = 1) [ o

We consider the functions

by using successive 1’Hospital rule, we have

Fb)  f™(a)
&0 = 2y @ (28)

but
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£ (cy) / Viu(2)dz — f™(a) / Vin(2)de

R )
MGe) o 00—y
_ Wla) (m+1) .G —a
= ! @ fmg—r (29)

From (28) and (29) it follows that the intermediate point ¢, from the
generalized mean-value formula of N. Cioranescu verifies the property (26).
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