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ABSTRACT. In the present paper, the second Hankel determinant for certain
subclasses of analytic functions with respect to g—difference operator associated with
generalized telephone number in terms of subordination relation are investigated.
The early few coeflicients are obtained through the series expansion and later used to
determine the optimum bound of second Hankel determinant for the two subclasses
of functions defined.
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1. INTRODUCTION

Starlike and convex functions denoted by S* and K with representation Re (z}c(g)) >

0 and Re (1 + Z}C,IES)) > 0 are the usual subclasses of A of the form

f(2)=z+ a2 +azz® + ... (1)

which are analytic in the open unit disk U = {z € C: |z| < 1} and normalized by
f(0) —1 = f(0) = 0. With slight modification and differentiation of the above
two subclasses of functions, starlike with respect to symmetric points, starlike with
respect to conjugate points, convex with respect to symmetric points indicated

by T, T, K¢ with geometric quantities Re (%) > 0, Re (%) >0
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(f(z)—f(=2))
Caratheodory function P of the form

and Re <M) > 0 are respectively derived which belong to the class of

p(z) =1+ ppe (2)
k=1

with the conditions that Rep(z) > 0 and p(0) =1 (see [24, 29, 31]).
Precisely in 2013, a modification was made on starlike function by Babalola [4] to
define a class £)(8) with a representation

Rew > (Be€0,1), \>1, zel), (3)

f(2)

which are analytic in the unit disk U and also satisfies the normalization conditions.
In that paper some characterization properties for the above defined class were stud-
ied ( see [22]).

For two functions f and g, analytic in U, one will say that the function f is subor-
dinate to ¢ in U and write

f(z) <g(z)  (2€D),
if there exists a Schwarz function w(z) which is analytic in U with
w0)=0 and |w(z)|<1l (z€0)

such that

By making use of subordination between two analytic functions, Ma and Minda [15]
first introduced and studied the class of starlike function denoted by S*(¢) which
satisfy

2f'(2)
S*qb::{feA, -<¢z} 4
(4) <60 (®)
where ¢(z) is analytic and univalent in U and for which ¢(U) is convex with ¢ € P .
The coefficient bounds of the univalent functions give details information about
geometric properties of functions. In the last century, a lot of findings have been
done to know the upper bounds for as, a3, a4 and |agas — a3| for the function of the
form (1).
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Hankel determinant can be used to find the upper bounds of non-linear functional
lagas — a3|. The determinant of the form

Gnp, Qpt+1 - Ontq—1
Gn+41 n42 - Un+q
Hy(n)=| . L : (n,geN=1,2,3.)
Antg—1 Oniqg " OAni2(g-—1)

has its source from f € A were defined by Noonan and Thomas [21] as it played an
important role in the study of singularities (see [7, 8]). According to the existing lit-
erature, the determinant of univalent functions satisfy |H,(n)| < Knathats, (n=
1,2,...,q = 2,3,...) where § > ﬁ and K depends only on ¢ was investigated by

Pommenrenke [25]. Later Hayman [12] showed that |Ha(n)| < Jnz, (n=1,2,..)
where J is the absolute constant for areally mean univalent functions. The work of
Hayman [12] prompted the scholars of now-a-days to study the real depth of the de-
terminant and their results are too voluminous to discuss (see [3, 17, 20, 28, 32, 33)).
Researchers have devoted much time to study g-analysis and (p,q)—analysis
which are powerful tools in Geometric Functions Theory. Now-a-days the atten-
tion has been given to this analysis because of their usefulness in Mathematics and
Physics such as areas like calculus, optimal control problems, multiplier transforma-
tion and so on.
Jackson ([10, 11]) has initiated the study of g-analysis. This analysis has given
birth to many operators like g—Alexander, ¢g—Bernadi, ¢g—Ruscheweyh, g—Catas,
q—hypergeometric and many others. The scholars in recent time have tested these
aforementioned operators in different directions with different perspectives and the
results obtained are available in literature. For details, see ( [1, 2, 9, 16, 18, 19, 23,
26, 27, 30, 31]).
Jackson’s g-derivative of a function f(z) € A given by (1) defined on a subset of the
complex space C is defined as follows:

f(z) = flgz)

Dyf(2) TU—gr 0<g<1, z#0),
= - 1 -
= 1+ Z[k]qakzk_l (5)
k=2

where [k, = =2 Note that Dyf(0) = f(0), D2f(2) = Dg(Dyf(2)).
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As ¢ = 17 = [k]y — k, hence one will have

limg_1-Dqf(2) = f'() (z € 0). (6)

Bednarz and Wolowiec-Musial [5] introduced a new generalization telephone num-
bers Tg(n) = Tg(n—1)+ B(n—1)Tz(n—2) with initial conditions T3(0) = T3(1) =1
for integers n > 2 and 8 > 1 for the series

STE =Y Tt (92 1) @

n=0

Setting parameter 3 = 1, one will have classical telephone numbers 77, (see [6]). T3(n)

for some values of n are T3(0) = Ts(1) =1, T5(2) =1+, T3(3) = 1+33, Ts(4) =

36%2+68+1, Ts(5) = 1582+108+1 and T(6) = 1533 +458+158+1 and so on. The
Z2

authors considered the function ¢(z) = e+ with its domain in the unit disk U.

Motivated essentially by earlier researchers (see [4, 5, 6, 9, 10, 15, 22]), we introduce

two subclasses of analytic functions involving A-pseudo -g-operator associated with
generalized telephone number as follows:

Definition 1: A function f of the form (1) is said to be in the class ST (), ) (A >
1, 8> 1) if it satisfy the following subordination condition:

z(qu(Z))’\

f(2)

Definition 2: A function f of the form (1) belongs to the class M7 (X, 3) (A >
1, 8 > 1) if the following subordination

(2(Dyf ()Y
D, f(2)

holds where the function ¢(z) defined as above.

In this paper, we investigate the early few coefficients through the series expan-
sion and later used to determine the optimum bound of second Hankel determinant
|H3(2)| = |agas — a3 for the two subclasses of functions defined.

< ¢(2). (8)

< ¢(2). (9)

For the purpose of our investigation, we need the following lemma.

Lemma 1 ( Libera and Zlotkiewicz [13, 14]): Let the function p € P be given
by the power series (2). Then

2p2 = pi + (4 — p}) (10)
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for some z, |z| <1 and
4ps = pi +2(4 — phprz — pr(4 — p)a® +2(4 — pi)(1 — [2f*)z, (11)

for some value of z, |z| < 1.

2. MAIN RESULTS

Theorem 1: Let the function f € A given by (1) belongs to the function class
ST\, B) (A>1, B>1). Then

’a2a4 - a§| < anQ + T + ()\[3](] — 1)2’ (12)

where
-T T 1 1 13
m=0 e R, T DO, — D) T 6B, — 12 (13)
—AT 1 1 14
= A B, — DO, — 1) 160, — 12 14

and

T=-2 (15)

Proof: Let f € ST;(A, ). Hence by Definition 1, there exist an analytic function
w(z) with w(0) =0 and |w(z)| < 1 in U such that

AP _ o) = 0+ 552, (16)
Define the function p(z) given by
p(z) = i:g; =14+ piz+p22+.. (z€0). (17)
Clearly, p € P. From (17), it follows that
w<z>:§§3::p;z+(P;_f)zu(f?;_pl;upj)zu... (18)
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By using (18) in the right hand side of (16) we obtain

4 —1)p? 24 12(8 -1 — (38 — 1)p3
¢(w(z)):1+%+ p2+(§ Pt 2 24ps +12(5 )4];1]72 (38— Vpi

¥ .. (19)
The left hand side of (16) shows that

(2 = 0[212 - 21204 +2)
2

2(Dq f(2))*
f(2)

=1+ (A\2lq — 1) asz + < a2 + (A\[3]q — 1)a3) 22

(A% =327 +20)[2]3 — (3A% = 3N)[2]2 + 6A[2], — 6 4 (20)
as
6

+ (3% = N[21g[8lg — A([8lq + [219) + 2) azaz + (A4l — Dag) 2° + ...

Using (19) and (20) in (16) and equating the coefficients of z,2? and 2® on both
sides we get

pP1
az = 21
2= 30E, - 1) 2!
iy P2 (B=bpt (V= PRI - 222) +2) pi (22)
2(ABlg —1)  8(ARBJg—1) 8(Al2lg —1)*(ABlg —1)
and
g B-Dpipz 38— 1pd (¥ =33 123212 — (332 = 30)[212 + 6A[2]¢ — 6) p}
“TE0M, - ) A0, - ) BOE, - D 48(A[2lg — D3(A[4]g — 1)

(2 = N)21g[8lg = A([8lq +[2a) +2) prpz (8= 1) (A = N)[2lq[8lg — M(3]q + [2g) +2) ] (23)

C AR - DOBlg - DAl - 1) 16(M2lg - DABlg - D(AMlg — 1)

(2 = M214[81g — A([Blq + [21) +2) (A2 = (212 — 2A[2] +2) p}
16(A2lg — D3 (A[8lg — (A4l — 1)

From (21), (22) and (23), one will have

_ P1P3 (8 — Dpip2 B (38 — Dpt
4A2lg = D(A[M4lg = 1) 8(A[2]g = D(A[4lg = 1)  96(A[2]q — D(A[4]q — 1)
(2 =32 420213 - 322 = 3022 + 672 — 6) p} (A2 = N)[21q[3lq — A([3lq + [210) +2) pipa

96(A[2]g — 1 (A[4]q — 1) 8(A[2lg — 12(A[Blg — 1)(A[4]q — 1)

(% = N21aBlg = A[3lq + [21a) +2) (A2 = N[212 — 27214 +2) pf
32(A2lg — DA(A[Blg — (A4l — 1)

2
agay — a3

P (B=Dpipa (P =N - 22l +2)pir2 (8- 1)2pt
T AQBlg - D2 8(ABlg - 1)2 8(A[2lg — D2(ABlg — 1)2 64(A[3]¢ — 1)2
(B -1 (02 =22 - 2220 +2) pf (02 = N[22 - 2202]g +2)” pt
32(A2]g — D2(A[8] — 1)2 T 6a(AR2lg — DIAB], - 1)?

8- (02 = N)gl8lg — ABlg + [21) +2) #f
52(M2]g - D2(ABlg — DMl — 1)

(24)
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Substitute the values of ps and p3 from (10) and (11) of Lemma 1 in (24), it follows
that

. (w = 1) (2 = N[22 - 22124 +2)
agay —az =

(0% = N[22 - 221204 +2)”
32002l — D2(\Blg — D2

64(A2lg — DBl - D
=1 (A% = V(21g[8lg — M(B8]q + [21g) +2)

(8- 1)?
64(A[8]g — 1)

. (A2 = N)[21[8]g — A([8lg + [21q) +2) (A2 = N)[2]2 — 2A[2] +2)
32(A[2]g — D2(A[B]lg — D(A[4]q — 1) 32(A[2lg — D*(A\[Blqg — 1)(A[4]q — 1)
(3% =322 4 20)[2]3 - (332 — 3N)[2)2 + 6A[2]4 — 6) (36— 1) B-1)
B 96(A[2]q — DA(A[4]q — 1) T 96(A[2]q — D(A\[4]q — 1)

(7 = 2laBla ~ ABla + [2)0) +2)
16(M[2]g — D2OBlg ~ D(AMlg — 1)
1

16(A[2]q — 1)(A[4]q — 1)

(02 = 2[212 - 27[2) +2)

16(3 2]y — DZ(A[3]q — 1)2

_ N 1 > . B-1 (O =481y — A8l + [214) +2)

16(ABlg — 12 | 16(A[2lg — DAMlg —1 )7 160020 — DMl — 1) 16(A[2]g — D2(A[8lg — D(A[A]lg — 1)
(B-1) (()\2 — (212 - 2x[2]4 + 2)

(B-1
16(A[38]g — 1)

+ ! ! 2z(4 — p?)

, ~ wid

1603l — D2 | 16(\2lg — D2(ABlg — D2 82l - DMl —1) 8Bl -2 )7 b
p?z?(4 — p?) p(4 —pH)(1 — |z]?)z z?(4 — p?)

16020 — DAl — 1) | 8(A2lg — D(AAlg — 1)

16(A[3]4 — 1)2
(25)
Since |p1| < 2 by (2), without restriction, we may assume p; = p € [0,2]. Then
using the triangle inequality to both sides of (25) with |z| = p to obtain
252(4 — p?)
2 <T 4 T 2 4 — 2 b= p (
’CLQCL4 ag{ < lip”+1ap p( p )+ 16()\[2](] - 1)()\ 4]q - 1) +
2 212
p~(4 —p°)
PETP) _p
16()\[3](1 _ 1)2 <p7p)(8a’y)7

p(4 —p*)(1 - p°)
8(Al2y = 1)(A4lg = 1)

_l’_
where

p_ D (2 = 0[212 - 2124 +2)

(02 = )22 - 22124 +2)°
32002l - V2Bl — D2

64(A2lg — DI(ABlg — D2

(B —1)?

64(A[3]g — 1)
B (O = N)lg[8lg — A8lq + [2]q) +2) . (32 = N 21gBlg — A(3lq + [21q) +2) (A2 = N[212 — 27214 +2)
32(A2lg — D?(ABlg — D(AMlg — 1) 32(A2]g — D*(ABlg — D(Alg — 1)
((A?’ =322 4 20)[212 — (322 — 30)[2)2 + 6A[2]4 — 6)
96(A[2]g — D*(A[4lg — 1)

(36 — pt -1 (A2 = N)[214[8]g — A([8]q + [21¢) +2) -1

96(A2lg — D(AM4lg — 1) 1602l — D4l — 1) 16(AR2]g — D2(ABlg — (A4l — 1)

(2 = N[22 - 2212) +2)

T 16(A[8lg — 1)2
1 1

16(A[2]q — DA[4]q — 1

16(A[2]q — 1)2(A[3]q — 1)2 16(A[3]q — 1)2 *

and

b, (8-1) (A2 = N)[214[3); — A3l + [2)5) +2)
16002, ~ DO, — 1) 1602, — D2(AB], — DA, — 1)

(A2 = N[22 - 2A12], +2)
16(\2], ~ DA, — 1)2

CE
16(AB], — 12
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Now

OF p2p(4 — p?) p(4 —p*)p p(4 — p?)?
— =T2p°(4—p°) +

9p 82l — DOMl — 1) 402l - DOMlg — 1) 8(ABlg — 1

(26)

It is clear that %—l; > 0. This implies that F(p, p) is an increasing function on the
closed interval [0,1]. This implies that maximum value of F(p, p) occurs at p = 1.
Therefore,

max F(p,p) = F(p,1) = G(p) (say),

0<p<1
where
4 2 2 (4 -p) (-p*? 4 2 2
G(p) =T1p” +T2p”“(4 —p7) + IG(X[Q]Z — 1)(2[4](1 _ 16(/\[3]:7 12 =mp +n2p” + m (27)
where
=I1-T ! + !
T 0, - DO, - D) 1608], — 172
and
=4I + !
P AOR, - DO, - D) 160, - 12
Now
G'(p) = 4mp® + 2n2p (28)
G"(p) = 12mp® + 2np. (29)
For optimum value of G(p), consider G’(p) = 0. From (28), one will get
1 1
o _m _ 2 mpmnomen T wess o, (30)
= = : - =
2m 20 =202 = sop e, e,
Substituting the value of p? from (30) in (29), it can be shown that
G"(p) = —4ne < 0. (31)

Therefore by the second derivative test, G(p) has maximum value at p, where p? is
given by (30). Substituting the obtained value of p? in the expression (27), which
gives the maximum value of G(p). From (26) and (27) we have

|azas — a3| <mT? + T + 4+~
’ (ABBlg —1)?
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This complete the proof of the Theorem 1.

Theorem 2: Let the function f € A given by (1) belongs to the function class
MEN B) (A>1, B>1). Then

lagay — a%] < nng + nyTh + (3)\_11)2[3]2, (32)
where
Ty Ty ! 4 ! (33)
BRI T 62 — (A — )[2l,[d], | 163X — 1)?[3]2’
— 4T, + ! - ! (34)
MEEAT AT D@ - DRIE, 263 1)2B]
and
T =% (35)

203
Proof: Let the function f € A be in the class M7 (A, ). Hence by Definition 2,
there exist an analytic function w(z) with w(0) = 0 and |w(z)| < 1 in U such that

(2(Dgf(2)))
W = ¢(w(2)). (36)
q
The left hand side of (36) yields
(z<r;qqff((zj>)*>’ S 14 (27— 1)[2gaay + (SW - 1>2* DE202,2 4 (ax - 1)[3]qa3) 22

6 (2363 + (4A(A — 1) — 5X + 2)[2]¢[3]qazas S

((4>\()\ —1)(A = 1)) + 9A(A — 1) + 12X —
6
+(4X — D)[4]gas) 2> + - .
Using (19) and (37) in (36) and equating the coefficients of z,2? and 2% on both
sides we get

p1
= 38
= 5 - 1, 38)
3T 2B B,  8BA_ 1B, 82— 12@Ar B, Y
and
- 3 (B = 1)p1p2 (38 — 1)p} (423 — 2122 4 20X — 6)p? (422 — 9X + 2)p1p2

T S@a—DAl, | A@A— )], 48(4x — D[], 48(2x — D3(4A — Dldly  4(2x — )(3x — 1)(4x — D[], o
(8 — 1)(4A? — 9x + 2)p3 (422 —9x +2)(3A% — 7A + 2)p} 0

16(2X — 1)(3A — 1)(4X — 1)[4]g  16(2x — 1)3(3X — 1)(4A — 1)[4]q
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From (38),(39) and (40), one will have

woan a2 — P1P3 N (B — )pip2 B (38 — 1)p} (4% — 2152 + 200 — 6)pf
AT T4 S D@ - D2lglly | 8RA - DA — D2lg[4ly  96(2x — D)(4x — D[21g[4lg  96(2x — DA(4x — D)[2]4[4],
(422 — 9 + 2)p2pa (8 — 1)(4A2% — 9 + 2)p} (422 — 9X +2)(3A2 — 7 + 2)p}
82N — 1)2(3A — 1)(4x — D[2]4[4]g  32(23 — 1)2(3X — 1)(4x — 1)[2]g[4], | 32(2x — 1)4(3X — 1)(4X — 1)[2]4[4]4
3 (B—1pip2 BXN —TA+2)pipe (8- 1%} (B—1)(BN* =72 +2)p}

T a(Ba — 1)2(3]2 T 8(BA — D2[3]2  8(2A — 1)2(3A - 1)2[3]2  64(3A — 1)2[3]2  32(2X — 1)2(3X — 1)2[3]2

(322 — 7 + 2)2p}
64(2X1 — 1)4(3x — 1)2[3]2

(41)
Substitute the values of ps and p3 from (10) and (11) of Lemma 1 in (41), it follows
that

e (B—=1)(3A%2 —7A +2) N (3X2 —7x 4 2)2 _ (B—1)2
@204 79 =\ 5o@x — D23 — 1D2[3]2 6422 — DAEA — 1D2[3]2 64(3x — 1)2[3]2
(422 —9A+2)(3A2 —7TA +2) (B —1)(4A% —9x +2) (38 —1)
+32(% —1ABA—1)(4x — 1)[20g[4]g 322X — D2(3A — 1)(AX — 1)[2]4[4]  96(2x — 1)(4x — 1)[2]4[4]4
(423 — 2122 + 291 — 6) (B—1) (422 —9x +2)
T 96(2x — D)A(ax — 1)[2]4[4]g | 16(2A — 1)(Ax — 1)[2]4[4]q  16(2x — 1)2(3x — 1)(4X — 1)[2]4[4]4
(B-1) (3A2 —7x +2) 1 1 4
T 16(3M — 1)2[3]12 © 16(2X — 1)2(3x — 1)2[3]2 ©16(3A — 1)2(3]2 + 16(2X — 1)(4X — 1)[2]4[4]q
(B—1) (422 —9x + 2) B-1) (322 —7A +2)

16(2X — 1)(4x — 1)[2]4[4]q T 16(2X — 1)2(31 — 1)(4x — 1)[2]q[4]q T 16(3x — 12312 16(2X — 1)2(3x — 1)2[3]2
_ 1 N 1 204 - p?) _ p?z*(4 - p) p(1— 2% - p?)=

8GA— D22 82A - )(4x — D2 4], ) " P T Te2a - D(ax - D2lglaly | 8(2A — 1) (4x — 1)[2], 4]

z?(4 - p?)
16(3X — 1)2[3]2

(42)
Since |p1| < 2 by (2) , without restriction we may assume p; = p € [0,2]. Then
using the triangle inequality to both sides of (42) with |x| = p to obtain
p’p*(4 —p%) p(1—p*)(4 - p%) P’(4—p°)
16(2X — DA — D[2]g[]g 82X — DA — D[2]g[4]g 163X — 1)2[3]2  (43)

2 4 2 2
|azas — af| < Tap* + Tap®p(4 - p*) +

= F1(p, p)(say),

where
e (B—1)(3A\2 —7A +2) (322 —7A +2)2 B—-1)2 (422 —9A+2)(3A2 —7TA +2)
37\ 322A —1)2(3x — D2[3]2 64(2h — D4(3x — 12[3]2 643X — D2[3]2 | 32(2x — DI(BA — 1)(aX — 1)[2]4[4],
(B —1)(4A2 —9x +2) (38 —1) (423 — 2122 4+ 29X — 6)
732022 — D2(3A — 1)(4X — D)[2]4[4]g  96(2x — 1)(4x — D[2]4[4]g  96(2A — D)A(4X — 1)[2]4[4]4
(B—1) _ (422 — 9 +2) _ (B—1) (3A2 —7A +2)

16(22 — 1)(4X — 1)[2]q[4]lq  16(2XA — 1)2(3X — 1)(4X — 1)[2]q[4]q  16(3X — 1)2[3]2  16(2X — 1)2(3Xx — 1)2[3]2

1 1
T 16(3x — 1)2[3]2 T e - 1)[2]q[4]q>
(44)

and
< (B—1) (422 — 9 + 2) B-1) (3X2 —7A +2)
4=

16(2X — 1)(4X — 1)[2]q[4]q  16(2X — 1)2(3X — 1)(4X — 1)[2]4[4]q T 16(3x — 1D2[3]2  16(2x — 1)2(3X — 1)2[3]2

1 1
TR 12E2 T 8@A - (A - 1)[2]4[4]q> '
(45)
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Now

om 24— p?) 4 p’p(4 — p°) B po(4 — p°) p(4 — p*)?
o ! 8(2X — (4 — D[2lg[]g 42X — DEAX - D[2g[4]g 83X - 1)2[3]2

(46)

It is clear that 83—1;1 > (0. This implies that Fj(p, p) is an increasing function on the
closed interval [0, 1]. This implies that maximum value of Fi(p, p) occurs at p = 1.

Therefore,
ax Fi(p, p) = Fi(p,1) = G1(p) (say)
Now
G1(p) = Tap* + Tup?(4 — p?) + oo 7"12)(3;521))[2]&4“ 16(;; — ’;)22)[3]3 = nap? + nap? + m
where
ng=I3—-T4— ! + :
16(2X — 1)(4X = 1)[2]4[4],  16(3X — 1)?(3]2
and
ni = AT + ! S S
@A - DO - DA, 26— DB

Now

G (p) = 4n3p® + 2n4p

G (p) = 12n3p* + 2.

For optimum value of G1(p), consider G/ (p) = 0. From (48), one will get

1 1
o —4h — ey ooE, T e g -
_ _ 1 (KLY
23 2T'3 — 2Ty — SO DDA, T 6B 1232

Substituting the value of p? from (50) in (49), it can be shown that

G(p) = —4n2 < 0.

(47)

(51)

Therefore by the second derivative test, G1(p) has maximum value at p, where p? is
given by (50). Substituting the obtained value of p? in the expression (47), which

gives the maximum value of G1(p). From (43) and (47) we have

1

—a?| < n3T? N+ w5
|agay — az| < n3T7 +naTh + BT
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This complete the proof of the Theorem 2.

Concluding Remark: Making use of subordination and g-calculus, authors
have introduced two subclasses of analytic functions and obtained second Hankel
determinant for the above said classes. The bounds for Fekete-Szego inequality
lag — pa3| for both real and complex parameters y and third Hankel determinant
can be also be investigated.

Acknowledgement: The authors are grateful to the editor and all the reviewers
for their valuable comments and suggestions.
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