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HYPER GENERALIZED WEAKLY SYMMETRIC
(CS)4~-SPACETIME AND THE RICCI SOLITONS
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ABSTRACT. A hyper generalized weakly symmetric (CS)4-spacetime has been
studied. It is found that such a spacetime is a perfect fluid spacetime, space of quasi
constant curvature and conformally flat. Also, we point out the sufficient condition
for a compact, orientable hyper generalized weakly symmetric (C'S)4-spacetime to
be conformal to a sphere in 5 dimensinal Euclidean space Ej.
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1. INTRODUCTION

In 2003 Shaikh [14] established the notion of Lorentzian concircular structure man-
ifolds (briefly, (LCS),-manifolds) with an example. Four dimensional Lorentzian
concircular structure manifold is termed as (C'S)4-spacetime ( See [12]).

Definition 1. A semi-Riemannian manifold (M",g), n =dim M is said to be hy-
per generalized weakly symmetric if its Riemannian curvature tensor R admits the
relation

(VxR)(Y,U,V, Z)

= ILI(X)RY,U,V, Z)+ U1 (Y)R(X,U,V, Z)

+U (U)R(Y,X,V, Z)+ F1(V)R(Y,U, X, Z)

+F1(Z2)R(Y,U,V, X)+1Ia(X)(gAS)Y,U,V, Z)

+Ua(Y)(g A S) (X, UV, Z) + V2 (U) (g A S)(Y, X, V., Z)

+Fo(V) (gAS)Y,U, X, Z)+ Fa2(Z) (g AS)(Y,U,V, X) (1)

where

(g N S)(Y7 U,‘/,Z) = g(Y, Z)S(U> V) +g(U> V)S(}/v Z)
—9(Y,V)S(U, 2) —g(U,2)S(Y,V) (2)
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and I1;, ¥; and F; are non-zero 1-forms defined as 1;(X) = g(X,¢€;), ¥;(X) =
9(X,0;) and Fi(X) = g(X, 7).

The beauty of such manifold is that it has the flavour of,

(i) locally symmetric space [5] (for II; = ¥; = f; = O0,where i = 1,2),

(ii) recurrent space [18] (for IT; # 0, IIy = ¥; = f; = O,where i = 1,2 ),

(iii) hyper recurrent space [13] (for II; # 0, ¥; = f; = O,where i = 1,2),

(iv) pseudo symmetric space [6] (for II; = ¥y = F1 = II # 0 and Iy = ¥y =
Fy=0),

v) semi-pseudo symmetric space [16] (for ¥1 = F1 and I} =1lp = Uy = f 9 =
0),

(vi) hyper semi-pseudo symmetric space (for II; = Il = 0,¥; = F1 # 0 and
Uy = Fo #0),

(vii) hyper pseudo symmetric space (for II; = ¥; = F; # 0 where i = 1,2),

(viii) almost pseudo symmetric space [7] (for IIy = ¥ + H1, Hy = V1 =F1 #0
Iy =Wy =F2=0),

(ix) almost hyper pseudo symmetric space (for II} = ¥, +Hy, H1 =V, =F1 #0
HQZ\I’Q—}—HQ,HQ:\I’Q:FQ#O) and

(x) weakly symmetric space [15] ( for IIy = ¥y = f 9 = 0).

Definition 2. A four dimensional Lorentzian manifold is said to be a perfect fluid
spacetimes if it satisfies

S(U,V)=~g(U, V) +vé(U)§(V),

for any vector fields U and V', where v and v are some scalar functions, § being a
non-zero 1-form corresponding to an unit timelike vector field w, that is, g(U,m) =
0(U) and g(m,m) = —1.

Definition 3. ([8]) A Lorentzian manifold is said to infinitesimally spatially isotropic
relative to a unit timelike vector field o if the Riemannian curvature tensor R satis-
fies the condition:

R(U,Y)V =9d[g(Y,V)U - g(U, V)Y],

for all U, Y, Z belongs to o and R(U, 0)o = U for all U € o*, where ¥ and 7 are
real valued functions.

First section deals with some basic definations and thereafter we mention known
results of (C'S)4-spacetimes which are used in sequel. In third section, we show that a
hyper generalized weakly symmetric (C'S)4-spacetime is a perfect fluid spacetimes,
a space of quasi-constant curvature, conformally flat and infinitesimally spatially
isotropic relative to the unit timelike vector field £. Then we study Ricci solitons
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and the Poisson equation in that spacetime. Lastly, we obtain the sufficient condition
for a compact, orientable hyper generalized weakly symmetric (C'S)4-spacetime to

be conformal to a sphere in Fs.

2. (C'S)4-SPACETIMES

In a (CS)4-spacetime, the following relations hold [[14], [3], [4], [2]]:
(Vom)V = 6{g(U, V) +n(U)n(V)} (6 #0),
WO =1, Go€=0,
6U = U + ()6 = 5Vt

n(@X) =0, g(¢X,¢Y)=g(X,Y)+n(X)n(Y),
n(R(X,Y)Z) = (6> — )[g(Y, Z)n(X) — g(X, Z)n(Y)],
R(X,Y)§ = (8 — e)[n(YV)X — n(X)Y],

(VxR)(Y, 2)¢
= 0(6° = 99(X, 2)Y — g(X,Y)Z]
+(20e = On(X)(2)Y —n(Y)Z] = SR(Y, Z)(X),

(VxR)(Y,Z,V,§)

— —0R(Y,Z,V,X)
—8(8% = €)[9(X, Z)g(Y, V) — g(X,Y)g(Z,V)]
—(25e = O)n(X)[n(2)g(Y,V) —n(Y)g(Z, V)],

S(X,€) =3(6* — e)n(X)

(VuS)(X,¢€)

= 3[6(6% — €)g(X,U) + (26¢ — O)n(X)n(U)] — 6S(X, U).

for any vector fields X,Y, Z, U, V.
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3. HYPER GENERALIZED WEAKLY SYMMETRIC (C'S)4-SPACETIMES
We first consider a hyper generalized weakly symmetric (C'S)4-spacetimes with defin-
ing condition (1). Using (2) in (1) and then contracting the resultent, we have
(VxS)(Y, Z)
= IL(X)S(Y,Z)+ ¥ 1(Y)S(X,Z)+ F1(Z)S(X,Y)

FUL(R(X,Y)Z) + 1 1(R(X, 2)Y) + Ia(X)[28(Y, Z) + rg(Y, Z)
U5 (V)[25(X, Z) + rg(X, Z)] + F 2(Z >[2s< X) +rg(Y, X))
Y. Z) + W(X)S(Y. 2) — 0a(¥)S(X. 2)

(
(Y :
+Wo(LX)g( (X
—V(LY)g(Z,X) + F2(LX)g(Y, Z)+F2(X)5( Z)
( (Y.

—Fa2(LZ)g(Y, X) — F2(2)S(X,Y). (13)

Setting Z = £ in (13) and then making use of (8), (11) and (12) we get

3{6(6% — €)g(X,Y) + (20e — O)n(X)n(Y)} — 6S(X,Y)
= IL(X)3(5% — e)n(Y) + U1(Y)3(6% — e)n(X)
+(8% = W (X)n(Y) — 1 (Y)n(X)]
+(8* = )MY)F 1(X) = g(X,Y)F 1(€)] + S(X,Y)F 1(§)
+Io(X)n(Y)[6(6% — €) + 7] + Yo (Y)n(X)[6(5° — €) + 7]

(
+F2([28(Y, X) +rg(Y, X)| + U2 (LX)n(Y)
+W5(X)3(6% — e)n(Y) — Wa(Y)3(6% — e)n(X)
— Wy (LY)n(X) + F2(LX)n(Y) + F2(X)3(6% — e)n(Y)
—F2(LE)g(Y, X) — F2(§)S(X,Y) (14)
which yields
3(20e — 0) = r[¥a(§) — Ha(§) — F2(8)]
—3(6% — )1 (&) + W1 (€) + 3M(¢)
+3Ws (&) + F1(§) +2F 2()] (15)

for X =Y =¢.
Again, setting Y = ¢ and X = ¢ in succession in (14) and then using the relation
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(15), we have respectively

311 (X) (6% — €) + Wi (X)(6% — €) + F 1(X)(6* — ¢)
+6II5(X)(62 — €) + ro(X) + Uy (LX) + [ o(LX)
+3W5(X) (6% — €) + 3F 2(X) (6% — ¢)
= 1(X)[35(6% — €) = 3(6% — €) — W1 (£)(6° — ¢)
—6%(5)(52 —€) +2rUy(&) — Wy(LE)
—rTly(€) — 3M01 (€) (8 — €) — M2 (£)(6° — ¢)
—3F o §>(52—6> F1(8)(6* — €) — F2(LE))] (16)

and

201 (Y) (62 — €) + 35 (Y) (6% — ¢)
+rUy(Y) — Wy (LY)
= 1(Y)[35(8% — €) — 3(6% — €) — 201 (£)(6° — ¢)
—3I05(£) (8% — €) — 6W5(£) (0% — ¢)
+r¥s(§) + Pa(LE)]- (17)

Next, in view of (15), (16) and (17), the relationn (14) yields
1

S(X,Y) = 3lr- 3(0° — €)]g(X.Y)
bl = 1206 — n(X)n(Y). (15)

This leads to the followings:

Theorem 1. Every hyper generalized weakly symmetric (C'S)4-spacetime is a perfect
fluid spacetime.

Now with the help of (10), (18) and by the symmetry of the Riemann curvature
tensor, one can easily find out

_6(52 —
R(Y,V,U,Z) = T(GE)G(Y, V.U, 2)
—12(8%2 —
+ uH(Y, V,U,7), (19)

where G =gAgand H=gA (n®mn). Thus we can state:

Theorem 2. A hyper generalized weakly symmetric (CS)4-spacetime is a space of
quast constant curvature.
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In an 4-dimensinal semi-Riemannian manifold the Weyl conformal curvature
tensor defined as

C(X,Y)Z=R(X,Y)Z - %[S(Y, 7)X — 8(X,2)Y

+9(Y.2)QX ~ g(X, 2)QY + 5{9(Y. 2)X — g(X, Z)Y}].

By virtue of (18) and (19), we can calculate that the Weyl conformal curvature
tensor vanishes identically. This infer:

Theorem 3. Every hyper generalized weakly symmetric (CS)4-spacetime is confor-
mally flat.

Theorem 4. ([17], Theorem 3.3.) In a hyper generalized weakly symmetric (C'S)4-
spacetime with constant scalar curvature ( mentioned in (15)) the followings are
true; i) the characteristic vector field & is irrotational, i) the integral curves of
the characteristic vector field & are geodesic, iii) the characteristic vector field &
corresponding to the 1-form n is a unit proper concircular vector field.

Next, we assume that £ is an orthonormal 3-dimensional distribution to & in
hyper generalized weakly symmetric (C'S)s-spacetime. Then ¢(U,&) = 0, for all
U € ¢+, Therefore, from (19) we obtain

T—6((52—6)

R(U,Y)V = .

[g(Y,V)U —g(U,V)Y].
From the above equation, we have

6(52—6)—r

U.
6

for all U € &+, This leads to the followings;

Theorem 5. A hyper generalized weakly symmetric (C'S)4-spacetime is infinitesi-
mally spatially isotropic relative to the unit timelike vector field &.

4. RICCI SOLITONS ON HYPER GENERALIZED WEAKLY SYMMETRIC
(C'S)4-SPACETIME

Suppose in a (C'S)4-spacetime the pair (A, €) defines a Ricci soliton, that is,

2S(X, Y) = _("859)(X7Y) - 2)\g(X, Y),
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for A a real number. Writting £¢g in terms of the Levi-Civita connection V, the
above equation yields,

for any X,Y € x(M). As a consequence of (5), the above equation becomes
S(XY) ==(A+06)g(X,Y) — n(X)n(Y). (20)

In view of (18) and (20) we obtain

Therefore;

Theorem 6. Ricci soliton in a hyper generalized weakly symmetric (CS)4-spacetime

is (—§ — %(5, €).

Theorem 7. If (A = —(4 + 36), £ = grad(f)) defines a Ricci soliton in a hyper
generalized weakly symmetric (CS)y4-spacetime, then the Poisson equation satisfied
by f is

A(f)=—(AN+T1).

5. SUFFICIENT CONDITION FOR A COMPACT, ORIENTABLE HYPER GENERALIZED
WEAKLY SYMMETRIC (C'S)4-SPACETIME TO BE CONFORMAL TO A SPHERE IN 5
DIMENSINAL EUCLIDEAN SPACE FEj.

Definition 4. Suppose, (M, g1) and (Ma,g2) be any two n-dimensional Rieman-
nian manifold. Then (My,q1) is said to be conformal to (Ma,g2) if, i) there
exits a one- one differentiable mapping ¢ : (M, g1) — (Ma, g2),ii) the angle between
any two vectors at a point p of My is equal to the angle between the corresponding
vectors mapped by ¢ in Ms.

According to Watanabe [19], if in an n-dimensional Riemannian manifold M,
there exists a non parallel vector field U such that the relation

/S(U, U)da = ;/|dU|2dx +222 /(8U)2dac (21)
M M M

satisfies, then M is conformal to a sphere in E, 1, where dz is the volume
element of M and dU and QU are the curl and divergence of U respectively. Here, we
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consider a compact orientable hyper generalized weakly symmetric (C'S)s-spactime
without boundary.
From (18), we get
S(U,€) = 3(8* — e)n(U).

Hence,
S(¢,€) = 3(e — 0.
In view of this and letting & for U, the relation (21) becomes

12(e — 62)/daz = 2/ |d¢|*dx + 3/(0{)%@. (22)
Now, assume £ is a parallel vector field. Then
V€ =0.
Hence, from the Ricci identity we have
R(U,X){ =0.
Which gives after contraction
S(V,€) =0.

Since (62 —¢) # 0 thus from the above, £ cannot be a parallel vector field. Thus in
a compact, orientable hyper generalized weakly symmetric (C'S)4-spacetime without
boundary the characteristic vector field £ is not a parallel vector field. Therefore we
can state

Theorem 8. If a compact, orientable hyper generalized weakly symmetric (CS)4-
spacetime without boundary admits the relation (22), then it is conformal to a sphere
immersed in 5 dimensinal Euclidean space Es.

Remark 1. In [10] authors have proved that 4-dimensinal Lorentzian concircular
structure (known as (CS)4)-spacetime coincide with Generalized Robertson- Walker
(GRW ) spacetimes. Consequently, each of the above mentioned results holds also
for hyper generalized weakly symmetric GRW -spacetimes.
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